[bookmark: _Toc206060114][bookmark: _Toc206060910][bookmark: _Toc206151600][bookmark: _Toc210982960][bookmark: _Toc211282946][bookmark: _Toc214442404][bookmark: _Toc214967460][bookmark: _Toc214970887][bookmark: _Toc217045499][bookmark: _Toc219534411][bookmark: _Toc219534493][bookmark: _Toc232440780][bookmark: _Toc232704448][bookmark: _Toc232777573][bookmark: _Toc214442405]Supplementary Material
FST Definitions In the Literature	1
Use of the WC Estimator in Studies of Selection	2
Derivation of Hudson Estimator	4
Single SNP Estimators – Coalescent Simulations	6
Combining Estimates Across SNPs – Coalescent Simulations	7
Relationship to Divergence Time	8
Dependence on the Set of SNPs Analyzed – Coalescent Simulations	9
Moment-based Estimator of Weir and Hill 2002 (WH)	11
Maximum-likelihood Estimator of Weir and Hill 2002 (WH-ML)	11
Beta-Binomial Maximum-Likelihood Estimators (Balding)	12
Beta-Binomial MCMC Estimator (Holsinger)	16
Sampling Common SNPs from 1000 Genomes	17
Weir and Cockerham’s FST (WC)	18
Derivation of WC Quantity Being Estimated	20
Nei’s FST	21
Hudson’s FST	23
Details of Coalescent Simulations	24
Simple Demographic Simulations	25
Simulations Including Migration	25
Correspondence Between Nei’s Estimator and Wright’s FST	27
Table S1. All 1000 Genomes Pairs	28
Table S2. Correspondence between Definitions and Estimators	29
Table S3. Estimating FST With Varying Sample Sizes	31
Table S4. Effects of FST estimator in the case of very simple demography	31
Table S5. Effects of averaging and ascertainment in the case of very simple demography	32
Table S6. Effects of averaging and ascertainment	32
References	33

[bookmark: _Toc232440781][bookmark: _Toc232704449][bookmark: _Toc232777574][bookmark: _Toc214967461][bookmark: _Toc214970888][bookmark: _Toc217045500][bookmark: _Toc219534412][bookmark: _Toc219534494]FST Definitions In the Literature
In reviewing previous work on FST we use the term “conceptual definition” to refer to any definition that is not a mathematical function of the population allele frequencies of the two populations being compared, but relies on other quantities such as coalescent times, heterozygosities, allele frequencies in a hypothetical ancestral population, etc.
Wright, and later Cockerham, conceptually defined FST as the correlation between uniting gametes within one population relative to the total (1000 Genomes Project Consortium 2010; Wright 1949; International HapMap 3 Consortium 2010; Cockerham 1969). Equivalently, this definition is a ratio of variance between populations to total variance (Wright 1949). These conceptual definitions, however, depend upon knowledge of the allele frequency in the “total” population, and Wright did not give a clear means for estimating this. When providing an estimator, Weir and Cockerham (Weir and Cockerham 1984) assumed that the total population referred to the most recent common ancestral population, that studied markers are polymorphic in this ancestral population, and that FST is identical for each population studied—in effect assuming that each population is a replicate of an identical evolutionary history. If these assumptions do not hold, then the estimator of (Malécot 1948; Weir and Cockerham 1984; Wright 1949) produces estimates that vary with changes in sample size.
In addition to this conceptual definition, FST has been conceptually defined in terms of coalescent times (Weir and Cockerham 1984; Slatkin 1991; Holsinger and Weir 2009), heterozygosities (International HapMap Consortium 2007; Nei 1973; Li et al. 2008; Hudson et al. 1992; International HapMap 3 Consortium 2010; 1000 Genomes Project Consortium 2010), time since population divergence (Malécot 1948; Cavalli-Sforza and Bodmer 1971; Selander and Hudson 1976; Wright 1949; Guries and Ledig 1982; Ellstrand and Elam 1993; Palumbi and Baker 1994), and migration rate (Lewontin and Krakauer 1973; Wright 1949; Nicholson et al. 2002; Beaumont and Balding 2004; Foll and Gaggiotti 2008; Akey 2009; McEvoy et al. 2009; Pickrell et al. 2009; Teo et al. 2009; Bhatia et al. 2011; Jin et al. 2012). Each of these conceptual definitions corresponds with estimates from extant populations only when a series of underlying assumptions about demographic history (i.e. no migration), systems of mating (i.e. panmixia) and sampling (i.e. equal sample sizes) hold (see Table S2). However, when these are violated, estimates from extant populations may not correspond with the conceptual definition
[bookmark: _Toc232440792][bookmark: _Toc232704450][bookmark: _Toc232777575]Use of the WC Estimator in Studies of Selection 
Estimation of FST has a particularly strong impact on studies of selection using population differentiation. Here we consider studies that rank single-SNP estimates of FST—typically made using the WC estimator—and report SNPs in the upper tail of the distribution as signals of selection (Nei 1973; Akey 2009; Weir and Cockerham 1984; McEvoy et al. 2009; Nei 1986; Pickrell et al. 2009; Hudson et al. 1992; Teo et al. 2009; Holsinger 1999; Jin et al. 2012; Weir and Hill 2002). The dependence of WC estimates on sample sizes is exacerbated for single SNPs. Consider a SNP that is rare in one population and has allele frequency zero in the other population:[image: ]. If sample sizes are equal, the single SNP estimate of FST from the WC estimator is approximately[image: ]. Now, consider what happens as we increase n1, the sample size of population 1, arbitrarily. It is clear that both numerator and denominator tend toward 
	[image: ]


 (see below) and FST approaches 1. Then, in a study of selection with large differences in sample sizes between populations, many of the highest single SNP FST estimates may be the result of inflation due to unequal sample sizes.  
	To test the effects of variation in sample size on single SNP estimates of FST, we simulated studies of selection between two populations with two regimes of very different sample size: regime 1 (n1=2500, n2=250) and regime2 (n1=250, n2=2500). We produced the top 0.01% of highly differentiated SNPs for the WC, Nei, and Hudson estimators for regimes 1 and 2 and compared the overlap of these lists. Overlap was computed as a percentage of the number of SNPs in the top 0.01%. While we might expect that these lists overlap perfectly, the noise due to sampling error distorts the “true” top 0.01% and makes the overlap imperfect. However, as the amount of drift—or time since the populations split—increases, the amount of noise decreases relative to the signal. That is, as the time since divergence increases, we expect overlap to increase as well. While we observe large and increasing overlap for the Nei and Hudson estimates, WC estimates show little overlap between regimes 1 and 2 (see Figure S1).  Population-specific estimates of FST (Weir and Hill 2002) also show consistency across regimes 1 and 2, indicating that these estimates do not depend on the ratio of sample sizes. However, if these estimates are combined in a sample size weighted average, as recommended by Weir and Hill (2002) (see p. 11 of Supplementary Material), they are no longer independent of sample size and show little overlap between regimes 1 and 2 (See Figure S1).

[image: ]

Figure S1. Estimating the overlap of highly differentiated signals of selection. We performed studies of population differentiation between populations that diverged a number of generations ago, and compared results when sample sizes were (n1=500, n2=5000) to results when sample sizes were (n1=5000, n2=500). When estimating single SNP allele frequency differences, there are 2 sources of variation. The first is genetic drift, quantified by FST, and the second is variation due to finite sample sizes. As the number of generations since population split increases, we increase genetic drift while sampling variation remains the same. Therefore, we should expect that as genetic drift increases (along the x axis), the most highly differentiated (highest 0.01%) SNPs should increasingly be the result of genetic drift and not accidents of sampling. While we observe this phenomenon for the Hudson, Nei, and population-specific (WH1, WH2) estimators of FST, we see that the WC and WH estimators do not exhibit this behavior. Moreover, use of the WC or WH estimator in settings of very different sample size results in almost no overlap between the reported signals of selection. This suggests that nearly all results are due to differences in sample size. 
[bookmark: _Toc210982964][bookmark: _Toc211282950][bookmark: _Toc214442409][bookmark: _Toc214967465][bookmark: _Toc214970892][bookmark: _Toc217045508][bookmark: _Toc219534420][bookmark: _Toc219534502][bookmark: _Toc232440783][bookmark: _Toc232704451][bookmark: _Toc232777576]Derivation of Hudson Estimator 
We derive equation 9 of the main text. Hudson did not give an estimator of FST in terms of sample allele frequencies. However, he did describe an estimation method (Xu et al. 2009; Hudson et al. 1992; Edelaar et al. 2012; Hangartner et al. 2012), which is the basis for what we describe here. We have previously presented some of these ideas, without validation via coalescent simulations and application to 1000G data, in Supplementary Note 10 of (Slatkin 1991; Keinan et al. 2007; Nei 1973; Hudson et al. 1992; Cavalli-Sforza and Bodmer 1971; Wright 1949; Cockerham 1969). We note that the estimator described here assumes that the populations analyzed are randomly mating and will be incorrect if there is significant inbreeding. For a modification to this estimator to account for inbreeding, we refer the reader to the Appendix of (Nei 1973; Reich et al. 2009; Hudson et al. 1992).  Hudson’s quantity being estimated can be written as:


where 


is the heterozygosity within populations, and


is the heterozygosity between populations. We recast as:
[image: ]
We do not make specific assumptions about the evolutionary process as Weir and Cockerham did. However, we view the above as a parameter definition as it is based on the population (and not sample) allele frequencies. Also, we note that under the assumptions made by Weir and Hill, our estimates will not depend on the ratio of sample sizes.
We now consider the estimation of this parameter from a set of SNPs genotyped over a finite set of individuals. Suppose we have a set [image: ]of markers[image: ]. For marker[image: ], we deﬁne [image: ]and[image: ] in the obvious way and [image: ]for the marker set[image: ]by
[image: ]
[image: ]
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Note that [image: ]is a function of the population allele frequencies and is not a statistic (function of the observations). We wish to compute an estimator of[image: ]. Given the form of our estimator it is highly desirable to ﬁnd unbiased estimators of [image: ]and[image: ] else the bias will eventually dominate the estimate. We fix, for now, a marker[image: ].  Suppose the population frequencies are [image: ] for the variant allele, and we observe allele counts [image: ]for the variant allele, [image: ]for the reference allele. Take [image: ] [image: ]. [image: ] is deﬁned as [image: ]A naïve estimator for [image: ]is
[image: ]
We calculate the bias of [image: ]. Writing
[image: ]
[image: ]
[image: ]
Deﬁne [image: ] ([image: ] is the heterozygosity at the marker for population 1).
Then a natural estimator for [image: ] is
[image: ]

It is easy to check that [image: ] is unbiased. Similarly, deﬁne [image: ] for population 2, with a corresponding estimator[image: ]. This is enough to show that:
[image: ]is an unbiased estimator for[image: ]. Now [image: ]
is an unbiased estimator for [image: ]. By the Lehmann-Scheﬀé theorem,[image: ]and[image: ]are uniformly minimum variance unbiased estimators (Cavalli-Sforza and Bodmer 1971; Bickel and Doksum 2006). No longer ﬁxing a marker and writing [image: ] for our estimator of[image: ], and so on, we see that a natural estimator for [image: ]is
[image: ]

The proposed estimator for FST and a corresponding block-jackknife estimator for standard error of FST are implemented in the EIGENSOFT software package (See Web Resources).

[image: ]
Figure S2. Genome-wide estimates of FST depend on the estimator used as well as relative sample sizes. Assuming ascertainment in population 1, we see that the WC estimator is sensitive to the ratio of sample sizes, and produces identical results to the Hudson estimator when the sample sizes are the same. While the Nei estimator is insensitive to changes in the ratio of sample sizes, it results in consistently higher estimates of FST. 

[bookmark: _Toc232440782][bookmark: _Toc232704452][bookmark: _Toc232777577]Single SNP Estimators – Coalescent Simulations
To test the properties of single SNP estimators we simulated two populations and a third out-group population that all diverged 1000 generations ago. These populations were simulated using the coalescent simulator GENOME (Jost 2008; Liang et al. 2007; Ryman and Leimar 2009) under a standard Wright-Fisher model with constant generation time and random mating. To begin, we used a constant and equal effective population size for all populations. Under these conditions, and ascertainment in the out-group population, Nei estimates of FST are inflated while the WC and Hudson estimates are identical (see below). 
To better understand the differences between these estimators, we altered the demographic history of the two non-outgroup populations. The first population was subject to a recent bottleneck, while the second population was subject to a recent expansion. FST was estimated using SNPs ascertained in the out-group population, which did not undergo any bottleneck or expansion. This ascertainment and demography allow us to calculate an expected FST of 0.190 (see below). Issues related to ascertainment are investigated in more detail below. We note that, in this simulation, a large percentage of this drift is a result of the bottleneck population. That is, the FST between the bottleneck population and the ancestral population is larger than the FST between the expansion population and the ancestral. In this setting, population-specific FST values might be of interest .
	With equal sample sizes (n1=n2=2500) from populations simulated with no migration or admixture we see that WC and Hudson estimates are equal and accurately reproduce the expected value. The Nei estimator produces an inflated value of 0.206 (s.e. 0.006) (see Table S3). 
As the sample sizes vary relative to one another, the WC quantity being estimated changes (see Figure S2). The direction of the change depends upon whether the bottleneck or expansion population has the larger sample size. WC estimates range from 0.218 (s.e. 0.006) (n1 = 25, n2 = 2500) to 0.164 (s.e. 0.005) (n1 = 2500, n2 = 25). Nei estimates are inflated but insensitive to changes in sample size. Only Hudson estimates are consistent at approximately 0.187 (s.e. 0.005) regardless of relative sample sizes. The Hudson estimator is used to produce FST estimates reported in future sections.
We note that these simulations did not include any migration. However, our findings did not change fundamentally when migration was included (see below).


[bookmark: _Toc217045501][bookmark: _Toc219534413][bookmark: _Toc219534495][bookmark: _Toc232440784][bookmark: _Toc232704453][bookmark: _Toc232777578]Combining Estimates Across SNPs – Coalescent Simulations
We analyzed the data from the coalescent simulations described above. We obtained estimates of FST 0.187 (s.e. 0.005) and 0.134 (s.e. 0.002) using the ratio of averages and average of ratios, respectively. We note that under the demographic history described above, an estimate of approximately 0.190 is expected. Thus, large reductions in FST are observed when using an average of ratios. This is true in even the simplest simulations where there have been no bottlenecks or expansions since divergence (see Table S4). We note that in addition to the large bias in the FST estimator using an average of ratios, there is a slight bias in the FST estimator using a ratio of averages; we are not aware of any unbiased FST estimator.
In addition to underestimating the value of FST, use of an average of ratios will result in estimates that depend upon the number of rare variants studied. That is, as the sample sizes and sequencing depth increase, larger numbers of rare, population-specific variants will be included in the data. As an average of ratios is highly sensitive to the low FST estimates at these variants, the genome-wide FST estimate will decrease (see Figure S3). These changes will not be informative for population history. 
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Figure S3. We compare a ratio of averages with an average of ratios when using SNPs that are polymorphic in an out-group or in either population studied. A ratio of averages produces consistent estimates of FST regardless of sample size, though the choice of ascertainment has a statistically significant impact on the FST estimate. Estimates produced by an average of ratios are lower but consistent when ascertainment is done in an out-group population. However, when SNPs are ascertained as polymorphic in either population, an average of ratios will decrease dramatically with increased sample size. This will result in FST estimates that are incomparable across studies and essentially unrelated with population demographic history.
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Based on the work of (Wright 1949; Cavalli-Sforza and Bodmer 1971) and the equations given in (Wright 1949; Weir and Hill 2002; Cockerham 1969), we relate FST to divergence time since an ancestral population as
	[image: ]
	(s1) 



where is the effective population size of population i in generation g, and t is the number of generations since the ancestral population. Equation s12 depends on estimation from neutrally evolving loci that were polymorphic in the ancestral population, without migration or admixture between populations. We use this to give the expected value of FST in simulations with known demography (see above). If the effective population size is constant for each population, then this becomes
	[image: ]
	(s2) 


Then, if the assumptions above are satisfied, estimates of FST are related to divergence time as
	[image: ]
	(s3) 
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	(s4) 
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	(s5) 



where [image: ]. While estimates are not unbiased, FST estimates will tend toward the expressions given in the limit of large sample sizes and large numbers of SNPs. We note that the relationship between Hudson estimates of FST and divergence time was given in (Nei 1973; Weir and Hill 2002; Weir and Cockerham 1984; Nei 1986; Hudson et al. 1992; Holsinger 1999) as related to the WC estimator. However, this is only valid for the case of equal sample sizes taken from each population. In order to produce estimates of FST that relate to divergence time according to equation s16, we recommend use of Hudson’s FST. 
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To explore the effects of different ascertainment schemes on estimates of FST, we analyzed the data from the coalescent simulations described above, in addition to simulations without any bottleneck or expansion (see Table S5). We estimate FST using SNPs that are polymorphic in the out-group population, and expect an FST of 0.190 in this scenario. We note that SNPs are considered polymorphic if they have a non-zero minor allele frequency in the sample. The effects of modifying the ascertainment are statistically significant and dependent on the demographic history of the populations studied (see Table S6). SNPs polymorphic in the expansion population are likely to be recent and reduce the estimate of FST. On the other hand, SNPs polymorphic in the bottleneck population are more likely to be ancient and polymorphic in the ancestral population. By imposing a restriction that SNPs be polymorphic in both populations, we exclude highly differentiated SNPs that have fixed in one population or the other, and lower our estimate of FST. 
Additionally, we observe that FST estimates showed dependence on minor allele frequency (see Figure S4) when using either of the single-population ascertainment schemes. This is expected according to population genetic theory. For example, following an expansion, rare variants in one population will tend to be recent and not polymorphic in the second population. These variants will, on average, have a lower estimate of FST. In the case of a bottleneck, however, rare variants in one population are likely to be highly differentiated ancestral variants and, therefore, have a higher FST. All together, our results demonstrate that the estimate of FST depends intrinsically on the set of SNPs used to estimate it.
	We caution that the ascertainment scheme and the method of combining across SNPs can interact to affect FST estimates. For example, using an average of ratios on all variants polymorphic in sequence data lowers the estimate of FST to 0.020 (see Table S6). This dramatic reduction can be explained by the sensitivity of an average of ratios to variants with low FST, and the tendency of a permissive ascertainment scheme include many such SNPs. Under this ascertainment scheme we observe a strong dependence of FST estimate on the size of samples studied (see Figure S3).
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Figure S4. Allele frequency dependence of FST under different ascertainment schemes. The top panel shows FST as a function of allele frequency in simulated populations when ascertaining in either the population subject to a recent expansion or the population subject to a recent bottleneck. We see that rare variants in the expansion population tend to have lower FST than common variants, as they are overwhelmingly recent. The opposite is true when ascertaining in the bottleneck population, as rare variants tend to be highly differentiated ancestral variants that have higher FST. Ascertainment in the out-group population removes dependence on minor allele frequency.
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The WH estimator is given in equation 9 of (Weir and Hill 2002), and corresponds to the conceptual definition given in the same paper. Essentially, this estimator corresponds to a sample size weighted average of population specific estimates. This can lead to variation with relative sample sizes. We show this by reproducing Figure S1 with an additional set of data-points added representing WH estimates. This figure shows that the WH estimator can be subject to extremely wide variation with sample size if populations have been subject to varied demographic history since divergence. We note that with large sample size differences estimates may even become negative (See Table S1). As human populations have been subject to variable demographic histories, we do not recommend the WH estimator for analyzing structure in human populations.

[image: ]
Figure S8. The purple line represents the WH estimator of FST. It is clear from this that (1) for equal sample sizes, the WH, WC and Hudson estimators produce identical estimates and (2) under situations with variable demography, the WH estimator can produce very wide variation with the ratio of sample sizes. As human populations have been subject to variable demographic histories, we do not recommend the WH estimator for analyzing structure in human populations.
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The WH-ML method of estimating FST is based on equations 12 and 13 of (Weir and Hill 2002). However, Weir and Hill note that these equations only apply if sample sizes are “either equal or so large that they are approximately equal”. No equation is given for arbitrary sample sizes.  We begin by analyzing equation 13.

Adapted for the case of two populations and biallelic SNPs, this equation is:





where is the sample allele frequency in population i, and is given by



Letting , we can simplify the estimator to





This quantity clearly depends upon the ratio of sample sizes. In fact, the difference between the minimum, when , and maxima, as or , is a factor of two. This property also applies to equation 12. Therefore, we do not recommend the application of estimators given in equation 12 or 13 to real data sets in the general case of unequal sample sizes. 

If sample sizes are equal, then this simplifies to



with



This is identical to from the main text. However, as Weir and Hill suggest that estimates be “simply averaged over loci”, we believe that the WH-ML estimator is comparable, in the case of equal sample sizes, to Nei’s FST combined over SNPs using an average of ratios. Use of an average of ratios will be highly sensitive to the inclusion of rare variants with low FST, and Nei’s estimator will tend to overestimate FST at single SNPs. As a result, we do not recommend the WH-ML approach for estimating FST.


[bookmark: _Toc232440790][bookmark: _Toc232704459][bookmark: _Toc232777583]Beta-Binomial Maximum-Likelihood Estimators (Balding)

In general, likelihood methods have the advantages that they can be more precise than moment-based methods, can have asymmetric confidence intervals around the mean, and can be used to construct a test for outlier loci. We evaluated two max-likelihood methods based on the beta-binomial distribution (Balding and Nichols 1995). The beta-binomial likelihood specifies that the distribution of population allele frequencies in current populations conditional on the ancestral allele frequency is beta:



where p is the allele frequency in the ancestral population and are allele frequencies in current populations. Additionally, derived allele counts in each sample are binomially distributed. A challenge when using this distribution is the unobserved ancestral allele frequency p. We evaluated two methods to address this via point estimates (D. Balding, personal communication):
1. We assume that the ancestral allele frequency is known. This is rarely the case in practice, but gives us insight into how well these types of methods can do if the ancestral allele frequency were known. In this case, we can write the likelihood given the observed data as



 Here, are the derived allele count and total number of genotyped alleles at SNP s in population i, and ps is the ancestral allele frequency that is assumed known.
2. We use one of the current population allele frequencies as the ancestral allele frequency. That is, we assume


and estimate FST In this case, we can write the likelihood given the observed data as





 Again, are the derived allele count and total number of genotyped alleles at SNP s in population i, but the pseudo-ancestral allele frequency is estimated in the other population. (note that this method produces different estimates if or is used as ancestral, so both choices are used and the result is averaged).  

Both of these likelihood functions can be maximized using standard numerical techniques (we use a grid search).  While others have attempted to estimate FST using beta-binomial by using MCMC (Holsinger 1999; Balding 2003), we note that these are max-likelihood estimators that do not suffer from the same performance issues as MCMC approaches. 
	We evaluated these methods using simple simulations, coalescent simulations, and 1000 Genomes data.

Simple Simulations
In these simulations, the ancestral allele frequency was chosen uniformly from the interval [0,1], current population allele frequencies were sampled from the beta distribution described above, and sample allele frequencies are subsequently from a binomial distribution. In this case, the data was generated according the model expected by the beta-binomial, with a uniform prior. Results are in the table below 






	FST
	Method 1
	Method 2
	Hudson Estimator

	0.05
	0.050 (0.008)
	0.049 (0.010)
	0.050 (0.014)

	0.1
	0.10 (0.013)
	0.085 (0.015)
	0.098 (0.021)

	0.15
	0.151 (0.017)
	0.120 (0.020)
	0.149 (0.028)



We compared each of the beta-binomial max-likelihood estimation methods to the Hudson estimator, which we recommend in the main text. All of the methods perform well for FST = 0.05, with the beta-binomial methods having a slightly smaller standard error than the moment-based Hudson estimator. As FST increases, Method 1 and the Hudson estimator continue to perform well with the Hudson estimator having a larger standard error. Method 2, however, reports lower estimates as FST gets large.

Coalescent Simulations. 

The coalescent simulations were generated using GENOME (Liang et al. 2007) according to the demographic model specified below (See “Details of Coalescent Simulations” section for details).  We evaluated the estimators using ascertainment in the outgroup population as well as in-sample ascertainment (including all SNPs polymorphic in either sample). Results are below.


	Ascertainment
	FST
	Method 1
	Method 2
	Hudson Estimator

	In Sample
	0.19
	N/A
	0.306 (0.022)
	0.182 (0.027)

	Outgroup
	0.19
	N/A
	0.244 (0.030)
	0.187 (0.027)



As the ancestral allele frequency is unknown, Method 1 cannot be used in this comparison. If ascertainment is performed within the sample, including all of the rare variants, Method 2 performs poorly, overestimating FST by about 50%. The Hudson estimator reports slightly lower estimates when performing in-sample ascertainment because of the effects of rare variants. When outgroup ascertainment is performed, the Method 2 estimates become closer to the value we expect, but are still overestimates. Hudson estimates are closer to the true value.

1000 Genomes Data
 For all of these simulations 0.1% of the 1000 Genomes SNPs were randomly selected. We attempted two ascertainment schemes. For YRI-ascertainment, we compared CEU to CHB and, separately, CEU to TSI using SNPs ascertained as polymorphic in YRI. We also compared CEU-YRI, CEU-CHB, and CEU-TSI using all SNPs polymorphic in either sample. Results are below.

	Ascertainment
	Comparison
	Method 1
	Method 2
	Hudson Estimator

	In Sample
	CEU-CHB
	N/A
	0.117
	0.105

	In Sample
	CEU-YRI
	N/A
	0.192
	0.139

	In Sample
	CEU-TSI
	N/A
	0.0078
	0.0038

	YRI
	CEU-CHB
	N/A
	0.100
	0.108

	YRI
	CEU-TSI
	N/A
	0.0067
	0.0036



As in the case of coalescent simulations, the ancestral allele frequency is unknown, and Method 1 cannot be used in this comparison. If ascertainment is performed within the sample, including all of the rare variants, Method 2 closely replicates Hudson estimates for CEU-CHB, but an estimate that is 50% higher for CEU-YRI and 100% higher for CEU-TSI. For YRI-ascertainment, the CEU-CHB result is nearly identical to that reported from the Hudson estimator, but the CEU-TSI result remains inflated. The CEU-YRI results were not reported because YRI-ascertainment does not approximate outgroup ascertainment for any comparison involving YRI.
Overall, our results show that while Method 1 performs well for the simplest simulations, it is not applicable for coalescent simulations and real data, where the ancestral allele frequency is unknown. Method 2 does well for simple simulations in which FST is low. However, for larger values of FST, Method 2 produces biased estimates for the simplest simulations, and coalescent simulations. For 1000 Genomes data, where we do not know the underlying value of FST, Method 2 produces estimates that are different from estimates from the Hudson estimator. Method 2 is also sensitive to the choice of ascertainment—particularly the inclusion or exclusion of recent rare variants. We conclude that the beta-binomial max-likelihood methodology presents an exciting avenue of future research, including investigation of other possible ways to deal with ancestral allele frequencies (e.g. integrating over all possible ancestral allele frequencies). Currently, though, we believe that Hudson estimates are more accurate and stable in the face of differing ascertainment schemes.
[bookmark: _Toc232777584]Beta-Binomial MCMC Estimator (Holsinger)

[bookmark: _GoBack]To assess the properties of Holsinger’s Bayesian method of estimating FST we re-ran a subset of the experiments on simulated coalescent data. In these experiments three populations that diverged 2000 generations ago were generated using the GENOME coalescent simulator: (1) a population that underwent a recent bottleneck—the bottleneck population (2) a population that underwent a recent expansion—the expansion population, and (3) a population that evolved according to a standard Wright-Fisher model—the outgroup population. We simulated 2500 individuals from each population. We analyzed 1000 SNPs in the main analysis, and varied the number of SNPs in the runtime analysis. To estimate FST we used Holsinger’s Hickory software (Hickory 1.1 http://darwin.eeb.uconn.edu/hickory/hickory.html), and report theta-II from the full model as FST. In the documentation of Hickory, theta-II is listed as “directly comparable to estimates of FST based on Weir and Cockerham’s approach”.

Variation with Sample Size 
We ran Hickory on 100 SNPs that were selected to be polymorphic in the outgroup population and have MAF > 5% in both populations. While we do not believe this particular ascertainment scheme to be desirable, inclusion of variants that were had MAF of 0 in either population caused FST estimates to increase substantially (See below). To assess whether FST varied with relative sample size, we estimated FST in various sample size configurations. We report the estimate and standard errors for each of these approaches. Overall, we do not observe significant variation with absolute or relative sample size.  We consider this to be a desirable property of the Holsinger method.

	n1
	n2
	FST Estimate
	Std. Error

	50
	5000
	0.140
	0.0186

	5000
	50
	0.147
	0.0194

	5000
	5000
	0.1430 
	0.0057



Sensitivity to Rare Variants
If SNPs are ascertained in an outgroup population, we expect an FST of 0.190 according to population genetic theory. This is approximately what we observe from the Hudson estimator when using a ratio of average approach to combine estimates across SNPs. However, Holsinger’s Bayesian method does not produce values that are similar to this. When run on 1000 SNPs selected to be polymorphic in an outgroup, we obtained a value of 0.287 (95% confidence interval: 0.264-0.311). The difference between this estimate and the expected value of 0.190 is statistically significant.  If we restrict to the set of SNPs which are at 5% MAF or higher in both populations (in addition to being polymorphic in the outgroup), we obtain an FST estimate of .0.143 (95% confidence interval: 0.132-0.155). While more concordant with our expectations under population genetic theory, such an ascertainment produces a downward bias as it removes some of the most differentiated SNPs. We caution that sequence data contains numerous variants that are private or rare in one or both populations studied. Thus, we do not recommend the Holsinger method for application to sequencing data sets.

Runtime Analysis
We ran Hickory on 10, 100, and 1000 SNPs that were selected to be polymorphic in the outgroup population and at least one of the bottleneck and expansion populations. For each of these runs we report runtime on a set of 50, 200, 500, or 5000 individuals.

	 
	# of Samples

	# SNPs
	50
	200
	500
	5000

	10
	63
	72
	76
	84

	100
	714
	734
	833
	898

	1000
	8400
	8280
	8525
	8475


From this we conclude that the runtime is roughly constant in the number of samples but linear in the number of SNPs. Extrapolating this to a modern data set of approximately 107 markers (similar to the number of markers in 1000 Genomes data), we expect a runtime of ~8x107 seconds, or approximately 2.5 years of CPU time. , Including Holsinger’s method in Table S1 would take approximately 1500 CPU years (2.5 years * (16 choose 2) pairs of populations * 5 ascertainment schemes). Therefore, the computational requirements of Holsinger’s Bayesian method to estimate FST severely limit its applicability to modern data sets.
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To demonstrate that common SNPs in the 1000 Genomes data have different population genetic properties than HapMap3 SNPs of the same frequency spectrum, we selected a random subset of 1000 Genomes SNPs according to the allele frequency spectrum of the HapMap3 SNPs, binned into 1% minor allele frequency bins. Specifically, we used Bayes rule to derive the probability of selecting a SNP with frequency f:



where, probability of frequency f in the HapMap3 SNPs, 




andis the probability of frequency f in the 1000 Genomes SNPs. Then, given we analyzed each 1000 Genomes SNP independently and included it with this probability. The allele frequency spectrum for both HapMap and 1000 Genomes data was produced by analyzing data from the YRI population. SNPs that were not polymorphic in YRI were not used as part of the FST estimate between CEU and CHB. We performed this subsampling 10 separate times to produces 10 sets of SNPs matching the HapMap3 allele frequency spectrum in YRI. These 10 sets of SNPs were used to separately estimate FST between CEU and CHB.
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Conceptual Definition
Weir and Cockerham (Weir and Hill 2002; Weir and Cockerham 1984) used a conceptual definition provided by Wright (Weir and Cockerham 1984; Wright 1949) and Cockerham (Nei 1973; Cockerham 1969) of FST as a ratio of variances. We analyze this conceptual definition for a single biallelic SNP in two populations. Let [image: ] be the allelic value of a single haploid j chosen at random from population i. Then, according to Cockerham, 
	[image: ]
	


where [image: ]is the population allele frequency of the “1” allele in the ancestral population. Equivalent to a ratio of variances, the conceptual definition of FST is the correlation between alleles drawn randomly from the same population.  We can rewrite this in terms of population allele frequencies as
	[image: ]
	


where [image: ]is the population allele frequency of population i. 
 We make two comments about this conceptual definition. First, there is a single FST parameter as opposed to an FST parameter for each population. This parameterization assumes that FST is identical across populations, and suggests that current populations are replicates for the same evolutionary process (Hudson et al. 1992; Weir and Cockerham 1984; Keinan et al. 2007). If this assumption does not hold—and it may be unlikely to hold in practice (Weir and Cockerham 1984; Nei 1986; International HapMap 3 Consortium 2010)—the conceptual definition no longer applies.  Weir and Hill (1000 Genomes Project Consortium 2010; Weir and Hill 2002) relaxed this assumption, generalizing to: 
	[image: ]



Our second comment applies both to Cockerham’s original conceptual definition and Weir and Hill’s modified version. The relationship described by is only true if the SNP was polymorphic in the ancestral population. For the equalities to hold and FST to be a correlation, we must ascertain only SNPs that were polymorphic in the ancestral population, excluding most rare variants. While it is possible to apply the WC estimator to SNPs that do not fit this criterion, such an estimate will not correspond to the conceptual definitions that are described. We analyze all estimators of FST using the more general conceptual definition of (Ramírez-Soriano and Calafell 2008; Weir and Hill 2002; Albrechtsen et al. 2010).

Estimator
We show that the WC estimator, in a setting of population specific FST, will result in estimates that vary with the ratio of sample sizes. While Weir and Hill proposed a modified estimator to account for population specific FST, their estimator also has the property that “the quantities being estimated depend on the sample sizes”. Because it is highly cited and also has this property, we focus on the WC estimator. We are particularly interested in its behavior in the limit of large sample size—the quantity being estimated. 
Consider a biallelic SNP in a sample of individuals from 2 populations. The WC estimator is:
	[image: ]
	(s6) 


where [image: ]is the sample size and [image: ]is the sample allele frequency in population i for [image: ]. Then, in the limit of large sample sizes ([image: ]), we can assume that sample allele frequencies become close to population allele frequencies ([image: ]). We analyze the estimator as the sample sizes increase, but their ratio goes to a constant M (see below for a derivation). That is, the quantity being estimated is:
	[image: ]
	(s7) 


where [image: ]is the population allele frequency in population i for [image: ].  We now wish to convert from a mathematical function of allele frequencies, as in equation s2, to a mathematical function of FST. To do this, we consider expectations over the evolutionary process of the numerator and denominator of equation s2 using the equations described by Weir and Hill. Following Weir and Cockerham, we do this separately for the numerator and denominator. For the numerator,
	[image: ]


However, if we assume that the drift between the ancestral population and population 1 is independent of the drift between the ancestral population and population 2 (Clark et al. 2005; Cockerham 1969; Barreiro et al. 2008; Weir and Cockerham 1984; Hernandez et al. 2011), we can ignore the final term and we have:
	[image: ]


where [image: ] and [image: ]are defined with respect to the ancestral population.  Now, for the denominator:
	[image: ]


Dividing these, we see that
	[image: ]
	(s8) 


If the sample sizes are equal, [image: ], then the estimate becomes
	[image: ]


Also, when FST is identical for both populations, i.e. [image: ], it is straightforward to see that [image: ], i.e. the estimate will not depend upon the ratio of sample sizes (M). If the sample sizes are unequal or this assumption does not hold, however, the estimate will depend upon the ratio of sample sizes underlying the limit. Given the complexity of human population history, it is unlikely that this assumption will hold in general. This means that even if large numbers of samples and SNPs are used to estimate FST between a pair of populations, this estimate may not be comparable across studies with different sample sizes.

[bookmark: _Toc206055579][bookmark: _Toc206060118][bookmark: _Toc206060914][bookmark: _Toc206151604][bookmark: _Toc210982969][bookmark: _Toc211282959][bookmark: _Toc214442418][bookmark: _Toc214967474][bookmark: _Toc214970901][bookmark: _Toc217045516][bookmark: _Toc219534428][bookmark: _Toc219534510][bookmark: _Toc232440800][bookmark: _Toc232704462][bookmark: _Toc232777587]Derivation of WC Quantity Being Estimated


We follow the exposition of the estimator of FST () provided in (Weir and Cockerham 1984) simplifying to the case of 2 populations with large sample size. We avoid sample size considerations and use the estimator provided on the top of page 1362 to demonstrate it’s properties in the limit of large sample size. In the limit of large sample size, Weir and Cockerham give the following simplified estimator of FST:
	

	(s9) 




For the simplified case of a bialleleic SNP in two populations, the variables used in equation s17 are defined as:
	










	

	

	(s10) 



Now, equation s18, s2, gives us a simplified expression for the numerator in the estimator of FST (s17) Now we examine the denominator.
	

	


Expanding this gives a simplified expression for the denominator of equation s17.
	

	(s11) 



In the limit of large sample sizes, we replace the sample allele frequencies with the true population allele frequencies. That is, and we make this replacement. 
Then, the estimator of FST is given by
	

	



Now, if , then we can restate this as
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Conceptual Definition
Nei (Schaffner et al. 2005; Nei 1986) defined FST (he used the term GST) based upon the gene diversity between and within populations as
	[image: ]
	(s12) 



where [image: ]is the average gene diversity between populations and [image: ]is the diversity in the total population. Also, Nei’s term “gene diversity” is identical to heterozygosity in a randomly mating population. This conceptual definition is distinct from Wright’s in that it makes no assumption about the evolutionary process that led to the current allele frequencies, nor does it assume that SNPs were polymorphic in the ancestral population. This lack of assumptions means that FST estimated according to Nei can always be interpreted as a ratio of gene diversity between populations to total gene diversity. However, this is also the basis for Cockerham and Weir’s discussion of Nei’s FST as a statistic from data—as opposed to a parameter of the evolutionary process (Weir et al. 2005; Cockerham and Weir 1986; McVicker et al. 2009). Holsinger and Weir wrote that Nei’s FST “does not account for genetic sampling”, and that in general, the WC FST “will be a more appropriate measure of differentiation” (Weir and Hill 2002; Holsinger and Weir 2009). We believe that viewing FST as a parameter of the evolutionary enables valuable insights about demographic history and, in general, we side with Cockerham and Weir (Holsinger 1999; Cockerham 1969; Cockerham and Weir 1986). However, if one is interested in properties of the sample being studied, then Nei’s estimator may prove more appropriate (see below). While we are interested in the case of 2 populations, we note that the WC and Nei quantities being estimated are identical in the case large numbers of populations (1000 Genomes Project Consortium 2010; Weir and Cockerham 1984).
	To better understand the relationship between Nei’s FST and the WC FST, we analyze both estimators using the same conceptual definition (Keinan et al. 2007; Weir and Hill 2002). This will give us a common basis for comparing the asymptotic behavior of estimators. We note that this analysis imposes the restriction that analyzed SNPs were polymorphic in the ancestral population. Nei did not impose this restriction in his analysis.

Estimator
In the case of two alleles at a locus, Nei’s estimator is
	[image: ]
	(s13) 


where
	[image: ]


and [image: ]is the sample allele frequency in population i for [image: ]. We note that this is Nei’s updated estimator and, for the case of two populations, differs from the estimator given in (Clark et al. 2005; Nei 1973; Albrechtsen et al. 2010; Nei and Chesser 1983) by a factor of 2. We use the estimator given in (1000 Genomes Project Consortium 2010; Nei 1986) as it is most closely related to the other estimators considered. We note that Nei claimed that his estimator was “identical to Wright’s FST” (Weir and Cockerham 1984; Nei 1973). We examine this claim in detail below.
Although this estimator is invariant to sample sizes, it is not related to underlying FST parameters in a standard way. To show this, we again analyze the estimator in the limit of large samples sizes, as sample allele frequencies become close to population allele frequencies ([image: ]). That is, the Nei quantity being estimated is:
	[image: ]
	(s14) 


We examine expectations over the evolutionary process of the numerator and denominator separately, as above. It is clear that the expected value of the numerator is identical to that for the WC FST estimator:
	[image: ]


Examining the denominator in a similar way gives:
	[image: ]


Then, dividing these two, we have 
	[image: ]
	(s15) 


with a maximum value of 2 as [image: ]. This overestimates FST and alters the relation from FST to divergence time (see below). Estimates of FST given for the Nei estimator were generated using the proposed estimator for the numerator (see below) and a simple estimator for the denominator.
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Conceptual Definition
Hudson (Jost 2008; Hudson et al. 1992) defined FST in terms of heterozygosity. We note that Nei first conceptualized FST in these terms. However, Nei’s method of estimation was slightly different from Hudson’s. Specifically, Hudson’s estimator analyzed the gene diversity—or heterozygosity in a randomly mating population—between populations, while Nei analyzed the total gene diversity. 

Estimator
Hudson’s estimator for FST is given by
	[image: ]
	(s16) 


where [image: ]is the mean number of differences within populations, and [image: ]is the mean number of differences between populations. While Hudson did not give explicit equations for [image: ]and[image: ], we cast his description into an explicit estimator (see above for a derivation). The estimator that we analyze is:
	[image: ]
	(s17) 


where [image: ]is the sample size and [image: ]is the sample allele frequency in population i for [image: ]. As before, we consider this estimator in the limit of large sample sizes
	[image: ]
	(s18) 


Again, the expected value over the evolutionary process of the numerator is identical to that for the WC FST estimator:
	[image: ]


Examining the denominator in a similar way gives:
	[image: ]


This is made clear from the fact that allele frequencies in one population are independent of those in the other. Then, dividing these two, we have 
	[image: ]
	(s19) 


This estimator has the desirable properties that it is (1) independent of sample composition and (2) does not overestimate FST (it has a maximum value of 1). We recommend its use to produce estimates of FST.
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We simulated several populations to test the effects of changes in methods on estimates of FST. We used the GENOME (Ryman and Leimar 2009; Liang et al. 2007) software package to perform the simulations. Three populations were simulated that all diverged from each other 1000 generations ago. The first population was subject to an expansion from an effective population size of 104 to an effective population size of 105, occurring 300 generations ago. The second population was subject to a reduction from an effective population size of 104 to an effective population size of 1000, also occurring 300 generations ago. The third population was not subject to any demographic events and followed a Wright-Fisher model of neutral drift with a constant effective population size of 104 and this population was used as an out-group to perform ascertainment of SNPs. The rate of mutation was set to 10-8 for all simulations. We also performed simulations without expansions or bottlenecks to showcase some effects of estimation (see below). These effective population sizes are similar to those described in (Jost 2008; Schaffner et al. 2005). We also analyzed the effect of migration on the relationship between FST and divergence time (see below). Separately, we explored the effects of FST estimator and use of models of neutral drift on studies of selection (See above).
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We used the coalescent-with-recombination simulator GENOME (Hudson et al. 1992; Liang et al. 2007; Keinan et al. 2007) to simulate populations that had very simple demographic history. We simulated three populations, all of which diverged from one another 2000 generations ago with a constant effective population size of 10000 since divergence. Additionally, these populations were subject to only neutral drift according to a Wright-Fisher model. These populations were used to test properties of FST under scenarios that did not involve complex demographic events. FST was estimated between population 1 and population 2. Population 3 was used as an out-group to perform ascertainment. Using ascertainment in an out-group, this demography allows us to calculate an expected FST of 0.181. We obtain estimates of 0.183 (s.e. 0.004), 0.201 (s.e. 0.004), and 0.183 (s.e. 0.004) when applying the WC, Nei, or Hudson estimator, respectively. As expected, the identical demographic history for these populations leads to equivalent WC and Hudson estimates, while Nei estimates are inflated. 
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In order to assess the effect of migration on estimates of FST, we performed simulations that varied the migration rate. These simulations were identical to those described above, with the addition of migration. Without migration we would expect an FST of 0.190. The migration rate was varied from 10-4 to 10-1. The results are plotted below in Figure S5. These results showcase that as migration rate increases, estimated FST decreases for two populations independent of their divergence time. As a result, the relationship between divergence time and FST is lost. 
However, our remaining results are largely unchanged. Specifically, WC estimates continue to depend upon the ratio of sample sizes (see Figure S6), while Nei estimates are consistently inflated. Also, use of the average of ratios produces artificially reduced estimates, especially when analyzing large numbers of rare SNPs. (see Figure S7). Both of these analyses were performed with a migration rate of 10-3.


Figure S5. This clearly shows that as migration rate increases, the estimate of FST decreases from its predicted value in the setting of no migration. This is to be expected as populations become more similar with increasing migration. While Wright did describe a relationship between FST and migration, this applied only in the context of a theoretical model of isolation by distance. 




Figure S6. This is analogous to Figure S1 and shows that in a setting with significant migration, WC estimates still depend upon the ratio of sample sizes. Also, Nei estimates remain elevated relative to Hudson estimates.



Figure S7. This is analogous to Figure S3 and showcases several important findings. Namely, an average of ratios still results in a large reduction relative to a ratio of averages. The effect of ascertainment is small, but statistically significant, even using a ratio of averages. Also, an average of ratios results in a dependence of FST on sample size used to estimate it. Without migration, sample size dependence only occurs if a permissive ascertainment scheme is used. However, with migration sample size dependence is observed even if an outgroup ascertainment scheme is used. This underscores the importance of using a ratio of averages.
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Nei (Cockerham 1969; Nei 1973) wrote that his estimator was “equivalent to Wright’s FST”. This equivalence has been separately claimed by (Nei 1986; Liang et al. 2007; Cockerham 1969; Weir and Cockerham 1984) who provide a different estimator. We believe that the confusion lies in whether the “total variance” is estimated in populations studied or in an ancestral population. This distinction has been previously noted by (Nei 1973; Cockerham and Weir 1986; Nei and Chesser 1983). It is challenging to discern Wright’s intent as he refers to a “total population” without giving a means to estimate allele frequencies in this population. If we are to believe Nei, then the “total population” is the combined set of populations being currently studied and allele frequencies in the total population are sample allele frequencies. If we are to believe Cockerham and Weir, then the “total population” is an ancestral population and allele frequencies in this population must be estimated according to a specified evolutionary model. For the purposes of Table S2 we agree with Cockerham and Weir. 
	However, what if one were interested in properties of the sample? If one were interested in the proportion of genotypic variance in the sample that is explained by population label, and equal sample sizes were used Nei’s estimator would be more appropriate. If there are unequal sample sizes, it is possible to modify the estimator given in the main text to use a sample size weighted average of allele frequencies.
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FST between all pairs of 1000 Genomes populations was estimated using each of four estimators:
· WC
· Nei
· Hudson
· WH
each of two averaging methods:
· Ratio of Averages
· Average of Ratios
and ascertaining for SNPs that are polymorphic in one of:
· Population 1
· Population 2
· Both population 1 & population 2
· Either population 1 OR population 2
· YRI (This may or may not be an out-group)

All told, there are (16 choose 2) pairs x 4 x 2 x 5 = 4800 FST estimates and the corresponding standard errors. Because of this very large number of FST estimates, we have provided Table S1 as a separate excel spreadsheet that can be used to easily search, sort, and filter results that are of interest.
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	Conceptual definition
	Citation(s)
	Evolutionary Assumptions
	Corresponds With Estimator

	
	
	
	WC
	Nei
	Hudson

	Ratio of variances/Correlation between alleles
	Wright 1949;
Cockerham 1969;
Weir and Cockerham 1984

	SNPs analyzed were polymorphic in the ancestral population

	FST is identical across populations OR Equal sample sizes*

	Noc

	Yes*


	Ratio of gene diversity/heterozygosity
	Nei 1973; Nei 1986
	 
	No
	Yes*
	No

	
	Hudson 1992
	 
	Only if equal sample sizes*
	No
	Yes*

	Ratio of coalescent timesa
	Slatkin 1991
	SNPs analyzed were polymorphic in the ancestral population
	No
	No
	No

	Transform of Divergence Time
	Cavalli-Sforza and Bodmer 1971;
Weir and Hill 2002
	SNPs analyzed were polymorphic in the ancestral population; No migration or admixture
	Only if equal sample sizes*
	No
	Yes*

	Transform of Migration Rate
	Wright 1949
	Finite Island Modelb
	Yes*
	No
	No


* This correspondence is valid subject to the evolutionary assumptions that underlie the conceptual definition. For example, if SNPs analyzed are not polymorphic in the ancestral population, then estimates produced using the WC estimator will not be the correlation that (Nei 1986; Wright 1949; Cockerham 1969) described.
Table S2. We describe five conceptual definitions of FST and their correspondence with the three moment-based estimators studied. This correspondence depends upon a series of assumptions about evolutionary history and sampling that may or may not hold in application to real data. The “Evolutionary Assumptions” are assumptions that must hold for any estimator to correspond to that conceptual definition. The columns labeled “WC”, “Nei” and “Hudson” contain a Yes, No, or “Only if equal sample sizes” for each conceptual definition. This indicates if the estimator and definition correspond, or if sample sizes must be equal for a correspondence. (a) We note that Slatkin’s conceptual definition of FST corresponds to Nei’s original estimator of FST (Price et al. 2009; Nei 1973; Bhatia et al. 2011) but not to Nei’s updated estimator (Hudson et al. 1992; Nei 1986), which is what we analyze here. (b) The finite island model is a theoretical model of isolation by distance that includes numerous assumptions including that FST (in this case influenced by effective population size and migration rate) is identical across populations. (c) We note that Nei describes his estimator as “equivalent to Wright’s FST” (Reynolds et al. 1983; Nei 1973; Weir and Cockerham 1984). We do not agree. Specifically, we believe that Nei’s FST estimates properties of the sample as opposed to the ancestral population (see Supplementary Material for details).
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	FST Estimator

	Sample Sizes
	WC
	Nei
	Hudson

	n1
	n2
	Est.
	Std. Error
	Est.
	Std. Error
	Est.
	Std. Error

	2500
	2500
	0.187
	4.93E-03
	0.206
	6.00E-03
	0.187
	4.93E-03

	25
	2500
	0.218
	6.30E-03
	0.206
	7.02E-03
	0.186
	5.75E-03

	2500
	25
	0.164
	4.95E-03
	0.204
	5.07E-03
	0.185
	4.68E-03



Table S3. Here we assess the effect of sample size and estimator on the resulting genome-wide estimate of FST. These estimates should be compared with a value of 0.190 expected given the demographic history specified and a population split 1000 generations ago (see above). We see that with equal sample sizes, the WC and Hudson estimators result in identical estimates that are in accordance with the expected result. When the sample sizes are altered, the WC estimates become biased, with the direction of bias depending upon the relative sample sizes. While the Nei estimator is insensitive to sample sizes, it consistently produces an upwardly biased estimate of FST. 
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	FST Estimator

	Sample Sizes
	WC
	Nei
	Hudson

	n1
	n2
	Est.
	Std. Error
	Est.
	Std. Error
	Est.
	Std. Error

	2500
	2500
	0.183
	3.52E-03
	0.201
	4.27E-03
	0.183
	3.52E-03

	25
	2500
	0.181
	5.29E-03
	0.196
	6.45E-03
	0.177
	5.32E-03

	2500
	25
	0.179
	4.83E-03
	0.196
	5.83E-03
	0.179
	4.83E-03


We assessed the effects of FST estimator on estimates between populations simulated with simple demographic history (See above). In these instances, and with ascertainment in an out-group, we expect the WC and Hudson estimates to be identical and the Weir estimate to be independent of relative sample size. If the drift time of population 1 is equal to the drift time of population 2 then, the relationship between FST and divergence time is the same between the WC and Hudson estimators and matches the results reported in (1000 Genomes Project Consortium 2010; Cavalli-Sforza and Bodmer 1971; Weir and Hill 2002). The estimator of Nei (International HapMap 3 Consortium 2010; Nei 1986) remains elevated relative to the others though, and continues to be independent of sample size. In the above simulations, we focused on a more complex demographic scenario to illustrate properties of rare variants.
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	Polymorphic In
	Ratio of Averages
	Average of Ratios

	OUTGROUP
	0.183
	3.52E-03
	0.139
	2.15E-03

	POP1
	0.167
	2.64E-03
	0.052
	5.94E-04

	POP2
	0.169
	2.77E-03
	0.052
	6.02E-04

	POP1 AND POP2
	0.168
	3.21E-03
	0.130
	1.27E-03

	POP1 OR POP2
	0.169
	2.46E-03
	0.041
	4.38E-04



Here we vary both the ascertainment and averaging method in the case of very simple demography. Here it becomes clear that ascertainment in the populations studied results in an exclusion of some of the most diverged SNPs and a smaller FST estimate. As FST can be estimated from any set of SNPs, we do not view this as incorrect, but motivating for future publications of FST estimates to include details of ascertainment scheme. When using an average of ratios, we see large reductions in FST for all ascertainment schemes and a large variation between different ascertainment schemes. Indeed, if for a permissive ascertainment scheme (POP1 or POP2) an estimate of 0.169 from a ratio of averages drops more than four-fold when using an average of ratios. The large variation between estimates from an average of ratios suggests that these estimates are essentially unrelated to the population demographic history, and that an average of ratios should be avoided in even the simplest demographic scenarios.
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	Polymorphic In
	Ratio of Averages
	Average of Ratios

	POP1
	0.172
	3.05E-03
	0.018
	2.96E-04

	POP2
	0.185
	2.05E-03
	0.115
	7.45E-04

	POP1 AND POP2
	0.176
	3.16E-03
	0.138
	9.18E-04

	POP1 OR POP2
	0.180
	3.02E-03
	0.020
	3.30E-04



Table S6. We compare different ascertainment schemes and combination methods under a scenario of differing demography. In this simulation population 1 was subject to a recent expansion and population 2 was subject to a recent bottleneck. These estimates should be compared with a value of 0.190 expected given the demography specified (see above), a population split 1000 generations ago, and ascertainment in an out-group population. It is clear that the effect of ascertainment depends on the demographic history of the populations studied. While the effect of ascertainment when using a ratio of averages is statistically significant, we observe a much larger effect due to ascertainment when using an average of ratios. Specifically, because of the recent expansion of population 1, it contains many rare, recent variants with low FST. Inclusion of these variants in an average of ratios produces a dramatically reduced genome-wide FST estimate.
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FST
Average of Ratios (Outgroup)	50.0	100.0	150.0	200.0	250.0	300.0	350.0	400.0	450.0	500.0	550.0	600.0	650.0	700.0	750.0	800.0	850.0	900.0	950.0	1000.0	1050.0	1100.0	1150.0	1200.0	1250.0	1300.0	1350.0	1400.0	1450.0	1500.0	1550.0	1600.0	1650.0	1700.0	1750.0	1800.0	1850.0	1900.0	1950.0	2000.0	2050.0	2100.0	2150.0	2200.0	2250.0	2300.0	2350.0	2400.0	2450.0	2500.0	2550.0	2600.0	2650.0	2700.0	2750.0	2800.0	2850.0	2900.0	2950.0	3000.0	3050.0	3100.0	3150.0	3200.0	3250.0	3300.0	3350.0	3400.0	3450.0	3500.0	3550.0	3600.0	3650.0	3700.0	3750.0	3800.0	3850.0	3900.0	3950.0	4000.0	4050.0	4100.0	4150.0	4200.0	4250.0	4300.0	4350.0	4400.0	4450.0	4500.0	4550.0	4600.0	4650.0	4700.0	4750.0	4800.0	4850.0	4900.0	4950.0	5000.0	0.0582314733018357	0.0553463599133844	0.0537820823061113	0.0530530371884988	0.0518464638417126	0.0515760140761291	0.0507748664368087	0.0501202357992844	0.049493917963426	0.0489558481689295	0.0486110867829683	0.0485512248786521	0.0482086407181848	0.0478951837629646	0.0475832193471865	0.0472304153601445	0.0468891231369699	0.0466834086837385	0.0464167333882782	0.0461887368408767	0.0460149864555825	0.045805188072838	0.0456979809815841	0.0455352955090324	0.0454515728091446	0.0454354340736854	0.0453162606952961	0.0451976412172277	0.0451370381947249	0.0450282972996829	0.0448927042098445	0.044793951585622	0.0447206306775268	0.0446816664648555	0.0445628794812497	0.0445256573023131	0.0444051334229769	0.0442407426763962	0.0441962529371137	0.0441118157560283	0.0440974848420093	0.0439987549763519	0.0439105795079686	0.0438884470844746	0.0438192879913173	0.0437810918028637	0.0437067789502181	0.0436939029956871	0.043645617787924	0.0436116419398515	0.0435763362387391	0.0435730843392468	0.043520686564146	0.0434941224961015	0.043466209948359	0.0434186965440549	0.0433611669955034	0.0433182471072853	0.0432563113565218	0.0431998649262209	0.0431829252032175	0.043158120382533	0.0431013304706037	0.0430542869910288	0.0430238447961471	0.0429836228458289	0.0429499477063415	0.0429252224093647	0.0429208287973104	0.0428692209448108	0.0428560036785638	0.0428338100557463	0.042843051268478	0.0428528248915689	0.0427790891566909	0.0427485534922879	0.0427459826485041	0.042679325093575	0.0426690134532419	0.0426548694073909	0.0426381554341397	0.0426043749804852	0.0425790577041965	0.0425250560157723	0.0424866534115379	0.0424286903233094	0.0424485652017672	0.0424213711602558	0.0424078928861194	0.0423627140387045	0.0423225196935516	0.0423222965831718	0.0422703339453901	0.0422512194222665	0.0422495484475512	0.0422278976383547	0.0421774718327893	0.0421389807941797	0.0420638737142763	0.0420673319599471	Ratio of Averages (Outgroup)	50.0	100.0	150.0	200.0	250.0	300.0	350.0	400.0	450.0	500.0	550.0	600.0	650.0	700.0	750.0	800.0	850.0	900.0	950.0	1000.0	1050.0	1100.0	1150.0	1200.0	1250.0	1300.0	1350.0	1400.0	1450.0	1500.0	1550.0	1600.0	1650.0	1700.0	1750.0	1800.0	1850.0	1900.0	1950.0	2000.0	2050.0	2100.0	2150.0	2200.0	2250.0	2300.0	2350.0	2400.0	2450.0	2500.0	2550.0	2600.0	2650.0	2700.0	2750.0	2800.0	2850.0	2900.0	2950.0	3000.0	3050.0	3100.0	3150.0	3200.0	3250.0	3300.0	3350.0	3400.0	3450.0	3500.0	3550.0	3600.0	3650.0	3700.0	3750.0	3800.0	3850.0	3900.0	3950.0	4000.0	4050.0	4100.0	4150.0	4200.0	4250.0	4300.0	4350.0	4400.0	4450.0	4500.0	4550.0	4600.0	4650.0	4700.0	4750.0	4800.0	4850.0	4900.0	4950.0	5000.0	0.0991374742520353	0.0983553721074503	0.0996451961190486	0.100450465957962	0.100232144416359	0.101416913702102	0.101550499827594	0.101101644707499	0.101057666821643	0.101477564887179	0.101434948536935	0.101685782270105	0.101422429243942	0.101086831326775	0.101177447598728	0.101102736670716	0.101377895486343	0.101050233327366	0.100748121082525	0.100832412349135	0.100842238395098	0.100742028105067	0.100779068651976	0.10083353678334	0.100757904435953	0.100806063860515	0.100682590163673	0.100552603828886	0.10036609750417	0.100576531078396	0.100610739161481	0.100461294711867	0.100450058599838	0.100343631629313	0.100193712467545	0.100251170492921	0.10026372078299	0.10020742224895	0.100278570447447	0.100214138983341	0.100162896816088	0.100086296091394	0.100053787050978	0.100058169454044	0.100049102243334	0.100018582219194	0.100067095659594	0.100088643680401	0.100016946164202	0.100063428660839	0.100059725537514	0.100053097724245	0.100035747548991	0.100027181210804	0.0999947215104599	0.100026809795153	0.100029285873017	0.100049033490392	0.100096538152087	0.100140786931575	0.100138147553264	0.100134214475173	0.10012575242295	0.100159535679107	0.100198865766299	0.100223271107219	0.100172524167757	0.100206423765872	0.100177144821434	0.100107102599058	0.100110075131648	0.100099589072211	0.100132419742922	0.10016159042628	0.100088284969458	0.100165949969015	0.100128954374587	0.100128734417431	0.100197052716057	0.100223682295319	0.100160173463705	0.100156626461125	0.100122711430329	0.100133632955831	0.100152069933073	0.100087875933249	0.100146614969889	0.100135426475259	0.100126812767727	0.100108869710011	0.100120237872881	0.100179213495691	0.100203057753859	0.100199345426842	0.100174006089087	0.10012277178676	0.100064369492449	0.100069923845477	0.100064804455564	0.100072577110232	Average of Ratios (Either Population)	50.0	100.0	150.0	200.0	250.0	300.0	350.0	400.0	450.0	500.0	550.0	600.0	650.0	700.0	750.0	800.0	850.0	900.0	950.0	1000.0	1050.0	1100.0	1150.0	1200.0	1250.0	1300.0	1350.0	1400.0	1450.0	1500.0	1550.0	1600.0	1650.0	1700.0	1750.0	1800.0	1850.0	1900.0	1950.0	2000.0	2050.0	2100.0	2150.0	2200.0	2250.0	2300.0	2350.0	2400.0	2450.0	2500.0	2550.0	2600.0	2650.0	2700.0	2750.0	2800.0	2850.0	2900.0	2950.0	3000.0	3050.0	3100.0	3150.0	3200.0	3250.0	3300.0	3350.0	3400.0	3450.0	3500.0	3550.0	3600.0	3650.0	3700.0	3750.0	3800.0	3850.0	3900.0	3950.0	4000.0	4050.0	4100.0	4150.0	4200.0	4250.0	4300.0	4350.0	4400.0	4450.0	4500.0	4550.0	4600.0	4650.0	4700.0	4750.0	4800.0	4850.0	4900.0	4950.0	5000.0	0.0457044459367117	0.0386236324270785	0.0348189611289697	0.0322407196579402	0.0299398022244181	0.0282267939971217	0.0266964834240391	0.0253289353315702	0.0242184710458986	0.0233390060075973	0.0226931248091231	0.0220698562300281	0.0214341248251418	0.0209225289247729	0.0203647894085829	0.0198545665792747	0.0194261187681946	0.0190233997105687	0.0186833791669136	0.0183549378092587	0.0180821839814727	0.0178040984826478	0.0174314768264109	0.0171845386396949	0.0168997726158438	0.0166884996539141	0.0164514735530003	0.0162278990045136	0.0160238281233991	0.0158693524401169	0.0156743794827803	0.0154884232544918	0.0153181739742774	0.0151469171845758	0.0149816305800857	0.0148403208999787	0.0146967707754436	0.0145697164319987	0.0144640818947437	0.0143257885165453	0.0142358108063759	0.0141159483148618	0.0140148064029427	0.0138993970692803	0.013825780687556	0.0137393781964636	0.0136564960109935	0.0135871956019286	0.0134743453932431	0.0134017000285805	0.0133230698892799	0.0132423642550631	0.0131496436178952	0.0130677990888328	0.0129851482084264	0.012922875734259	0.0128680779171808	0.0128224135435999	0.0127505298759348	0.0126904802046256	0.0126400180250569	0.0125798368702082	0.0125192554266695	0.0124641553851531	0.0124203641938804	0.0123429260771925	0.0122954275862369	0.0122270200430401	0.0121781664698443	0.0121136889854254	0.0120520690390514	0.0120027532115511	0.0119579256532016	0.0119220250170691	0.0118640468159257	0.0118156352175919	0.0117685786737559	0.0117291851225418	0.0116825913433524	0.0116388958842415	0.0115850060397857	0.0115505472248749	0.0115102167937539	0.0114740737688081	0.0114266655793986	0.0113878587820529	0.0113483720003428	0.0113087799868329	0.0112799428211269	0.0112356549789259	0.0112043125972894	0.0111773391824835	0.0111484815658976	0.0111133056387788	0.0110749925846282	0.0110444639269509	0.0110213893242171	0.0109816718064767	0.0109327291620737	0.010894060808772	Ratio of Averages (Either Population)	50.0	100.0	150.0	200.0	250.0	300.0	350.0	400.0	450.0	500.0	550.0	600.0	650.0	700.0	750.0	800.0	850.0	900.0	950.0	1000.0	1050.0	1100.0	1150.0	1200.0	1250.0	1300.0	1350.0	1400.0	1450.0	1500.0	1550.0	1600.0	1650.0	1700.0	1750.0	1800.0	1850.0	1900.0	1950.0	2000.0	2050.0	2100.0	2150.0	2200.0	2250.0	2300.0	2350.0	2400.0	2450.0	2500.0	2550.0	2600.0	2650.0	2700.0	2750.0	2800.0	2850.0	2900.0	2950.0	3000.0	3050.0	3100.0	3150.0	3200.0	3250.0	3300.0	3350.0	3400.0	3450.0	3500.0	3550.0	3600.0	3650.0	3700.0	3750.0	3800.0	3850.0	3900.0	3950.0	4000.0	4050.0	4100.0	4150.0	4200.0	4250.0	4300.0	4350.0	4400.0	4450.0	4500.0	4550.0	4600.0	4650.0	4700.0	4750.0	4800.0	4850.0	4900.0	4950.0	5000.0	0.0958647874839731	0.0951453725458636	0.0964131629358437	0.0972126075096019	0.0970121127225995	0.0981158039427122	0.098223405695385	0.0977849828278596	0.0977469041311462	0.098163930470654	0.0981231949004283	0.0983652577621157	0.0981094254515458	0.0977860609747154	0.0978742443123913	0.0977851487799115	0.0980503125305454	0.0977338116639846	0.0974517720987893	0.0975388353959158	0.0975522542081245	0.0974623660554626	0.0974812272446929	0.0975371395393144	0.0974592023833677	0.0975012356592008	0.0973855250365895	0.097258921307913	0.0970815156052185	0.0972889833166128	0.097315647055498	0.0971688415322042	0.0971527551425396	0.097046021898959	0.0969031750738783	0.0969603749087854	0.096970630078813	0.0969195709195829	0.0969898409243705	0.0969234651770539	0.0968747542853694	0.0967977854364172	0.0967664709214518	0.0967769889285058	0.0967683576146592	0.096735145401515	0.0967834518553351	0.0968028828252614	0.0967360567022277	0.0967792434258647	0.0967770845214181	0.0967748030322517	0.0967570148724443	0.0967451090515074	0.0967138878770157	0.096749632091203	0.096753820713301	0.096771049405172	0.096814507531038	0.0968566779011205	0.0968534850816978	0.0968491343234298	0.0968427578387728	0.0968723749284465	0.0969136196727716	0.096932332129825	0.0968847591895075	0.0969173363335811	0.0968880819346823	0.0968197570036336	0.0968199241941813	0.0968094597878442	0.0968448678860497	0.0968719371395913	0.096801330733444	0.0968791913106849	0.0968425589585662	0.0968444085030659	0.0969103299129798	0.0969372767870852	0.0968760316466705	0.0968701948641703	0.0968375843397423	0.0968492023106424	0.0968688444153225	0.0968059298031166	0.0968610343510388	0.0968493415545345	0.0968425842097865	0.0968248541244509	0.0968368655297809	0.0968933522995437	0.0969158893130953	0.096911818029937	0.0968877093221768	0.0968384209643377	0.096784247059323	0.0967902609534109	0.0967828343823117	0.0967914746654497	Sample Size
FST


37

image3.emf
2nn,
(n, +n,)’ (=2’









2

n

1

n

2

(

n

1

+

n

2

)

2

(

p

1

-

p

2

)

2


image73.emf
1-2F, 1-2F,
~ Beta S, ST (-
D (2F D, °F 1-p,))

ST










p

1

~Beta(

1

-

2

F

ST

2

F

ST

p

2

,

1

-

2

F

ST

2

F

ST

(1

-

p

2

))


Microsoft_Equation21.bin

image74.emf
L(Fg 1 x),n),x;,ny) < L (Fg 1 x{,n°,p,)

B(xf+1;2FSTﬁ w22 5,

L (Fg 1 x,n,p)=| ' st 7
x; B(1—2FST ﬁs’l_zFST (1-p,)
2F, 2F,
5 =%z









L

(

F

ST

|

x

s

1

,

n

s

1

,

x

s

2

,

n

s

2

)

µ

L*

(

F

ST

|

x

s

1

,

n

s

,

ˆp

s

)

L2

(

F

ST

|

x

s

i

,

n

s

i

,

ˆp

s

)

=

n

s

i

x

s

i

æ

è

ç

ç

ö

ø

÷

÷

B(

x

s

i

+

1

-

2

F

ST

2

F

ST

ˆp

s

,

n

s

i

-

x

s

i

+

1

-

2

F

ST

F

ST

(1

-

ˆp

s

))

B(

1

-

2

F

ST

2

F

ST

ˆ

p

s

,

1

-

2

F

ST

2

F

ST

(1

-

ˆ

p

s

))

ˆp

s

=

x

s

2

n

s

2


Microsoft_Equation22.bin

image75.emf
s

x\,n

s









x

s

1

,

n

s


Microsoft_Equation23.bin

image76.emf
P









p

1


Microsoft_Equation24.bin

image77.emf
P>









p

2


Microsoft_Equation25.bin

image4.emf
% Overlap in Highest Differentiated SNPs

100.00%
90.00%
80.00%
70.00%
60.00%
50.00%
40.00%
30.00%
20.00%
10.00%

0.00%

0

100

_W_‘

200 300 400 500 600 700 800 900

Number of Generations Since Divergence

@=(um\\/H
esm\\VH1
elEe\WH2
@mum\\/C

e Hyudson

@O Nej










0.00%	

10.00%	

20.00%	

30.00%	

40.00%	

50.00%	

60.00%	

70.00%	

80.00%	

90.00%	

100.00%	

0	 100	 200	 300	 400	 500	 600	 700	 800	 900	

%

	

O

v

e

r

l

a

p

	

i

n

	

H

i

g

h

e

s

t

	

D

i

f

f

e

r

e

n

a

t

e

d

	

S

N

P

s

	

Number	of	Generaons	Since	Divergence	

WH	

WH1	

WH2	

WC	

Hudson	

Nei	


image78.emf
P(f ISNP selected)P(SNP selected)

P(SNP selected | f) = P(f)










P

(SNP selected | 

f

)

=

P

(

f

|SNP selected)

P

(SNP selected)

P

(

f

)


Microsoft_Equation26.bin

image79.emf
P(f ISNP selected)









P(f|SNP selected)


Microsoft_Equation27.bin

image80.emf
# HapMap3 SNPs
# 1000 Genomes SNPs

P(SNP selected) =









P

(SNP selected)

=

# HapMap3 SNPs

# 1000 Genomes SNPs


Microsoft_Equation28.bin

image81.emf
P(f)









P(f)


Microsoft_Equation29.bin

image82.emf
P(SNP selected | f)









P(SNP selected | f)


Microsoft_Equation30.bin

image5.emf
Hudson
F, =1-

=









F

ST

Hudson

=

1

-

H

w

H

b


image83.emf
x. €{0,1}









x

j

i

Î

{0,1}


image84.emf
E['x;] = panc
Var(x;‘) = pam‘(l - panc)
COV(.X;-,X;) = panc(l - panc )FST









E

[

x

j

i

]

=

p

anc

Var

(

x

j

i

)

=

p

anc

(1

-

p

anc

)

Cov

(

x

j

i

,

x

¢

j

i

)

=

p

anc

(1

-

p

anc

)

F

ST


image85.emf
p(li’lC









p

anc


image86.emf
E[pz |panc]=panc
E'[pz2 Ipanc] = panc(l_panc)FST +pinc
Var(pi) = panc(l_panc)FST









E[p

i

|p

anc

]

=

p

anc

E

[

p

i

2

|

p

anc

]

=

p

anc

(1

-

p

anc

)

F

ST

+

p

2

anc

Var

(

p

i

)

=

p

anc

(1

-

p

anc

)

F

ST


image87.emf









p

i


image88.emf
E[pzzlpam] pam(l pam)FST+pam
Var(pi)=panc(1_panc)FST









E

[

p

i

2

|

p

anc

]

=

p

anc

(1

-

p

anc

)

F

i

ST

+

p

2

anc

Var

(

p

i

)

=

p

anc

(1

-

p

anc

)

F

i

ST


image89.emf
E[X]]= Py









E

[

x

j

i

]

=

p

anc


Microsoft_Equation31.bin

image90.emf
o iy 1

[nlﬁl(l_ﬁl)'l-nZﬁZ(l_ﬁZ)]
n+n, n+n,—2

nn,

WC
Fg =1- nn
10

- 1 ~ - - -
(B =P, +(2 -1 [, (1= p1)+ 1P, (1= B,)]
n, +n, n, +n, n+n,—2










ˆ

F

ST

WC

=

1

-

2

n

1

n

2

n

1

+

n

2

1

n

1

+

n

2

-

2

[

n

1

p

1

(1

-

p

1

)

+

n

2

p

2

(1

-

p

2

)]

n

1

n

2

n

1

+

n

2

(

p

1

-

p

2

)

2

+

(2

n

1

n

2

n

1

+

n

2

-

1)

1

n

1

+

n

2

-

2

[

n

1

p

1

(1

-

p

1

)

+

n

2

p

2

(1

-

p

2

)]


image91.emf









n

i


Microsoft_Equation1.bin

image92.emf









p

i


image93.emf
ie{1,2}









i

Î

{1,2}


image94.emf









n

i

-

1

»

n

i


image95.emf









p

i

®

p

i


image96.emf
(pl - p2)2
[Mp1(1 - p1)+ pz(l - pz)]

(Pr=p2) +2(M+1)









n

1

,

n

2

®¥

n

1

/

n

2

®

M

lim

ˆ

F

ST

WC

=

(

p

1

-

p

2

)

2

(

p

1

-

p

2

)

2

+

2

1

(

M

+

1)

[

Mp

1

(1

-

p

1

)

+

p

2

(1

-

p

2

)]


image97.emf









p

i


image98.emf
(pl pZ) |panc] E[((pl panc)+(panc_p2))2 Ipanc]=
[(pl _panc) |pailc]+E[(p2 _panc)z |panc]+E[2(panc _pz)(pl _panc)lpanc]









E

[(

p

1

-

p

2

)

2

|

p

anc

]

=

E

[((

p

1

-

p

anc

)

+

(

p

anc

-

p

2

))

2

|

p

anc

]

=

E

[(

p

1

-

p

anc

)

2

|

p

anc

]

+

E

[(

p

2

-

p

anc

)

2

|

p

anc

]

+

E

[2(

p

anc

-

p

2

)(

p

1

-

p

anc

)|

p

anc

]


image99.emf
E[(pl _panc)2 Ipanc]+E[(p2 _punc)2 |panc] =
Var(p,)+Var(p,) =

panc(l_panc)(FSlT +FSZT)









E

[(

p

1

-

p

anc

)

2

|

p

anc

]

+

E

[(

p

2

-

p

anc

)

2

|

p

anc

]

=

Var

(

p

1

)

+

Var

(

p

2

)

=

p

anc

(1

-

p

anc

)(

F

ST

1

+

F

ST

2

)


image100.emf









F

ST

1


image101.emf









F

ST

2


image6.emf
Hw =p1(1_p])+p2(1_p2)









H

w

=

p

1

(1

-

p

1

)

+

p

2

(1

-

p

2

)


image102.emf
Mp,d-p)+p,d-p,)
E _ 2+2 1 1 2 2
[(p, = P,) Ml

=panc(1_panC')(F;T+FS27'+2(M

anc ]

1

[M(1-Fy)+(1-Fg)))
+1)










E

[(

p

1

-

p

2

)

2

+

2

Mp

1

(1

-

p

1

)

+

p

2

(1

-

p

2

)

M

+

1

|

p

anc

]

=

p

anc

(1

-

p

anc

)(

F

ST

1

+

F

ST

2

+

2

1

(

M

+

1)

[

M

(1

-

F

ST

1

)

+

(1

-

F

ST

2

)])


image103.emf
(F +F)

I P
1Mo+ A=FD

WC
Fo —

(Fip +Fg +2










ˆ

F

ST

WC

®

(

F

ST

1

+

F

ST

2

)

(

F

ST

1

+

F

ST

2

+

2

1

(

M

+

1)

[

M

(1

-

F

ST

1

)

+

(1

-

F

ST

2

)])


image104.emf









M

=

1


image105.emf
A (Fg +Fg7)
£y —









ˆ

F

ST

WC

®

(

F

ST

1

+

F

ST

2

)

2


image106.emf
FSIT=FSZT=FST









F

ST

1

=

F

ST

2

=

F

ST


image107.emf









ˆ

F

ST

®

F

ST


image108.emf









q


Microsoft_Equation32.bin

image109.emf
A

FST_

2

on-ipa-p
r









ˆ

F

ST

=

s2

2[1

-

C

2

r

]

p

(1

-

p

)

+

[1

+

r

-

1

r

C

2

]

s

2

r

    


Microsoft_Equation33.bin

Microsoft_Equation2.bin

image110.emf









r

=

2


Microsoft_Equation34.bin

image111.emf
S|

n +n,









n

=

n

1

+

n

2

2


Microsoft_Equation35.bin

image112.emf
n =n+n,—(n +n)/(n +n,)









n

c

=

n

1

+

n

2

-

(

n

2

1

+

n

2

2

)/(

n

1

+

n

2

)


Microsoft_Equation36.bin

image113.emf
C2
=2
1
-n_/
n
)









C

2

=

2(1

-

n

c

/

n

)


Microsoft_Equation37.bin

image114.emf
mp +nm,p,

n +n,









p

=

n

1

p

1

+

n

2

p

2

n

1

+

n

2


Microsoft_Equation38.bin

image7.emf
Hb =p1(1_p2)+p2(1_p1)









H

b

=

p

1

(1

-

p

2

)

+

p

2

(1

-

p

1

)


image115.emf
~  —=\2 ~  —=\2

n - +n - 2n.n ~ ~
§? = (P = P) " (P, = P) _ 1 z(pl_pZ)z
n (n, +n,)










s2

=

n

1

(

p

1

-

p

)

2

+

n

2

(

p

2

-

p

)

2

n

=

2

n

1

n

2

(

n

1

+

n

2

)

2

(

p

1

-

p

2

)

2

    


Microsoft_Equation39.bin

image116.emf
2
21-C* /12)p(1-p)+(1+C? /2)%









2(1

-

C2

/2)

p

(1

-

p

)

+

(1

+

C2

/2)

s2

2


Microsoft_Equation40.bin

image117.emf
21’11’12 [( 1 2)2+2n1f71(1_l~71)+n21~72(1_ﬁwz)]
(n1+n2) n +n,










2

n

1

n

2

(

n

1

+

n

2

)

2

[(

p

1

-

p

2

)

2

+

2

n

1

p

1

(1

-

p

1

)

+

n

2

p

2

(1

-

pw

2

)

n

1

+

n

2

]   


Microsoft_Equation41.bin

image118.emf









p

i

®

p

i


Microsoft_Equation42.bin

image119.emf
P (p,—p, )2
s

T

(p1 _p2)2 +2 [n1p1(1_p1)+n2p2(1_p2)]

(n,+n,)









ˆ

F

ST

®

(

p

1

-

p

2

)

2

(

p

1

-

p

2

)

2

+

2

1

(

n

1

+

n

2

)

[

n

1

p

1

(1

-

p

1

)

+

n

2

p

2

(1

-

p

2

)]


Microsoft_Equation43.bin

Microsoft_Equation3.bin

image120.emf









n

1

n

2

=

M


Microsoft_Equation44.bin

image121.emf
(pl - )2

Fy —

(P -p,) !
1 pz) +2(M+1)[Mp1(1_p1)+p2(1_p2)]









ˆ

F

ST

®

(

p

1

-

p

2

)

2

(

p

1

-

p

2

)

2

+

2

1

(

M

+

1)

[

Mp

1

(1

-

p

1

)

+

p

2

(1

-

p

2

)]


Microsoft_Equation45.bin

image122.emf









F

ST

=

¢

D

ST

H

T


image123.emf









¢

D

ST


image124.emf









H

T


image125.emf
2

f’}Nei _ (151 — ﬁz)
ST T A~ ~ N
2pavg(1 - pavg)









ˆ

F

ST

Nei

=

(

p

1

-

p

2

)

2

2

p

avg

(1

-

p

avg

)


image126.emf











p

avg

=



p

1

+



p

2

2


image127.emf
lim }’}Sgei _ (Pi—p, )’
1% 2pavg(l_pavg)









n

1

,

n

2

®¥

lim

ˆ

F

ST

Nei

=

(

p

1

-

p

2

)

2

2

p

avg

(1

-

p

avg

)


image8.emf
N
FST=B

2

N=(p1 _pz)
D=p(-p,)+pd-p,)









F

ST

=

N

D

N

=

(

p

1

-

p

2

)

2

D

=

p

1

(1

-

p

2

)

+

p

1

(1

-

p

2

)


image128.emf
E[(pl _p2)2 |panc] = panc(l_panc)(FSlT +FS2T)









E

[(

p

1

-

p

2

)

2

|

p

anc

]

=

p

anc

(1

-

p

anc

)(

F

ST

1

+

F

ST

2

)


image129.emf
E[Zpavg(l_pavg) | panc] =
1 1
2P s = Pie —EE[pf |panc]—§E[p§ | Doy ] =

Fy +F,

panc(l_panc)(z_ 2 ST)









E[2p

avg

(1

-

p

avg

)|p

anc

]

=

2

p

anc

-

p2

anc

-

1

2

E

[

p

1

2

|

p

anc

]

-

1

2

E

[

p

2

2

|

p

anc

]

=

p

anc

(1

-

p

anc

)(2

-

F

ST

1

+

F

ST

2

2

)


image130.emf
[~ Nei
Fo' —

2-

(Fy + F,)

(Fy +Fg)









ˆ

F

ST

Nei

®

(

F

ST

1

+

F

ST

2

)

2

-

(

F

ST

1

+

F

ST

2

)

2


image131.emf
Fy = 1,Fy —1









F

ST

1

®

1,

F

ST

1

®

1


image132.emf
[ Hudson
F, =1-









ˆ

F

ST

Hudson

=

1

-

H

w

H

b


image133.emf









H

w


image134.emf









H

b


image135.emf
) ([71_ﬁz)Z_ﬁl(l_ﬁl)_i%(l_i)Z)
FHudsun _ n, -1 n, -1

ST = = =
p(=-p,)+p,(d-p)









ˆ

F

ST

Hudson

=

(

p

1

-



p

2

)

2

-

p

1

(1

-

p

1

)

n

1

-

1

-

p

2

(1

-

p

2

)

n

2

-

1

p

1

(1

-

p

2

)

+

p

2

(1

-

p

1

)


image136.emf
hm FHudmn - (pl _p2 )2
1,1y —>%0 pl(l_p2)+p1(1_p2)










n

1

,

n

2

®¥

lim

ˆ

F

ST

Hudson

=

(

p

1

-

p

2

)

2

p

1

(1

-

p

2

)

+

p

1

(1

-

p

2

)


image137.emf
E[p](l_p2)+pl(1_p2)Ipanc]=2panc(1_panc)









E[p

1

(1

-

p

2

)

+

p

1

(1

-

p

2

)|p

anc

]

=

2p

anc

(1

-

p

anc

)


image9.emf









S


image138.emf
ﬁHudson (Fl +FT)
ST 2









ˆ

F

ST

Hudson

®

(

F

ST

1

+

F

ST

2

)

2


image10.emf
Ak=1,..M)









A

k

(k

=

1,...,M)


image11.emf









k


image12.emf
N[kl









N

[

k

]


image13.emf









D[

k

]


image14.emf
F(S)=F,









F(S)

=

F

ST


image15.emf
_N(S)

F(S) D)









F

(

S

)

=

N(S)

D

(

S

)


image16.emf









N

(

S

)

=

N[

k

]

k

=

1

M

å

M


image17.emf
M

ED[k]

D($)=+L —









D

(

S

)

=

D[

k

]

k

=

1

M

å

M


image18.emf
F(S)









F(S)


image19.emf
PiDs









p

1

,p

2


image20.emf
a,a,









a

1

,a

2


image21.emf
b,,b,









b

1

,b

2


image22.emf
n,=a,+b,









n

i

=

a

i

+

b

i


image23.emf
i=12









i

=

1,2


image24.emf
N =N"™









N

=

N

[

k

]


image25.emf
(pl _pz)

2









(

p

1

-

p

2

)

2


image26.emf









N


image27.emf
X =(a,/n,—a,/n,)









X

=

(

a

1

/

n

1

-

a

2

/

n

2

)

2


image28.emf









X


image29.emf
X=(a,/n,-p)+(a,/n,—p,)+(p, _pz))2









X

=

((

a

1

/

n

1

-

p

1

)

+

(

a

2

/

n

2

-

p

2

)

+

(

p

1

-

p

2

))

2


image30.emf
E[X]=(p, —p2)2 +Var(a, /n | p)+Var(a,/n,|p,)









E

[

X

]

=

(

p

1

-

p

2

)

2

+

Var

(

a

1

/

n

1

|

p

1

)

+

Var

(

a

2

/

n

2

|

p

2

)


image31.emf
=(p, —p2)2 +p(I-p)/n+p,(-p,)/n,









=

(

p

1

-

p

2

)

2

+

p

1

(1

-

p

1

)/

n

1

+

p

2

(1

-

p

2

)/

n

2


image32.emf
h] =p1(1_p1)









h

1

=

p

1

(1

-

p

1

)


image33.emf









2h

1


image34.emf









h

1


image35.emf
_an-a)
- n,(n,-1)









ˆ

h

1

=

a

1

(

n

1

-

a

1

)

n

1

(

n

1

-

1)


image36.emf
S









ˆ

h

1


image37.emf









h

2


image38.emf
S









ˆ

h

2


image39.emf
N =(a,/n,-a,/n,) _h_hy









ˆ

N

=

(

a

1

/

n

1

-

a

2

/

n

2

)

2

-

ˆ

h

1

n

1

-

ˆ

h

2

n

2


image40.emf









ˆ

D

=

ˆ

N

+

ˆ

h

1

+

ˆ

h

2


image41.emf









D


image42.emf
=









ˆ

N


image43.emf
o>









ˆ

D


image44.emf
]Q[k]









ˆ

N

[

k

]


image45.emf









ˆ

F

=

ˆ

N[

k

]

k

=

1

M

å

ˆ

D

[

k

]

k

=

1

M

å


image46.emf
aQum\\/ C

@\ ej

@w»Hudson

0.01

0.1 1

Ratio of Sample Sizes n,/n,

10

100










0	

0.05	

0.1	

0.15	

0.2	

0.25	

0.01	 0.1	 1	 10	 100	

F

ST	

Ra o	of	Sample	Sizes	n

1

/n

2

	

	

WC	

Nei	

Hudson	


image47.emf
0.2

0.18

0.16

0.14

0.12

0.1

0.08

0.06

0.04

0.02

e=gm» Average of Ratios (Outgroup)

e=ImRatio of Averages (Outgroup)

/v Average of Ratios (Either Population)

essmmRatio of Averages (Either Population)

500

1000

1500

2000

2500 3000 3500 4000 4500 5000
Sample Size










0	

0.02	

0.04	

0.06	

0.08	

0.1	

0.12	

0.14	

0.16	

0.18	

0.2	

0	 500	 1000	 1500	 2000	 2500	 3000	 3500	 4000	 4500	 5000	

F

ST	

Sample	Size	

Average	of	Raos	(Outgroup)	

Rao	of	Averages	(Outgroup)	

Average	of	Raos	(Either	Populaon)	

Rao	of	Averages	(Either	Populaon)	


image48.emf
FSiT=1_ t 1
[ Ja-
pli 2N.g)









F

ST

i

=

1

-

(1

-

1

2

N

i

g

)

g

=

1

t

Õ


image49.emf









N

i

g


Microsoft_Equation4.bin

image50.emf
. 1,
Fg; =1_(l_2_N.)









F

ST

i

=

1

-

(1

-

1

2

N

i

)

t


image51.emf
A

Fe

2-(X/+ X))

(2_(X;+X;)+2(M1 [M-X'+X.])

+1)









ˆ

F

ST

WC

®

2

-

(

X

1

t

+

X

2

t

)

(2

-

(

X

1

t

+

X

2

t

)

+

2

1

(

M

+

1)

[

M

×

X

1

t

+

X

2

t

])


image52.emf
2-(X] +X})
L (XX
2

[~ Nei
Fo' —









ˆ

F

ST

Nei

®

2

-

(

X

1

t

+

X

2

t

)

1

+

(

X

1

t

+

X

2

t

)

2


image53.emf
_X{+X;

-~ Hudson
Fo " —1









ˆ

F

ST

Hudson

®

1

-

X

1

t

+

X

2

t

2


image54.emf
1
X =(1-—0)
= 2N,









X

i

=

(1

-

1

2

N

i

)


image55.emf
0.35

0.3

0.25

0.2

0.15

0.1

0.05

0.1 0.2 0.3 0.4 0.5 0.6
Minor Allele Frequency

e=(=sExpansion
e=Bottleneck

@ 0utgroup









0	

0.05	

0.1	

0.15	

0.2	

0.25	

0.3	

0.35	

0	 0.1	 0.2	 0.3	 0.4	 0.5	 0.6	

F

ST	

Minor	Allele	Frequency	

Expansion	

Boleneck	

Outgroup	


image56.emf
e
w
u

a=gmm\\/C

2 A A AAARD O T T T T SV IR R A AR A A A A A A AT A -
S - -

@\ ej

“w=Hudson

@l \\/H

0.01 0.1 1 10 100

Ratio of Sample Sizes n,/n,










0	

0.05	

0.1	

0.15	

0.2	

0.25	

0.3	

0.35	

0.01	 0.1	 1	 10	 100	

F

ST

	

Ra o	of	Sample	Sizes	n

1

/n

2

	

WC	

Nei	

Hudson	

WH	


image57.emf
é(p)(p)(p)(p)

p 1-p P l-p









ˆ

q

N

=

(

p

1

-

p

)

2

p

+

(

p

1

-

p

)

2

1

-

p

+

(

p

2

-

p

)

2

p

+

(

p

2

-

p

)

2

1

-

p


Microsoft_Equation5.bin

image58.emf









p

i


Microsoft_Equation6.bin

image59.emf
pavg









p

avg


Microsoft_Equation7.bin

image60.emf
mp +nm,p,

n +n,









p

=

n

1

p

1

+

n

2

p

2

n

1

+

n

2


Microsoft_Equation8.bin

image61.emf









M

=

n

1

n

2


Microsoft_Equation9.bin

image62.emf
5 +M)(P - p,)

Y+ M) p(1-p)









ˆ

q

N

=

(1

+

M2

)(

p

1

-

p

2

)

2

(1

+

M

)

2

p

(1

-

p

)


Microsoft_Equation10.bin

image1.emf
P =0,p2 =&









p

1

=

0,p

2

=e


image63.emf









M

=

1


Microsoft_Equation11.bin

image64.emf









M

®¥


Microsoft_Equation12.bin

image65.emf









M

®

0


Microsoft_Equation13.bin

image66.emf
é — (151 _ﬁz)z
2p(1-p)









ˆ

q

N

=

(

p

1

-

p

2

)

2

2

p

(1

-

p

)


Microsoft_Equation14.bin

image67.emf
B

St

—_

|+










p

=



p

1

+



p

2

2


Microsoft_Equation15.bin

image2.emf









e


image68.emf









ˆ

F

ST

Nei


Microsoft_Equation16.bin

image69.emf
1-F, 1-F
Pi» P, ~ Beta( - Lp,—=L(1-p))

ST FST










p

1

,

p

2

~Beta(

1

-

F

ST

F

ST

p

,

1

-

F

ST

F

ST

(1

-

p

))


Microsoft_Equation17.bin

image70.emf
PiDs









p

1

,p

2


Microsoft_Equation18.bin

image71.emf
L(Fg, |xi,nf,X§an§,px)°(Ll(Fsr |xf,n5,p&)Ll(FST Ixé,né,ps)

1-F,, . 1-F,

, \B(xi+—=Lp ni-x;+—L(1-p,))
ni ST FST
; B(I_FSTpxl Fse a2 py
FST FST

L(Fg\x\,nl,p)=| '
X.










L

(

F

ST

|

x

s

1

,

n

s

1

,

x

s

2

,

n

s

2

,

p

s

)

µ

L

1

(

F

ST

|

x

s

1

,

n

s

,

p

s

1

)

L

1

(

F

ST

|

x

s

2

,

n

s

2

,

p

s

)

L1

(

F

ST

|

x

s

i

,

n

s

i

,

p

s

)

=

n

s

i

x

s

i

æ

è

ç

ç

ö

ø

÷

÷

B(

x

s

i

+

1

-

F

ST

F

ST

p

s

,

n

s

i

-

x

s

i

+

1

-

F

ST

F

ST

(1

-

p

s

))

B(

1

-

F

ST

F

ST

p

s

,

1

-

F

ST

F

ST

(1

-

p

s

))


Microsoft_Equation19.bin

image72.emf
s

x\,n

s









x

s

1

,

n

s


Microsoft_Equation20.bin


‘Supplementary Mateial
i e o VP G S

o ey e re—
e T e —
R e
B s Dront e (gl

B B A Esot Gk

T —]
S e St
oot e AW
B P S ——
e i e —
ol S o o e ey e Sy
il 53 Bl g o e b s

[t i —
B e —
[ i ———

o Defiitions n the Lierature
nresecingreau ko i e he e omcpu dtuion
ey S e ok e ot b
i o o D T i ke o et
g st )

o
e ko concply et o b cortaion
et ks Wi G oo e sl (100 G
P Cotrtin 2010 Wrgh 1505 arton Ty o 2015
i o) iy h e e e
ot e (g 1949 T o o e
pend o o el gy et o, b
e e oSt Wb g s e




