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Abstract

Revealing how transcriptional bursting kinetics is genomically encoded is challenging since genome
structures are stochastic at the organization level and are suggestively linked to gene transcription.
To address this challenge, we develop a generic theoretical framework that integrates chromatin
dynamics, enhancer-promoter (E-P) communication and gene-state switching, to study
transcriptional bursting. The theory predicts that power law can be a general rule to quantitatively
describe bursting modulations by E-P spatial communication. Specifically, burst frequency and burst
size are up-regulated by E-P communication strength, following power laws with positive exponents.
Analysis of the scaling exponents further reveals that burst frequency is preferentially regulated.
Bursting kinetics are down-regulated by E-P genomic distance with negative power-law exponents,
and this negative modulation desensitizes at large distances. The mutual information between burst
frequency (or burst size) and E-P spatial distance further reveals essential characteristics of the
information transfer from E-P communication to transcriptional bursting kinetics. These findings,
which are in agreement with experimental observations, not only reveal fundamental principles of
E-P communication in transcriptional bursting but also are essential for understanding cellular

decision-making.
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Introduction

Gene transcription that is tightly related to three-dimensional (3D) genomic organization is a highly

complex and regulated process that exhibits a discontinuous episodic bursting behavior (Misteli, 2020;

Rodriguez and Larson, 2020; Suter et al., 2011; Tunnacliffe and Chubb, 2020). As two cardinal regulatory

elements, the promoter and the enhancer are responsible for the accurate spatiotemporal gene

expression ensuring reliable cell functioning and cellular decision-making (Robson et al., 2019;

Stadhouders et al., 2019; Zabidi and Stark, 2016). Many experimental studies have been invested in

understanding the roles of distal enhancers in regulating transcriptional bursting kinetics (Bartman et al.

2016; Chen et al., 2018; Fukaya et al., 2016; Rodriguez et al., 2019). However, the mechanism of how 3D

chromatin organization (in particular 3D enhancer-promoter (E-P) spatial communication) in 1D time
shapes transcriptional bursting patterns still remains elusive.

Hierarchic genomic structures captured by chromosome conformation capture and fluorescence in
situ hybridization as well as other experimental technologies have provided evidence for supporting
various possible E-P topologies and linking upstream distinctive E-P communications to downstream

gene transcription (Bohrer and Larson, 2021; Gizzi et al., 2019; Li et al., 2020; Ou et al., 2017; Su et al.,

2020). Measurable sustained physical proximity of E-P communication, which is believed to increase the
local concentrations of transcription factors (TFs) and coactivators, seems necessary for cells to execute

correct gene transcription programs in living Drosophila embryos (Chen et al., 2018; Lim et al., 2018). To

understand the mechanism of transcriptional bursting theoretically, many gene models have been

proposed, including simple models (e.g., the common ON-OFF model) (Corrigan et al., 2016; Kumar et al.,

2014; Shahrezaei and Swain, 2008; Wang et al., 2020; Zhang and Zhou, 2019) and multistate models

that seem good candidates for mimicking complex promoter dynamics in mammalian cells (Harper et al.,

2011; Jones et al., 2014; Neuert et al., 2013; Rodriguez et al., 2019; Suter et al., 2011; Zhang and Zhou,

2014). However, these models ignore dynamic transcriptional regulation by spatial chromosome topology

(Brouwer and Lenstra, 2019; Dekker and Mirny, 2016; Sood and Misteli, 2022). To the best of our

knowledge, a comprehensive theory of the information transmission from upstream chromatin
organization to downstream transcriptional bursting is still lacking. And important yet fundamental
questions such as how E-P communication shapes the observed patterns of mRNA expression and what
is the role of the “range of action” for E-P proximity in the control of bursting kinetics remain unsolved.
Understanding and revealing transcriptional bursting kinetics characterized by burst size (BS) and burst
frequency (BF) require integrative models that consider both 3D chromatin motion (including E-P spatial
communication) and upstream-to-downstream regulation.

A collection of experimental evidence has firmly established that the E-P communication strength can

significantly raise transcriptional levels (Bartman et al., 2019; Bartman et al., 2016; Senecal et al., 2014),

e.g., the sna distal shadow enhancer generates more bursts than the primary enhancer in Drosophila

embryos (Fukaya et al., 2016). Recent live-imaging measurements have provided clear evidence that E-P
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genomic distance can effectively control gene activities and thus affect transcriptional bursting kinetics

(Fukaya et al., 2016; Yokoshi et al., 2020; Zuin et al., 2022). These experimental observations indicate

that the E-P communication strength limiting the E-P spatial distance and the E-P genomic distance
arranged by chromosomal rearrangements are important factors impacting transcriptional bursting
patterns. Currently, a new trend is that genomic structures are stochastic at almost every level of
organization and this stochasticity is suggestively linked to gene transcription and finally affects

transcriptional outcomes (Bohrer and Larson, 2021; Hubner et al., 2013; Sood and Misteli, 2022). Given

the important impacts of these factors on transcriptional bursting, an unsolved and even theoretically
unexplored issue is what principles govern transcriptional bursting kinetics. How E-P spatial and genomic
distances differently influence BS and/or BF is unclear, either. As a matter of fact, biological systems are
by nature multiscale. To date, many experimental studies have shown distinct timescale differences

between upstream chromatin dynamics and downstream bursting kinetics (Johnstone et al., 2020;

Lammers et al., 2020). For instance, E-P communication occurs on a timescale of seconds to minutes

(Chen et al., 2018; Heist et al., 2019; Lim et al., 2018), whereas half-lives of Pol Il pause during

transcription on a timescale of minutes to hours (Henriques et al., 2018; Krebs et al., 2017; Shao and

Zeitlinger, 2017). This temporal disconnection between the upstream and the downstream as well as the
stochasticity of genomic organization and transcriptional bursting lies at the heart of a broad challenge in
physical biology of forecasting transcriptional outcomes from the dynamics of underlying molecular
processes.

Building upon experimental phenomena and data, we develop a generic theoretical framework to
investigate how E-P communication affects transcriptional bursting kinetics, focusing on the uncovering of
underlying molecular processes and dynamical mechanisms. This framework, which is formulated as a
so-called 4D nucleome equation (similar to the classical differential Chapman-Kolmogorov Equation

(Gardiner, 2004) in form), considers upstream chromatin motion on a fast timescale and downstream

MRNA bursty production on a slow timescale as well as the connection between the upstream and the
downstream (referring to Figure 1). We employ the 4D nucleome equation to analyze dynamic behaviors
of transcriptional bursting across space and time, i.e., 4D transcriptional bursting kinetics (Dekker et al.,

2017; Marti-Renom et al., 2018). Both model analysis and numerical simulations reveal fundamental

principles of the E-P spatial communication in transcriptional bursting, mainly including two universal laws:
E-P communication strength up-regulates BF and BS by power laws with positive exponents, and E-P
genomic distance down-regulates bursting kinetics by power laws with negative exponents. In addition,
we analytically show that E-P spatial distances follow a Maxwell-Boltzmann distribution. The theoretically
predicted results are in accordance with experimental data. We emphasize that our model, which exhibits
scalability by interpreting many experimental phenomena reported in the existing literature (Fukaya et al.,

2016; Zuin et al., 2022), provides a generic modeling framework for studying how chromatin dynamics

affect transcriptional bursting kinetics in realistic cases.
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Results

The first principle framework of gene transcriptional bursting

Transcription involving multiple steps is driven mainly by E-P communication (Figure 1A and 1B), often
exhibiting a burst-like pattern. Our goal is to develop a generic theoretical framework that can reveal the
essential mechanism of transcriptional bursting and predict possible dynamic behaviors compatible with
experimental observations. This framework considers that upstream chromatin dynamics play on a fast
timescale and downstream transcriptional bursting operates on a relatively slow timescale, but keeps the
upstream and the downstream linked via a biologically reasonable way.

First, based on Figures 1C-E, we can derive the following 4D nucleome equation (see Methods)
op(r,st)
ot

Here the column vector p(r,s;t) represents the joint probabilities that the positions of N nucleosomes

=-V, ( p(r,s;t)V(r,s;t)T)+V,2(Dp(r,s;t))+W(r;t) p(r,st). [1]

are r and the gene states are s at time t; V, and V? are gradient and Laplace operators
respectively; V(r,s;t)T (T: transpose) represents the deterministic velocity field for chromatin spatial
motion; D is a diffusion matrix associated with chromatin stochastic motion under isotropic diffusion with
diffusional coefficient D ;and W(r;t) is the nucleosome position-dependent transition matrix for all gene
states (Figure 1F). The first term on the right-hand side of Eq. [1] represents a deterministic component
modeling the upstream chromatin motion and the second term represents a stochastic component
accounting for random fluctuations, both altogether describing the chromatin’s spatiotemporal diffusional
process. The last term captures the gene states’ randomly switching process driven by molecular events
such as chromatin remodeling, TFs binding, and Pol Il cluster. We point out that Eq. [1] seems the first
theoretical model that comprehensively considers the connection between the upstream and the
downstream molecular processes, and can be taken as a good starting point for analyzing how chromatin
motion (including E-P communication) affects transcriptional bursting in complex cases.

Second, from a physical viewpoint, upstream chromatin can be modeled as a polymer discretized into
a collection of successive monomers connected by harmonic spring (Doi et al., 1988). Both the promoter
and enhancer in chromatin are regarded as monomers, and spatial communication exists between them.
Chromatin motion involving E-P communication then evolves according to the Langevin equation
dr =V (r,st)dt++/2DdB(t) that is derived from Eq. [1], where B(t) is a vector of independent Brownian
motions. We assume that changes in the gene state do not affect chromatin motion. Therefore, V (r,s;t)
can be approximated as V(r;t)=-V,U(r;t)/y, where U(r;t) is the total potential of chromatin
conformation and y is a friction coefficient. U (r;t) can be decomposed into U (r;t)=U(r;t)+Ug(r;t),
where U, (r;t) is the potential for the whole chain and is set as (J/Z)ZT;kNN(rJ—rM)Z with k,, being
the common spring coefficient, and U (r;t) is the potential for E-P communication and is set as

(1/2)kes (re —1,)° With E,Pe{L---,N} being the positions of the enhancer and promoter along the DNA
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line respectively. Here k., the ratio of the force generated by the biomolecule’s interaction involved in
E-P communication per unit of E-P spatial distance, represents E-P communication strength, reflecting
E-P encounter frequency (Figure 1C, Supplemental Text A). k., cannot be directly measured by

experiments but can be estimated from experimental data, e.g., Hi-C data (Lu et al., 2020). We point out

that Lennard-Jones potential can also be used to simulate E-P communication, but does not affect the
qualitative results to be obtained (Supplemental Fig S1F).

Downstream transcription apparatus can be characterized by promoter-state switching (Figure 1E). To
reveal the essential mechanism of how E-P communication regulates transcriptional bursting, we
introduce a minimal architecture for gene states — a four-state model (see Methods, and Supplemental
Table S1) although more complex architectures are possible. In this model, a deep inactive state (S,,)
and a primed but inactive state (Sy,), both being integrated as OFF state, are used to explain chromatin

remodeling and TF binding. Pol Il recruitment state (S

rec ?

(Fuda et al., 2009)) and Pol Il pause release

state (S, (Chen et al., 2017)), two critical processes involved in transcriptional bursting, are taken as ON

state, and mRNA generation is accompanied by the transition from S, to S_. If states S, and S_
switch multiple times during one ON period, transcription will occur in a burst-like manner. The state
transition matrix W in Eq. [1] consists of gene-state switching rates.

After identifying the above formulations, we build a link in terms of the information flow from upstream
to downstream (Figure 1D), where E-P communication carries the upstream information to orchestrate
bursting patterns, and downstream transition rates change accordingly. Specifically, we take E-P spatial
distance dg as an input and d,-dependent gene-state switching rates as outputs (see Methods), thus
bridging the upstream and the downstream. Although how E-P communication ways are implemented is

arguing (Lim and Levine, 2021), E-P proximity has been believed to increase the likelihood of

transcription bursting. In general, the smaller E-P distance is, the larger are switching rates
ﬂ' = [ﬂ’onllﬂ
that A depends on E-P distance and A’ is independent of this distance. Since Hill function is very

A4]" whereas the smaller are transcriptional termination rates A’=[A,, 4] - We assume

rec?

successful in modeling biological phenomena (Goutelle et al., 2008), we further suppose that 4 is a
Hill-like function vector H of d; (see Methods). These assumptions would be idealistic for elaborate
organisms, but all the settings constitute an analysis framework, which can be easily extended to more
complex cases of transcriptional regulation.

We develop both an effective analytical approach and a numerical simulation algorithm (see Methods),
to solve the entire system described by Eq. [1]. These methods provide a systematic approach for tracing
the respective contributions of system'’s key parameters (e.g., E-P communication strength, E-P genomic
distances) to the experimentally observable patterns of transcriptional bursting and further for revealing

the essential mechanism of bursting kinetics.
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Distribution characteristics of transcriptional bursting

In order to see the distribution characteristics of transcriptional bursting kinetics characterized by BS
(defined as the number of mMRNA molecules produced per burst) and BF (defined as the reciprocal of the
cycle time (CT) that is defined as the total time that the gene dwells at OFF and ON states), we mainly
find the BS distribution py(m) and the CT distribution p;(t). Note that BS and CT depend on the E-P
spatial distance dg, which is a random variable following the distribution denoted by p.s(ds) (Figure
1G). Before presenting results on  py(m) and p; (t), we derive the expression of pys(ds) .

We analytically find that d; obeys the following exact Maxwell-Boltzmann distribution (see

Supplemental Text B and Supplemental Fig S1A)

d) = |20 aZ exp| -5 (2]
pDS( S)_ T Sexp 2@2 1

where G):\/D;/(kNN/dG+kEF,)’l , which is a compound parameter depending on the genomic property,

clearly defines an analytical relationship between E-P spatial distance d, and E-P communication
parameters (including E-P communication strength k., or E-P genomic distance d;). Term kg, /d; +Kkg
actually represents the integrative effect of two paralleling springs, possibly hinting the principle of
engineering communication between regulatory elements. Quantitative measurements of the distance
between Sox2 and its essential enhancer in living mouse embryonic stem cells (Supplemental Fig S1B, or

see (Alexander et al., 2019)) and the distance between the eve locus and its enhancer in fly embryo

(Brueckner et al., 2023) have indicated the validity of this Maxwell-Boltzmann distribution. Eq. [2] also

uncovers a power-law behavior between encounter probabilities and E-P spatial (or genomic) distance,
which is in accordance with experimental data for consecutive and nonconsecutive TAD borders in

Drosophila (Supplemental Fig S1E, or seeing (Cattoni et al., 2017)).

We can also derive the expressions of two distributions py(m) and pg(t), seeing Methods for
details. Then, we find that if the gene-state switching rates are independent of dg, BS follows a geometric
distribution with the characteristic parameter representing the success probability of burst termination
(Supplemental Text B); The duration of OFF period follows a bi-exponential distribution (Supplemental
Text B), supporting that gene activation is not necessarily a one-step process following an exponential
distribution (Harper et al., 2011; Kandhavelu et al., 2012; Suter et al., 2011); And the CT distribution is the

weighted combination of multiple exponential distributions (Supplemental Text B), which demonstrates a
non-origin peak. If the gene-state switching rates depend on dg, Pss(M) or pe(t) has no analytical
expression but has an exactly approximate expression, i.e., Eq. [12] in Methods, which is derived by a
timescale separation method that is due to the fast chromatin motion and the slow transcription reactions
(Thomas et al., 2014).

We point out that in both cases, our approaches for deriving the analytical expressions of py(m) and
Pr () can be applied to other more complex gene-transcription models. Thus all qualitative results are

universal. In addition, parameter settings for the results demonstrated in the following several subsections
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are put in Supplemental Table S2. Some parameters (e.g., those related to chromatin motion) are
determined directly based on biological processes and physical equations, and others (e.g.,
transcriptional rates) are chosen based on theoretical analysis results and actual biological time scales

(Supplemental Text F).

Transcriptional bursting kinetics follow power laws

How E-P communication modulates BS and BF is not only a debating biological issue but also an
unsolved theoretical issue. Here we use the above arsenal of theoretical analysis to explore the
qualitative impact of E-P communication strength k., on transcriptional bursting kinetics (i.e., BS and
BF). As one of the most common modular organisms, Drosophila has been extensively studied in terms of

bursting (Douglas, 2018; Jennings, 2011). Indeed, distinctive enhancers such as sna shadow and sna

primary enhancer in Drosophila that interact with cognate promoter may lead to different burst kinetics

(Bothma et al., 2015; Fukaya et al., 2016; Perry et al., 2010). In our analysis, we take different values of
ke, to characterize the inherent behaviors of E-P interaction. Meanwhile, we make use of the fact that

effective experimental means such as external hormone (Stavreva et al., 2015) or heavy metal

stimulations (Murata et al., 1999) can make E-P communication stronger, i.e., kg, becomes larger. To

reveal the distinct effects of different kg, on bursting kinetics, we keep E-P genomic distance fixed
(Figure 2A).

Figure 2B depicts how changes in kg alter chromatin conformations and further affect bursting
profiles. Theoretically, a larger (smaller) kg, corresponds to a shorter (longer) E-P spatial distance, and
then the increasing kg can boost both BS and BF (Supplemental Figs. S1C and S4A-B). These features
have been qualitatively supported by experimental evidence from different organisms (Bartman et al.,
2019; Bartman et al., 2016; Fritzsch et al., 2018; Fukaya et al., 2016). Since ON state dwell-time remains

fundamentally the same, the amplified BF can be achieved by progressively reducing OFF state
dwell-time (Supplemental Fig S4C-D, (Eritzsch et al., 2018; Larson et al., 2013; Rodriguez et al., 2019)).

This implies that the gene state switching rate A

onl?

associated with TF recruitment in biology, is a
principal parameter affecting BF, in agreement with the experimental finding that a higher TF level leads to

a higher BF on the c-Fos gene (Senecal et al., 2014).

To reveal the qualitative relevance of bursting kinetics to E-P communication strength, we further
analyze two logarithmic gains dlog,,BS/dlog, k., and dlog,,BF/dlog, ks (i.e., two partial derivatives),
which measure how BS and BF are affected by kg, . Binary approximations of gene-state switching rates
provide a good strategy for simplifying analysis including estimating BS and BF (see Methods,
Supplemental Figs. S5D-E). The detailed theoretical analysis shows that the logarithmic gains are about
zero when kg, is too small (kg <0.01) or too large (kg >1) (Supplemental Figs. S5A-C), implying that
transcriptional burst response is insensitive to kg, in these two cases. Then we focus on a reasonable
biological range of kg (e.g., 0.01<kg <1). The logarithmic gains are almost constant and BS and BF

can be thus approximated with linear functions of k. on a logarithmic scale (Figures 2C-D and
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Supplemental Figs. S5D-E). Concretely, for 0.01<kg, <1, BS and BF approximately obey the following

power-law behaviors

burst size~ (kg )™, burst frequency ~ (k)™ , [3]

where S,; and S,. are two positive scaling exponents that can be theoretically estimated (see
Methods). Note that these two different scaling exponents, e.g., S,;=0.23 in Figure 2C and S, =0.30 in
Figure 2D, are critical indices since they reflect the ability of BS and BF responses to E-P communication,
which will be detailedly analyzed in the next section. To ascertain whether the power-law behaviors shown
in Eq. [3] always hold, we change key parameters in broad ranges. For all possible cases of parameter
values, we find that log-log plots between BS (or BF) and k, still demonstrate an approximately linear
relationship, implying that the growing tendency can still be featured by power-law relationships
(Supplemental Fig S6).

The above theoretical predictions have been verified by experimental data. Based on the BF data

(converted the unit into sec™) for different enhancers in living Drosophila embryos (Fukaya et al., 2016)

and the above model, we theoretically infer the E-P communication strength for each enhancer and
calculate the mean mRNA (which approximately equals to the product of BS and BF (Li et al., 2021)). We

find that the mRNA level matches well with the experimental results (Fluorescence intensity is a relative
value, converting its trend of change into a fold change) and both the BF and mRNA levels show
power-law relationships in logarithmic coordinates (Figures 2E-F). Our results not only demonstrate the
ability of our model in explaining and predicting the experimental data, but also further prove the validity of

the power-law theoretical results.

E-P communication mainly modulates burst frequency rather than burst size

Note that Eq. [3] indicates that BS and BF regulated by E-P communication strength k., follow their own
power-law behaviors. Since S, and S, in Eq. [3] reflect the regulation ability of k.., we next compare
the sizes of S,; and S, i.e., compute the ratio of S,./S, , to show which of the BS and BF is primarily
regulated by E-P communication. For this goal, we change E-P communication strength and all
gene-state switching rates in broad ranges. In general, extracting insights from directly analyzing the
effects of these changes in high-dimensional parameter space consisting of E-P communication strength
and all gene-state switching rates on BS and BF is very difficult. Therefore, we resort to a dimension
reduction method that maps a high dimensional parameter space into an experimentally measurable and
theoretically computable two-dimensional space (Figure 3A) in which two indices p,, and p,. are
defined as the ratios of the maximum BS and BF over the minimum BS and BF, respectively (see
Supplemental Text D).

Next, we calculate ratio S, /S,. inthe (pg.pPss) Space. Note that one point in the low-dimensional
space possibly corresponds to multiple points in the high-dimensional space due to the irreversibility of

the mapping. To overcome this multiple-to-one difficulty, we use the averaging method to estimate the
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ratio S;;/S,s, and then find that this ratio generally increases with the growth of p,. or with the
shrinking of p,s (Figure 3A and Supplemental Fig S7A). In Figure 3B, the separatrix S,;/S,c=1 (red line)
separates the space into two regions: upper S,.>S,; and lower ;. < S, . In particular, the data shown in

Figures 2C and 2D corresponds to the point (g, Pss) =(5.8,3.1), which apparently locates in the area of
Sis<Sie (Sse/Sis =14, Figure 3B, red-blue mixed circle). To show the reliability of this averaging method,

we use the minimum (or maximum) value rather than the mean to compute S,./S,;. As a result, the
separatrix S,./S,s=1 displays a similar changing trend, i.e., the range of the p,. satisfying S,;< S,

gradually becomes larger with the increase of p,. (Supplemental Fig S7B).

To complete the above analysis, we consider enhancer deletion where k., Iis exactly zero
(Supplemental Fig S2A). For the same parameter values as in the above calculation, we find that the
sizes of p,s and p,. with enhancer deletion are the same as those with enhancer regulation but the
slope ratio S§F/S§s(:1.56) (representing the ratio after enhancer deletion, Supplemental Text D) is
different from the value of S,./S;s(=1.4) (Figure 3B, red-blue mixed circle). Using the results obtained by
a similar method of calculating S,./S,s , we draw the separatrix Si./Si=1 in Figure 3B (blue line). Then
we find that whether enhancer deletion is considered does not influence p,s and p,., butimpacts ratios
S,:/Se and S./Si (referring to two different oblique lines in Supplemental Fig S2F).

Finally, we locate the experimental data into the (pg.p0ss) Space and determine which of BS and BF
is mainly regulated by E-P communication. Although experimental data on gene-state switching rates are
lacking, we may use the maximum and minimum BS and BF experimentally available to compute pg¢
and pg.. Since we integrate the model parameters into two experimentally measurable and theoretically
computable quantities, the validation of model predictions does not require a specific data set. Based on
analysis of data from transgene experiments, we find that the MS2 reporter gene displays different
bursting kinetics for different enhancer strengths, e.g., for a stronger sna shadow enhancer and a weaker

Kr CD2 enhancer, the result is (g, pas) =(2.31.3) (Figure 3B, red square point, (Fukaya et al., 2016)).

The maximum BS of the gene B-globin measured in an experiment of erythroid maturation is over three

times the minimum gained by the deletion of the LCR enhancer (Figure 3B, dashed blue diamond point,

(Bartman et al., 2016)). In addition, based on the Sox2 gene expression data with and without enhancer
deletion in normal ES cells, we can infer that the BS reduces 1.4 times and the BF reduces roughly 15

times (Figure 3B, blue triangle point, (Larsson et al., 2019b)). We find that all these analyzed experimental

data are all located in a narrower region of S, <S,- (the right lower region in Figure 3B), further verifying

that the E-P communication mainly modulates BF rather than BS.

Saturation effects of E-P genomic distance on bursting kinetics

Having devled into the qualitative effect of E-P communication strength k. on bursting kinetics as
described in Eq. [3], we next analyze how E-P genomic distance d, gquantitatively impacts transcriptional
activities and further bursting kinetics. To focus on the effect of d, on BS and BF, we freeze kg but

make d, increase. This can be achieved by arranging the enhancer and the promoter symmetrically on
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the chain and letting them move in the opposite direction along the chain (Figure 4A).

From Eq. [2], we see that d; and k. have the just opposite impact on E-P spatial distance
(Supplemental Figs. S1C). By the similar method of analyzing the effect of k., on BS and BF, we find
that two logarithmic gains dlog,,BS/dlog,,d; and dlog,,BF/dlog,,d; are negative, implying that the
increasing E-P genomic distance can reduce BS and BF (Supplemental Figs. S5F-H). With the further
increase of d;, both BS and BF finally reduce to constants. These analyses indicate that the responses
of BS and BF to the E-P genomic distance exhibit first descent and then stable change tendencies if other
system parameters are fixed (Figures 4B and 4C).

In order to confirm the saturation effects obtained by the above theoretical analysis, we first carry out
numerical simulations and then perform the Kruskal-Wallis nonparametric test for simulated samples.
This statistical test can identify the turning point of the responses of BS and BF to d;. Here the turning
point (referring to black dashed lines in Figures 4B and 4C) is defined as the value of d, for which the
Kruskal-Wallis test has no significant difference for the first time (referring to grey circles in Figures 4B
and 4C). We denote the d, values corresponding to the turning points of BS (BF) as dg° (dg").

Furthermore, we use functions to characterize the above saturation effects. The logarithmic gains of
BS and BF are almost constant for d, in the range of dg <dg® or d; <dg", implying that in this range,
the logarithmic gains can be approximated as linear functions of d;, or equivalently, BS and BF can be
approximated as power functions of d, with exponents ¢,, and ¢, respectively (Supplemental Figs.
S51-J). In contrast, BS and BF are all constants in the range of d, >dS® or dg >dg™. In summary, the

change tendencies of BS and BF can be mathematically described as

‘s BS Lgr < (5F
burst size ~ (dG) ! dG s dG " burst fraqumcy - (dG) ! dG = dG ) [4]
const., dg>dg, congt., dg>d.

Here ¢, and ¢, are two negative scaling exponents that can be theoretically estimated. Note that
these scaling exponents are in general different between BS (e.g., ¢,,=-0.16 in Figure 4D, red) and BF

(e.g., fg=-0.19 in Figure 4E, red). An intuitive explanation for the asymptotic trend in large d is that

the lumping parameter © = \/Dy(kNN /dg + kEF,)'l in Eq. [2] approaches to a constant with the enlargement
of d,, indicating that for sufficiently large d,, the effect of E-P communication on transcriptional bursting
is mainly determined by communication strength k., rather than by E-P genomic distance d,.

The above saturation effects have been also verified by experimental results. First, quantitative
living-imaging methods showed that a large E-P genomic distance between the sna shadow enhancer

and its target gene significantly diminishes the levels of BS and BF in Drosophila (Fukaya et al., 2016;

Yokoshi et al., 2020), in accordance with our prediction on what BS and BF are monotonically decreasing

with increasing d;. Second, the mRNA expression level, which approximately equals to the product of
BS and the BF (Li et al., 2021), is an approximate linear function of smaller E-P genomic distance d, on

a logarithmic scale (Figure 4F, (Zuin_et al., 2022)). Third, now that a monotonically decreasing

transcription level does not drop to zero, the case that the level remains at a low level for large d, could

happen (Zuin et al., 2022). In a word, the E-P genomic distance impacts the mRNA expression level in a
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piecewise power manner as described in Eq. [4].

Mutual information reveals the dependence of bursting kinetics on E-P
communication

In the above sections, we have used the average method, i.e., calculating the mean BS and BF (the
reciprocal of mean CT) that only considers the mean information of BS’s and CT'’s distribution, to study
the impact of E-P communication on bursting kinetics. Here, we investigate bursting kinetics from a
perspective of information transmission. The signaling pathway of transcriptional regulation transmits
upstream E-P communication signal distribution p,s(ds) to downstream transcriptional output
distribution p,(x) (Figure 5A). The noisy “promoter channel’ limits the fidelity of this information
transduction. To better understand the ability of E-P communication to regulate BS and BF, here we use
Shannon mutual information to measure how much information about the E-P communication is decoded

in bursting kinetics (Cover, 1999; Shannon, 1948). Mutual information MI(X,DS) measured in bits is

defined as

MI(X,DS) = [~ [ py s (X, ds)mg{%]dm% , [5]

where p,(x) can represent BS distribution py(m), CT distribution p;(t), OFF dwell-time distribution
Poee () and ON dwell-time distribution pqy (t), respectively (Supplemental Figs. S4). The mutual
information defined in such a manner can capture the contributions of all the aspects of transcriptional
output distributions, not just the mean values.

Based on the computation of MI(X,DS) in a wide range of kg, we find that MI(BS,DS) is much
smaller than MI(CT,DS) (Figures 5B and 5C), implying that BF transmits more information than BS.
Moreover, MI(ON,DS) is two-order smaller than MI(OFF,DS), indicating that ON dwell-time is
insensitive when responding to the transduced information (Figure 5C, red dashed line). Additionally, all
the MI(X,DS) in Figures 5B and 5C exhibit first increase and then decrease, indicating that the
information transduction capacity is tunable and there exists an optimal kg that maximizes the
MI(X,DS).

Note that the maximum mutual information (MMI) measures the maximum information transmission
capacity over all possible signal distributions. Obviously, the MMI exists in Figures 5B and 5C, where
ke, =0.05 for MI(BS,DS) and kg, =0.07 for MI(CT,DS). To ascertain whether or not such an optimal
ke, always exists, we change key parameters in wide ranges and find that there is indeed a critical kg,
maximizing the MI(X,DS) shown in Figures 5D and 5E and Supplemental Fig S8. In addition, the MMIs
for BS and CT correspond to different k., values (see red lines in Figures 5D and 5E). This
asynchronous maximization indicates that the signal transduction pathway is BS- or BF-specific. In
particular, the observation that MI(DS,BS) is smaller than MI(DS,CT) in region Il (Figures 5D and 5E,

the region below the white line) indicates that BF transmits more E-P communication information than BS,
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and consequently, E-P communication mainly regulates BF rather than BS.

Discussion

Imaging studies, high-resolution chromatin conformation maps, and genome-wide occupancy profiles of
architectural proteins have revealed that genome topology encoding E-P communication information is
tightly correlated with gene expression through complex regulatory layers, creating various possible
transcriptional burst phenotypes. The prediction of these phenotypes requires a quantitative
understanding of transcriptional bursting mechanisms underlying the influence of genomic architectures.
In this paper, we have proposed a multiscale model, which integrates the 3D information on chromatin
dynamics into transcription bursting, to shed light on the pivotal role of E-P spatial communication in the
control of transcriptional bursting kinetics.

We have established a generic modeling framework that captures salient features of intra-nuclear
transcriptional bursting processes. First, we use the generalized Rouse model, which can well describe
chromatin motion including E-P communication, to model chromatin dynamics. Second, we use a
four-state model of gene transcription to capture important events occurring in transcriptional processes.
A special feature of our model is that it uses a change of gene state to model the simultaneous freeing of
promoter sites and the production of mMRNA due to unpausing of the promoter-proximal paused state

(Braichenko et al., 2021; Cao et al., 2020; Karmakar, 2020; Karmakar and Das, 2021; Szavits-Nossan

and Grima, 2023; Weidemann et al., 2023). This is crucial for capturing the feature that only one Pol Il is

permitted to bind to promoter and the second Pol Il recruitment must occur after the first Pol Il pause
release. Also, our model can capture some characteristics (such as traveling ratio, the effect of altering
Pol Il pause release rate) that cannot be obtained by the previous models. Third, we use a function vector
to link upstream chromatin configurations to downstream gene transcription. The function vector can be
viewed as an information transmission process, which can be sensitive, insensitive, positively correlated,
or negatively corrected. Different link functions can result in the distance being irrelevant or even

anti-correlated with transcription to characterize distinctive experimental phenomena (Benabdallah et al.,

2019). It is worth pointing out that more complex E-P topologies, transcription processes or/and link
functions can be incorporated in our model, but the qualitative (but possibly quantitative) results including
power-law behaviors and the preferential modulation of burst frequency demonstrated by theoretical
derivation still hold.

Our analysis has given a clear answer to the question of which of BS and BF is modulated more than
the other by E-P communication. In contrast to the transcriptome-wide inference that shows the important

role of E-P communication in controlling BF (Larsson et al., 2019a; Larsson et al., 2019b; Ochiai et al.,

2020), we have theoretically confirmed that enhancer mainly modulates BF rather than BS (Figure 3B),

which is in agreement with observations of most experiments (Bartman et al., 2016; Fukaya et al., 2016;

Larson et al., 2013; Sutherland et al., 1997; Walters et al., 1995; Zuin et al., 2022). Moreover, we have
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given theoretical estimates on the effect of the enhancer on BF and BS, which is based on directly
calculating the ratio of the maximum and minimum values of BS and BF experimental available. In
addition, from the view of mutual information, we have shown that transcriptional bursting kinetics are
regulated by transmitting more information to BF, which further verifies the importance of enhancers in
modulating BF.

Our results allow us to make important predictions about how upstream chromatin dynamics affect
downstream transcriptional bursting kinetics. First, we have shown that E-P communication strength kg, ,
a key parameter in our model, up-regulates BS and BF in power-law manners with positive exponents.

These power-law behaviors were verified by experimental data (Fukaya et al., 2016) and more

experiments are still needed. Second, we have demonstrated that E-P genomic distance d, another
vital parameter in our model, modulates BS and BF in saturating fashions. These saturation effects were

also verified by recent experimental observations (Zuin et al., 2022). The opposite change trends for the

effects of kg, and d; on bursting kinetics showed that the combination of k., and d; would be a
flexible regulation strategy that can provide insights into complex mechanisms of biological processes in
organisms. In addition, the fact that different gene-state transition rates lead to different scaling exponents
in power-law behaviors of BS and BF indicates that the regulatory logics shaping differential signal

transduction pathways would be cell-specific and even gene-specific (Brivanlou and Darnell Jr, 2002).

Third, using mutual information to measure how upstream E-P communication dynamically and
stochastically regulates downstream transcriptional bursting kinetics would be a more reasonable way.
We have shown that the promoter information transduction capacity is tunable, and the MMI can be
obtained by adjusting E-P communication strength k.. Supplemental Text E gives the possible reasons
for the small value of mutual information.

Recently, Xiao et al. (Xiao et al., 2021) and Zuin et al. (Zuin et al., 2022) studied the control of 3D

structure (including E-P communication) to gene transcription in different manners. The former assumed
that the E-P signal participated in the accumulation and removal of TFs conducive to transcription while
ignoring the actual chromatin conformation. The latter used two discrete states (far and close) rather than
a continuous random variable as considered in our model, to simulate the E-P interaction and impact the
OFF to ON process in a multi-step process with cumulative effects. Our model’'s direct and dynamic
regulation leads to the variable rate from S,, to S, which can basically be considered an alternative
way to the cumulative effect process. Thus, our model explicitly considered the continuous fluctuation of
upstream chromatin and the discrete switching of promoter states in the 4D space.

Our results are not limited to specific genes in Drosophila but may be applied to other organisms. The
experimental data from different organisms such as a mouse model can be also well-fitted (Figures 3 and

4F) (Bartman et al., 2016; Zuin et al., 2022), indicating the extensibility of our results. Owing to the lack of

experimental data on chromatin conformation and transcription burst data of the same gene in different

situations, more experiments are needed to confirm the theoretical predictions. Our modeling framework
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can also be extended to more complex situations. For example, some experimental studies reported that

transcription can affect chromatin structure (Busslinger et al., 2017; Heinz et al., 2018), and we can

incorporate this feedback to our model by modifying the gene-state-dependent drift function V (r,s;t) in
Eqg. [1]. In addition, our modeling of chromatin motion is not limited to one pair E-P communication. The
potential applications may include the cases of multiple enhancers to one promoter (He et al., 2014), one

enhancer to multiple promoters (Fukaya et al., 2016), or super-enhancers (Pott and Lieb, 2015). Using

multi-state models of gene expression to extract insights from enormous experimental data and complex
biological phenomena is impressing. Our four-state model is not a default option, and we may adjust the
form of the downstream transcription model to include more complex biological processes such as mMRNA

splices (Kan et al., 2002) and cell cycle (Johnson and Walker, 1999).

Finally, we point out that our theoretical model, which aims to develop a general modeling framework
to study 4D transcriptional bursting kinetics, may provide an opportunity for a dialogue between
theoretical studies and biological experiments. We envision that our modeling framework will be useful for

biophysical analysis of broader in vivo cellular processes.

Methods

Derivation of 4D nucleome equation

Let p(r,st) be a vector of the joint probability density functions (PDFs) that nucleosomes are in

T T

position r=[r,-,r,] and the gene is in state s=[s,---,s,] attime t, where T is transpose. Note
that p(r,s;t):[p(r,sl;t),---,p(r,sK;t)]T can be regarded as a mapping: R*®xSxR~ RX where
S={s, s} . p(r.st) can be written as the product of the PDF p(r;t): R"xR—>R and the
conditional PDF (cPDF) p(s|r;t)=[p(si|r;t),-..,p(§(|r;t)JT: SxR - [0,4]". Thatis p(r,sit)=p(r;t) p(s
Differentiating it with respect to time yields

ap(;f;t) = apg;;t) p(5|r;t)+—ap(jtr;t) p(r;t). [6]

Considering that re Qc R*® s a “fast” variable for a continuous trajectory, where Q is a connected

r;t).

and bounded domain. Then, dp(r;t)/ot in Eq. [6] can be formally written as dp(r;t)/ot=-V,-J(r,st),
where V. is the gradient operator, J(r,st)=F(r,st)p(r;t) is the probability flux and F(r,st) is a
velocity field. If we only consider isotropic diffusion and friction, then F(r,sit) can take the generalized
Fokker—Planck approximation F (r,s;t)=V (r,s;t)-V, (Dlog p(r;t)), where D is a diffusion coefficient. If
we assume that changes in gene state do not contribute to chromatin motion, the velocity field V (r,st)

can be approximated by V (r;t). Then,
ap(r;t)

S -9,V (1) p(r0) + V7 (Dp(ri1), 7

where the first term represents the deterministic part and the second term is a stochastic ingredient of the
velocity field.

On the other hand, consider that gene state s is a “slow” variable in a discrete pathway. Then,
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op(s

r;t) /at features the process of gene-state switching, and can be written by a master equation:

%:W(r;t) p(gr;t), [8]

where W (r;t)=(4 (r;t))  is a nucleosome position-dependent state transition matrix, satisfying the

conservative condition: Y 4;(r;t)=0.

KxK

We assume that tiny changes in nucleosome coordinates do not alter gene state, implying that the

derivative of conditional probability, Vv, p(s

r;t), approximately equals zero partly because of the time

interval of downstream gene state transition is generally longer than that of upstream chromatin motion

(Lammers et al., 2020). Then substituting Eq. [7] and Eq. [8] into Eq. [6] and using the assumption yield
Eq. [1].

Since we are interested in the effect of E-P communication on transcriptional bursting when the
system is at a steady state (or after a long time), the initial conditions of Eq. [1] become not so important.
Meanwhile, since the chromatin chain is moving stochastically in a restricted nucleus space, reflecting
boundaries of Eq. [1] exist theoretically. However, since our model only focuses on the local structural
dynamics of a segment of chromatin, we do not need to consider the behaviors of local motifs at the
nuclear membrane boundary and assumed that the boundary condition is a free boundary.

Simulation algorithm of 4D nucleome equation

Due to the coupling of the E-P communication and gene expression, we propose an algorithm to
simulate the time evolution of the entire system.

Assume that there are L reactions involved in the gene-state switching process. The I-th reaction
propensity is denoted by a(r,sit), 1=12,--,L, and the total reaction propensity is calculated according
to a[m(r,s:t)=Z|L:la1 (r,st). Note that s is the vector of all gene states, but in the following algorithm, we
set K- dimensional state vector s:[o,---,o, J_}h,o,---,o}T when the current state is j in numerical
simulation. Element Vv, of stoichiometric matrix (vij)KxL denotes the net change in gene state j due to
each reaction i, and v, is the uth column of (v;). Let H(r,st) is the survival probability that
chromatin positionis r and gene stateis s state attime t. The main steps for solving Eq. [1] are listed
below:

(1) Set the initial state as 1, =r(t;), ,=5(t,).
(2) Generate two random variables u, and u, distributed uniformly in interval (0,1).
(3) Integrate the system of stochastic differential equations

dr =V (r;t)dt++/2DdB(t),

dH (r,st)=-a,(r,st)H(r,st)dt,

r(t)=r, H(t)=1

from time points t, to t +7,, and with the stopping condition H(r,s;t +7)=u,.
(4) Update time and position: t,, =t +7, f,=r(t,).

(5) Choose u such that
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-1

8 (N Siti) <Udg (Mo Sit) < D a (8t

=] =
(6) Update promoter state: s,,=S+V,,.
(7) Reiterate the system from step (2) with a new state until a given largest time t . is reached.

By the above algorithm steps, we can generate sample trajectories of the system.
Details of transcription model

The downstream bursting system to be studied is described by a set of biochemical reactions on a
slow timescale in contrast to the chromatin motion on a fast timescale

Chromatin opening: S, —2—>S .,
Chromatinclosure: S

of
Burst initiation: Sy

Pol Il recruitment: S —%=—S,,
Pol Il pauserelease: S, —2—S, + MRNA,

rel

oz

1 - Soffz ’
LIS

f1 ! Srec ’

Burst terminationl: S —%5S,.,

Burst termination2: S, —%S, .

The details and rationality of the model are shown in Supplemental Text A.
Many biological processes require the participation of E-P communication (or the enhancer,
Supplemental Table S1). For example, enhancers recruit Mediator complex or histone acetyltransferase

p300 to help the Pol Il on promoters initiate transcription (Haberle and Stark, 2018). Enhancers promote

the dissociation of NELF by recruiting COFs to affect Pol Il pause-release on promoter-proximity (Aoi et

al., 2020). Therefore, we assume the state-switching rate vector 4 (consisting of 4., ce{onlrecrel})

depends nonlinearly on the E-P spatial distance d, and assumes A=H(d,). The variable A
depending on the E-P spatial distance is
A

c,max 1

A (d) = A +(ﬂ -1 ) 1+(ds_‘5}j , ds>éq, o

ds <&,

C,max c,min
Eyp — &7

where A

c,min

distance when 4 is equal to (2

C,max

and A . are the minimum (basic) and maximum reaction rates, &, is the spatial
—fic,mm)/Z, h is a Hill coefficient that controls how steep the rate
curve is, and ¢, is a distance threshold. Eq. [9] can illustrate how the transition rates vary with E-P
topologies, and further indicate that transcription is regulated at any time (see more details information in
Supplemental Text A). The A, can be described using other function based on specific biological issues.
Statistical analysis of the whole model

In the simulation, we examine a system consisting of N =100 monomers in simulations. For a given
set of parameters, we simulate 10° gene copies, proceeding through 10" seconds in time. Each
simulation starts in the OFF state. Before taking samples from every simulation, we run 10* seconds to
ensure equilibration in chromatin conformation and gene expression. After that, snapshots of the system
are taken every 100 seconds.

Using the data obtained by simulation, we perform statistical analysis for the chromatin structure,
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especially for the E-P spatial distance. Specifically, we calculate the PDF of E-P spatial distance based on
the produced time series data. According to the reaction time series, we calculate the probability mass
function (PMF) of burst size and the PDFs of the dwell time in S, and S,, states and the cycle time
(the time from S, to S,, and backto S..). Furthermore, we calculate some statistical quantities such
as mean burst size (MBS), mean dwell-time (MDT) in ON/OFF state, mean cycle time (MCT), burst
frequency (BF). Here MBS is defined as the average number of mMRNA molecules produced per burst
whereas BF as the average number of bursts occurred in a given time interval. In other words, BF is the
reciprocal of the MCT.
Theoretical analysis of transcriptional bursting

We deriving the expressions of p,(m) and p, (t). For convenience, we uniformly denote these two
distributions as p, (x).

To quantify the timescale separation, we introduce a parameter @, which is defined as the ratio

between the propensities of the reactions on fast and slow timescales

minA

c,min

maxV( )’

where A

c,min ?

ce{onlrecrel} are the gene state switching rates in downstream transcription processes
and V(r) is the velocity field between the enhancer and the promoter in the upstream and is given by

V(r)=(kw/ds +ke)dsy™. The E-P velocity field equals V(r)=Kgds/7, where K., represents the total
spring coefficient between the enhancer and the promoter. We choose the value of d; when cumulative
density function (CDF) of pus(ds) reaches 0.99, implying that the d, reaches the maximum.
Supplemental Figs. S3A-B show the effect of different parametersto .

In the case that the fluctuations in dg are much faster compared with the rate of transcription, the dq
fluctuations can be averaged out, and the corresponding joint distribution denoted by p& °bs(%.ds), which
accounts for fluctuations in dy and their effect on fluctuations in burst, is given by

Pis (x,ds) = Py (X:{4)) Pos (ds) » Where j H (ds) pos (ds)dds . In this case, the marginal PDF (or PMF)

of random variable X takes the form (Supplemental Figs. S3C-D)

s) Pos(d )ddsj [10]

pX pXKDS [

On the contrary, if fluctuations in dg are much slower, the corresponding joint distribution denoted by
Pos(xds) is given by p%s(x.ds) = Pyps (X|H (ds)) Pos (ds) - In this situation, the marginal PDF (or PMF)

of random variable X takes the form (Supplemental Figs. S3E-F)
P (%)= [} Pujos (X[H (ds)) Pos (ds )l [11]

In general, the marginal PDF (or PMF) of X is a mixing distribution obtained by weighting the
marginal PDF (or PMF). That is

P (X) = B (0)+ £ B (%) [12]
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The expectation of X can be expressed as

<x>=ﬁ<x>“+ﬁ<x>w [13]

The detailed derivation process of the E-P spatial distance distribution p.s(ds) are shown in
Supplemental Text B. The downstream transcriptional bursting distribution (ignoring upstream E-P
regulatory) can be obtained theoretically (More detailed derivation process in Supplemental Text B).
Power laws for transcriptional bursting kinetics

The power h of Hill function brings difficulties to the theoretical calculations of MBS and MCT. For
this reason, we may use a deterministic binary rate for transcriptional burst for approximation and get the
approximation expression of MBS, and MCT, (Supplemental Text C for more details expression).

In order to show the effects of increasing k., or d; on MBS and BF, we calculate derivatives:
dlog,, MBS/dlog,, k;, and dlog,,BF/dlog, ks, dlog,MBS/dlog,,d, and dlog,, BF/dlog,,d, . We take the
dlog,, MBS/dlog,, k., as an example (the explicit expression is shown in Supplemental Text C).

Through theoretical analysis and numerical calculation, we find dlog,,MBS/dlog, k. are positive

£p
when the parameters are not extreme (Supplemental Figs. S5A-C). They increase for small k, and
then quickly decrease to 0 with increasing kg, . Meanwhile, the value of the derivatives changes little (the
maximum values are not more than 0.8), implying that linear approximation is appropriate for
log,, MBS(log, ke») within an appropriate range of kg, .

Assume that we can obtain F (kEpl) ~1 when kg, is greater than a pre-given value, where F is the
cumulative distribution of E-P spatial distance distribution, and kllzrlloF(kEF,z):O.0224 where d,=50. We
define
 log,, MBS( kg, ) ~10g,, MBSk, )
- 100, Kep, —10G30 ke,

S

which represents the slope of the line of log,, MBS vs log,, ks . Then, we obtain the following an

approximate linear relation:

log,, MBS(kEP) = SBS'(|0910 Kep —100,4 kEP1)+ loglO(BSmax)
=Sss-10gy kep + lOglo(BSmax)’

which implies that mean burst size obeys the following power law (Supplemental Fig S6)

MBS~ (kg )™. [14]
See the Supplemental Text C for the derivation process of other situations.
Software availability

The theoretical analysis and numerical simulation codes are provided as Supplemental Code, and are

available online (GitHub: https://github.com/cellfate/4ADNucleome).
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Figure 1. A framework for modeling how E-P communication regulates transcription dynamics. (A,
B) Schematic for a biological model: The upstream E-P communication in cell nucleus (A) guides the
downstream transcription, which is a multistep process where only the main steps are depicted (B). (C, D,
E) Schematic for a physical model: A generalized Rouse model is proposed to model chromatin spatial
motion including E-P communication (indicated by the red spring with coefficient kg ), where
r=[r,r ]T represents nuclesome positions in 3D (C); A link function vector A=H(d,) bridges the
temporal disconnection between the upstream and the downstream (D), where d, is the E-P spatial
distance and H is a Hill-like function vector; And (E) schematically shows a transcription process, where
s=[s.,s.] is the vector of the gene’s states, and A is a vector of state switching rates. (F, G)
Mathematical model: A 4D nucleome equation (F) is derived to model the spatiotemporal evolution of the
entire system, and the characteristics of the three distributions of interest are schematically demonstrated

(G).
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Figure 2. Effect of the E-P communication strength on transcriptional bursting kinetics. (A)
Schematic illustration of the augment of E-P communication strength kg, . (B) Example traces of
binarized transcriptional activity for three different values of k., , where red points represent the mRNA
generation events and the corresponding 3D chromatin structures are shown on the bottom. (C) Log-log
plot for the relationship between mean burst size and strength kg, . The green dashed line represents the
theoretical result, whereas blue circles show numerical simulations. The red solid line indicates a
power-law approximation (Eq. [3]) with a scaling exponent S,;=0.23. (D) Log-log plot for the relationship
between burst frequency and kg, . Meanings of symbols are the same as those in (C), but the scaling
exponent is S,.=0.33. (E-F) Log-log plot of experimental data from (Fukaya et al., 2016). The x-axis
shows the E-P communication strengths of different enhancers, obtained by theoretical inferring based on
the burst frequency data (converted the unit into sec™). The red points in (F) represent the theoretical
result of mMRNA level (converting its trend of change into a fold change) while the blue dashed line shows
the experimental data (Fluorescence intensity is a relative value, converting its trend of change into a fold
change).
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Figure 3. Separatrixes for power-law behaviors of BS and BF in the (pg:,05) Pplane. (A) Schematic
illustration of the dimension reduction method, where a high-dimensional parameter space is mapped into
the (pge, pPss) SPace and the calculated values of S,./S;s (the bottom inset) are plotted in the (pg¢, Pgs)
plane (the heatmap). (B) The red line stands for the boundary obtained by smoothing the theoretical
results S,;/S,s . the blue line for the boundary obtained by smoothing the theoretical results Sf./SE
(after enhancer deletion). The colored regions indicate that E-P communication affects BF more than BS
under different situations. The square at point (2.31.3) corresponds to the MS2 reporter gene in

Drosophila embryos cell in (Fukaya et al., 2016), the triangle at point (15,1.4) to the Sox2 gene in mouse

embryonic stem cell in (Larsson et al., 2019b), the dashed diamond at point (-,3.3) to the §-globin gene in

murine erythroblast cell in (Bartman et al., 2016), and the red blue mixed circle to the simulated data.

Note that the burst frequency in (Larsson et al., 2019b) defined as the reciprocal of OFF state dwell-time,

which is approximately converted to the reciprocal of cycle time, and that the p,. at the dashed diamond

point (-,3.3) related to burst fraction in (Bartman et al., 2016) is approximate. By the blue region, we mean

the whole area below the blue line (some part is covered by red regions).
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Figure 4. Effect of E-P genomic distance on transcriptional bursting kinetics. (A) A schematic
diagram shows the increment of E-P genomic distance d;. (B) Influence of d; on burst size. Dashed
green line represents the theoretical result whereas circles show numerical simulations. The blue circles
indicate significant differences compared to the end data point (red) via Kruskal-Wallis nonparametric test,
while the gray circles indicate no significance. (C) Influence of d; on burst frequency, where the
meanings of all symbols are the same as those in (B). (D) Log-log plot shows the relationship between
mean burst size and d,;. Blue circles are the data points with significant differences in (B). The red solid
line indicates the power-law approximation (Eq. [4]) with the scaling exponent /,,=-0.16. Meanings of
the symbols are also similar to those in (B). (E) Log-log plot shows the relationship between burst
frequency and d,. Meanings of the symbols are similar to those in (D) but the scaling exponent is
L. =—0.19. (F) Log-log plot of experimental data from (Zuin et al., 2022). Insert figure shows the log-log
relationship between d, and encounter probability. The yellow line indicates an approximate
power-law relationship for smaller d,.
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Figure 5. Mutual information reveals the effect of E-P communication on bursting kinetics. (A) An
information theoretic framework is used to study the effect of input E-P topology on bursting output. The
promoter governing transcriptional bursting can be considered a noisy channel. (B) Mutual information
between E-P spatial distance and burst size (MI(BS,DS)) as a function of E-P communication strength
Ke- - (C) Mutual information between E-P spatial distance and cycle time (or OFF time, ON time) as a
function of k. (D-E) Heatmap shows the effect of kg, and minimum rate A,;., on MI(BS,DS) (D)
and on MI(CT,DS) (E). The red line shows the values of k., obtained from the MMIs with different
Awimin- The white line is the separatrix between the values of MI(BS,DS) and MI(CT,DS). Region |

stands for MI(DS,BS) > MI(DS,CT) whereas region Il for MI(DS,BS) < MI(DS,CT) .
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