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Abstract 8 

Seed-chain-extend with k-mer seeds is a powerful heuristic technique for sequence alignment 9 

employed by modern sequence aligners. While effective in practice for both runtime and accuracy, 10 

theoretical guarantees on the resulting alignment do not exist for seed-chain-extend. In this work, 11 

we give the first rigorous bounds for the efficacy of seed-chain-extend with k-mers in expectation. 12 

Assume we are given a random nucleotide sequence of length ∼ 𝑛 that is indexed (or seeded) 13 

and a mutated substring of length ∼ 𝑚 ≤  𝑛 with mutation rate 𝜃 <  0.206. We prove that we can 14 

find a 𝑘 = 𝛩(log 𝑛) for the k-mer size such that the expected runtime of seed-chain-extend under 15 

optimal linear gap cost chaining and quadratic time gap extension is 𝑂(𝑚𝑛𝑓(θ) 𝑙𝑜𝑔 𝑛) where 16 

𝑓(𝜃) < 2.43 · 𝜃 holds as a loose bound. The alignment also turns out to be good; we prove that 17 

more than 1 − 𝑂 (√
1

𝑚
) fraction of the homologous bases are recoverable under an optimal chain. 18 

We also show that our bounds work when k-mers are sketched, i.e. only a subset of all k-mers is 19 

selected, and that sketching reduces chaining time without increasing alignment time or 20 

decreasing accuracy too much, justifying the effectiveness of sketching as a practical speedup in 21 

sequence alignment. We verify our results in simulation and on real noisy long-read data and 22 
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show that our theoretical runtimes can predict real runtimes accurately. We conjecture that our 23 

bounds can be improved further, and in particular, 𝑓(𝜃) can be further reduced. 24 

Introduction 25 

Since the earliest years of bioinformatics, one primitive task has been sequence alignment 26 

(Altschul et al. 1990; Smith and Waterman 1981), which plays a major role in genomic sequencing 27 

and phylogenetics. Intuitively, alignment matches together similar parts of two strings, inserting 28 

gaps where needed. More formally, alignment is defined by a set of allowed edit operations (e.g. 29 

single-character substitutions, insertions, deletions) with associated costs; an alignment is a 30 

sequence of those operations transforming one string into another string (or for local alignment, 31 

transforming one string into a substring of the other), and the alignment score is the summed cost 32 

of those operations (Berger et al. 2021). 33 

Unfortunately, the best guaranteed algorithms for computing alignment (Smith and 34 

Waterman 1981; Needleman and Wunsch 1970)are quadratic in time-complexity; worse, this 35 

bound appears to be tight (Backurs and Indyk 2018). There exist optimal algorithms with 36 

parameterized runtimes based on sequence similarity (Marco-Sola et al. 2021) that are faster and 37 

used in practice, but these still have worst-case quadratic time complexity as a function of the 38 

sequence length. Thus, to deal with large volumes of sequencing data (Marçais et al. 2019; Berger 39 

et al. 2016), sequence alignment programs employ heuristics (Altschul et al. 1990; Li 2018; 40 

Marçais et al. 2018; Kiełbasa et al. 2011; Langmead and Salzberg 2012; Lipman and Pearson 41 

1985; Li and Durbin 2009) without performance guarantees(Medvedev 2022a)for computational 42 

efficiency. All these heuristic algorithms are by necessity fast, achieving empirically sub-quadratic 43 

runtimes on real problems. They fail for adversarial examples, but aligners perform well in practice 44 

because the sequences being aligned are similar and not pathological examples (Ivanov et al. 45 

2022; Koerkamp and Ivanov 2022; Ukkonen 1983; Myers 1986). 46 
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Phylogenetics often makes use of comparative genomics, where aligning together multiple 47 

whole genomes allows annotating the ways in which two species have diverged over evolutionary 48 

time(Koonin et al. 2000). In genomic sequencing, the alignment task manifests because the 49 

sequencing machines are only able to read a small portion of a chromosome at a time, producing 50 

short snippets known as reads (Alser et al. 2021). It is then incumbent on read-mapping software 51 

to determine the likely origin location of that read in the genome, and for already sequenced 52 

species, this is usually performed by aligning the read to a known reference genome (Nurk et al. 53 

2022). 54 

Historically, different types of heuristics were used for the two tasks, because aligning a 55 

very small substring to a longer string is easier than aligning comparable-size strings. Indeed, the 56 

seed-and-extend heuristic, as seen in BWA and Bowtie 2, is preferred for aligning NGS short-57 

reads to genomes instead of aligning genomes to genomes. However, as 3rd-generation long-58 

read sequencing becomes more prominent, the two tasks become more similar and the same 59 

heuristics can be used for both(Sahlin et al. 2022)—in this manuscript, we address the seed-60 

chain-extend heuristic (distinct from seed-and-extend) used in modern software for both read 61 

mapping and whole genome alignment. 62 

Our contribution 63 

Our goal in this manuscript is to close the gap between theory and practice, rigorously justifying 64 

the heuristics used in some of the most widely used alignment software. To this end, we turn to 65 

the methods of average-case analysis (Szpankowski 2001), which gives us a way of breaking 66 

through the quadratic barrier of alignment (Medvedev 2022b). Given a random string, we define 67 

a substitution model giving rise to a distribution on pairs of inputs and then average our analysis 68 

on pairs of strings over this distribution. 69 

 Cold Spring Harbor Laboratory Press on June 20, 2026 . Published by genome.cshlp.orgDownloaded from 

http://genome.cshlp.org/
http://www.cshlpress.com


4 
 

Recently, Ganesh and Sy (Ganesh and Sy 2020) also used probabilistic analysis to show 70 

that a heuristic algorithm based on banded alignment can run in 𝑂(𝑛 𝑙𝑜𝑔 𝑛) time for two length n 71 

sequences and is optimal with high probability. However, their specific method has not yet seen 72 

any usage in practical software, and their analysis is invalid in the case of read mapping as it only 73 

pertains to two nearly equal-length strings. Thus, we turn instead to the analysis of an empirically 74 

battle-tested heuristic for sequence alignment: seed-chain-extend. Seed-chain-extend is a well-75 

established technique for comparative genomics (Myers and Miller 1995; Abouelhoda and 76 

Ohlebusch 2005), and recently the addition of sketching (or subsampling) has made it popular for 77 

long-read aligners (Ren and Chaisson 2021; Chaisson and Tesler 2012; Sović et al. 2016) 78 

including minimap2(Li 2018), the primary algorithm our model of seed-chain-extend is based on. 79 

We provide, to the best of our knowledge, the first average-case bounds on runtime and 80 

optimality for the sketched k-mer seed-chain-extend alignment heuristic under a pairwise mutation 81 

model. Our optimality result shows that for large enough k-mer size 𝑘, the alignment is mostly 82 

constrained to be near the correct diagonal of the alignment matrix and that runtime is close to 83 

linear when the mutation or error rate is reasonably small. We also show that subsampling 84 

Θ (
1

log 𝑛
) of k-mers asymptotically reduces our bounds on chaining time but not for extension time. 85 

Our results give a theoretical justification for both the empirical accuracy and sub-quadratic 86 

runtime of seed-chain-extend.  87 

Results 88 

We first give a specific, simplified version of our main theorem.  89 

Simplified Theorem 1 (Informal main result; no sketching). Suppose we are given a uniformly 90 

random DNA string of length 𝑛 and a mutated substring of length 𝑚  where each base is 91 

substituted with probability θ. If θ <  0.206 and the longer string is already seeded, then we can 92 

choose 𝑘 = Θ(log 𝑛)  such that the expected runtime of k-mer seed-chain-extend is 93 
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𝑂(𝑚𝑛𝑓(θ) log(𝑛)) = 𝑂(𝑚𝑛2.43⋅θ log(𝑛)) , and in expectation ≥ 1 − 𝑂 (
1

√𝑚
)  fraction of the 94 

homologous bases can be recovered from this alignment. 95 

We will state our models and definitions precisely below. Our main result, Theorem 1, precisely 96 

defines the function 𝑓(θ) < 2.43 ⋅  𝜃 in the exponent, but 2.43 ⋅ θ is a convenient upper bound. 97 

We can quickly see from this bound that for modest mutation rates, 𝑛2.43⋅θ is not too large. 98 

Mutation model 99 

Let 𝑆 = 𝑥1𝑥2 … 𝑥𝑛+𝑘−1 be a random uniform string with 𝑛 + 𝑘 − 1 i.i.d letters on an alphabet of size 100 

𝜎 for some k  =  Θ(𝑙𝑜𝑔 n). Let 𝑆′ = 𝑦𝑝+1𝑦𝑝+2 … 𝑦𝑝+𝑚+𝑘−1 be a substring of 𝑆 of length 𝑚 + 𝑘 − 1 101 

starting at a fixed position 𝑝 + 1 with each character independently mutated to a different letter 102 

with probability 𝜃. Although notationally a little confusing at first, the 𝑘 − 1 term ensures 𝑆, 𝑆′ 103 

contain exactly 𝑛  and 𝑚  k-mers respectively—k-mers are in many ways the natural unit of 104 

measurement, rather than individual characters. We model only point substitutions here and not 105 

indels. Independent substitution models have been considered in theoretical work (Blanca et al. 106 

2022; Shaw and Yu 2022; Ganesh and Sy 2020), and importantly, also demonstrated to be useful 107 

empirically (Chaisson and Tesler 2012; Ondov et al. 2016; Sarmashghi et al. 2019). Also, while 108 

genomes can be repetitive, on the level of k-mers a random model has been shown to be 109 

reasonable (Fofanov et al. 2004). We discuss other possible random models in the Discussion 110 

section. 111 

Modelling seed-chain-extend  112 

A brief overview of seed-chain-extend based alignment is given as follows: first a subset of k-113 

mers in both 𝑆, 𝑆′ are taken as seeds and exact seed matches between 𝑆, 𝑆′ called anchors are 114 

obtained. We only use k-mer seeds in this study, although other types of seeds are possible 115 

(Keich et al. 2004). An optimal increasing subsequence of possibly overlapping anchors based 116 
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on some score is then collected into a chain, where increasing is defined with the standard 117 

precedence relationship (Jain et al. 2022) between k-mer anchors (See Fig. 5A and subsection 118 

“Chaining” below). The chain is extended into a full alignment by aligning between anchor gaps 119 

in the chain. 120 

Model overview. Our model of seed-chain-extend is primarily inspired by minimap2 with a few 121 

key differences. It captures the following steps: seeding the query 𝑆′, matching the k-mers to 122 

obtain anchors, sorting the anchors, chaining, and extending. We assume the reference 𝑆 has 123 

already been seeded and only the query needs seeding, as in the case of read alignment. For 124 

comparing two similar length genomes, the seeding time of either genome is comparable, so the 125 

asymptotics will be the same for comparative genomics. 126 

Runtimes. Non-sketched seeding runtime with a hash table is 𝑂(𝑚), whereas sketched seeding 127 

runtime is 𝑂(𝑚𝑘) (discussed in subsection “Sketching and local k-mer selection”). Letting 𝑁 be a 128 

random variable for the number of anchors, matching is 𝑂(𝑁 + 𝑚) by iterating through a hash 129 

table, sorting is 𝑂(𝑁 log 𝑁), and (optimal) chaining is 𝑂(𝑁 log 𝑁) (see subsection “Chaining”). 130 

Extension is the only step with unknown time complexity. It will turn out that extension and 𝑁 log 𝑁 131 

are the dominating asymptotic terms, so our goal is to bound these terms in expectation. 132 

Empirically, it has been shown that chaining and alignment usually take the most time (Kalikar et 133 

al. 2022) for read mapping.  134 

Chaining. A chain is a sequence of tuples 𝒞 = ((𝑖1, 𝑗1), … , (𝑖𝑢, 𝑗𝑢)) where 𝑖ℓ and 𝑗ℓ are the starting 135 

positions of the anchoring k-mers on 𝑆 and 𝑆′ respectively, under the convention that 𝑆′ = 𝑦𝑝+1 136 

so the k-mer labelled (𝑝 + 1) on 𝑆′ is actually the first k-mer. The precedence relation 𝑖ℓ > 𝑖ℓ−1 137 

and 𝑗lℓ > 𝑗ℓ−1 must hold for all ℓ, and k-mers can overlap. Our chaining score is the L1 or linear 138 

gap cost (Abouelhoda and Ohlebusch 2005; Li et al. 2020) of the form 𝑢 − ζ[(𝑖𝑢 − 𝑖1) + (𝑗𝑢 − 𝑗1)] 139 

for ζ >  0, which penalizes long chains from distant spurious anchors and is necessary for our 140 
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proofs when 𝑛 >  𝑚 . The score is sometimes defined equivalently as 𝑢 − ∑ ζ[(𝑖ℓ − 𝑖ℓ−1) +𝑢
l=2141 

(𝑗ℓ − 𝑗ℓ−1)]. In the language of (Abouelhoda and Ohlebusch 2005), we let our anchor fragments 142 

have length 1, so the k-mers can overlap. While minimap2 v2.22's default chaining score is 143 

different and uses a heuristic banded chaining approach, it does use a linear gap cost (without 144 

overlaps) in certain situations, e.g. mapping long contigs(Li 2021). 145 

Extension. We use quadratic time extension between gaps based on any alignment score (e.g. 146 

edit distance, affine gap costs (Durbin et al. 1998)) as our optimality criterion only depends on the 147 

chain (see subsection “Homology and recoverability”). We do not extend past the ends of the 148 

chain and do not use banded alignment (Chao et al. 1992) in this step, unlike minimap2. 149 

Extension and chaining runtimes 150 

Given sorted anchors, let 𝑇𝐶ℎ𝑎𝑖𝑛 be the time spent finding an optimal chain. 𝑇𝐶ℎ𝑎𝑖𝑛 depends on the 151 

objective function (Mäkinen and Sahlin 2020; Jain et al. 2022; Abouelhoda and Ohlebusch 2005; 152 

Otto et al. 2011). Since our gap costs are linear, 𝑇𝐶ℎ𝑎𝑖𝑛 = 𝑂(𝑁 log 𝑁) where 𝑁 is the number of 153 

anchors(Abouelhoda and Ohlebusch 2005). For extension time 𝑇𝐸𝑥𝑡, let (𝐺1, 𝐺1
′), … , (𝐺𝑢−1, 𝐺𝑢−1

′ ) 154 

be the size of the gaps for an optimal chain. 𝐺ℓ indicates the length of the substring between the 155 

k-mers 𝑖ℓ, 𝑖ℓ+1  on 𝑆  and 𝐺ℓ
′  similarly for 𝑆′ ; 𝐺ℓ, 𝐺ℓ

′  can be zero. The extension time is 𝑇𝐸𝑥𝑡 =156 

∑ 𝑂(𝐺ℓ𝐺ℓ
′)𝑢−1

ℓ=1 . Using the fact that ∑ 𝐺ℓ ≤ 𝑛  and 𝐺ℓ
′ ≤ ∑ 𝐺ℓ

′ ≤ 𝑚 , one can get that 𝑇𝐸𝑥𝑡 =157 

∑ 𝑂(𝐺ℓ𝑚)𝑢−1
ℓ=1 = 𝑂(𝑛𝑚). We will show that the expected runtime is better than this upper bound, 158 

but it serves as a useful worst case. Since 𝑆, 𝑆′  are random strings, 𝑇𝐶ℎ𝑎𝑖𝑛 , 𝑇𝐸𝑥𝑡, 𝑁 , and the 159 

alignment itself all become random variables. Our goal will be to bound 𝔼[𝑇𝐶ℎ𝑎𝑖𝑛] and 𝔼[𝑇𝐸𝑥𝑡].  160 

Theoretical results 161 

First, a few definitions are in order. Recall that |𝑆| = 𝑛 + 𝑘 − 1 ~ 𝑛, and |𝑆′| = 𝑚 + 𝑘– 1 ~ 𝑚 are 162 

our string lengths. We define σ >  1 to be the size of the alphabet and 0 <  θ <  1 to be the 163 

probability a base mutates. Our theory holds for any alphabet size, but we use σ =  4  for 164 
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specifying numerical constants. Let 𝑙𝑜𝑔 = logσ with base σ and 𝑙𝑛 be the natural logarithm. Let 165 

𝑘 = 𝐶 log 𝑛 for a fixed 𝐶 >  0 so that key quantities can be expressed interchangeably as σ𝑘 = 𝑛𝐶 166 

and (1 − θ)𝑘 = 𝑛−𝐶α where α = − logσ(1 − θ) > 0.  We define the actual goodness of the chain 167 

in terms of recoverability in subsection “Homology and recoverability”; it measures the fraction of 168 

homologous bases under our mutation model that could potentially be recovered by extending 169 

through an optimal chain and only depends on the chain, not the actual alignment. 170 

Theorem 1 (Main result; no sketching). Under our model of seed-chain-extend in subsection 171 

“Modelling seed-chain-extend”, assume θ <  0.206, let α = − log4(1 − θ), and pick any 𝐶 >
2

1−2α
. 172 

If 𝑚 = Ω(𝑛2𝐶α+ϵ) < 𝑛  for some arbitrary ϵ >  0 , letting 𝑘 = 𝐶 log 𝑛  and ζ =
1

6𝑔(𝑛)
 where 𝑔(𝑛) =173 

𝐶
50

8
log(𝑛) ln(𝑛) 𝑛𝐶α , the expected running time is 𝑂(𝑚𝑛𝐶α log(𝑛))  for extension and 174 

𝑂(𝑚𝑛−𝐶α log 𝑚) for (optimal) chaining. 𝐶α can always be chosen to be <
1

2
 and the expected 175 

recoverability of any optimal chain is ≥ 1 − 𝑂 (
1

√𝑚
). 176 

The above condition on 𝐶 is equivalent to 𝐶α =
2α

1−2α
+ 𝛿 for any δ >  0. In practice, we will 177 

make δ very small so 𝑘 is not too large. 
2α

1−2α
 is plotted in Supplemental Fig. S7; it is convex and 178 

thus leads to the bound 𝐶α <  2.43 ⋅ θ. E.g., if |𝑆| = |𝑆′| and θ =  0.05, which is approximately the 179 

level of divergence seen between human and chimpanzee genomes (Britten 2002), 
−2 log4(0.95)

1+2 log4(0.95)
<180 

0.08, so for 𝐶α =  0.08 the running time is 𝑂(𝑛1.08 log(𝑛)). Even for relatively large values of 𝑛, 181 

say the entire human genome which has size of approximately 3 billion, 𝑛1.08 is essentially linear 182 

as (3,000,000,000)0.08 ∼ 5.73.  183 

Our proof follows in three main steps. First, we bound the first and second moments of the 184 

random variable 𝑁, which denotes the number of anchors, implying that chaining is fast. Second, 185 

we use concentration inequalities for sums of dependent random variables and exploit the 186 
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structure of chaining to show that with high probability, an optimal chain does not deviate much 187 

from the chain with only “homologous anchors” (Fig. 5A). The failure probabilities will be on the 188 

order of Θ (
1

𝑛
), allowing us to also bound everything in expectation. Lastly, we bound the expected 189 

runtime of extension through gaps between homologous anchors. 190 

Asymptotically, the chaining runtime is smaller than the extension runtime. However, the 191 

implied constants can be much smaller for the extension term (Kalikar et al. 2022), so it is 192 

practically useful to reduce the runtime of chaining via sketching. Let 0 <  1/𝑐 ≤ 1  be the 193 

expected fraction of selected k-mers for a sketching method. We use the open syncmer k-mer 194 

seeding method (Edgar 2021) which has a useful mathematical property (Theorem 7), giving: 195 

Theorem 2 (Sketched result). In addition to the hypotheses outlined in Theorem 1, let 𝑐 =196 

𝑂(𝑙𝑜𝑔 𝑛) < 𝑘  and 𝜁 =
1

6𝑔′(𝑛)
 instead where 𝑔′(𝑛) = 𝐶

200

8
𝑙𝑜𝑔(𝑛) 𝑙𝑛(𝑛) (

3

2
𝑛𝐶𝛼 + 2) . For open 197 

syncmer sketched seed-chain-extend, the expected running time is 𝑂 (𝑚𝑖𝑛 (
1

𝑐2 𝑚𝑛𝐶𝛼 𝑙𝑜𝑔3(𝑛) , 𝑐 ⋅198 

𝑚𝑛𝐶𝛼 𝑙𝑜𝑔 𝑛)) for extension and 𝑂 (
1

𝑐
𝑚𝑛−𝐶𝛼 𝑙𝑜𝑔 𝑚) for chaining. The expected recoverability of 199 

any optimal chain is ≥ 1 − 𝑂 (
1

√𝑚
). 200 

This shows that the asymptotic upper bound on extension runtime is the same even if we 201 

let 𝑐 grow with 𝑛 like 𝑐 = Θ(log 𝑛) < 𝑘, leading to the following conclusion: sketching can reduce 202 

chaining time without increasing extension time much. Other seeding schemes used, e.g. 203 

minimizers (Sirén et al. 2021; Rautiainen and Marschall 2020; Li 2018; Colquhoun et al. 2021) or 204 

FracMinHash (Irber et al. 2022) behave differently, but our techniques provide intuition and in 205 

some cases can be extended. 206 

Simulated genome alignment experiments 207 
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Although the model of seed-chain-extend we consider in the theory is based off of real aligners 208 

(e.g. minimap2), real aligners implement many additional tricks to make things work better. As 209 

such, to empirically validate our theory, we implemented a basic version of sketched seed-chain-210 

extend and tested it on simulated random sequences with independent point substitutions. For 211 

the chaining step, we implemented an AVL tree based max-range-query method (Mäkinen et al. 212 

2015; Li et al. 2020). For the extension step, we used a standard dynamic programming (DP) 213 

algorithm implemented in rust-bio (Köster 2016).  214 

We let 𝑘 = 𝐶 log 𝑛 where 𝐶 =
2

1−2α
, and do seed-chain-extend on two length 𝑛 sequences 215 

in this section, but we do an additional experiment for a substrings of length 𝑚 = 𝑛0.7 + 100 in 216 

Supplemental Fig. S10. As 𝑘 cannot be fractional, we let 𝑛𝑘 = 4
𝑘

𝐶 for varying integer values of 𝑘. 217 

We will set 𝑐 = 𝑘 − 7 = 𝐶 log(𝑛) − 7 which grows with n. The constant 7 is arbitrary but chosen 218 

sufficiently large that so s-mers in the open syncmer method are not so small as to make the 219 

method degenerate. We found that recoverability was always quite high and that breaks did not 220 

occur very often in actual simulations; we show this in Supplemental Fig. S9. Thus, the primary 221 

focus of the empirical results will be runtime.  222 

Accuracy of asymptotic extension runtime predictions. We first empirically investigate our 223 

upper bound on expected extension runtime, which is 𝑂(𝑛1+𝐶α log(𝑛)) for both sketched and non-224 

sketched extension when 𝑐 = Θ(log 𝑛). Assuming that the runtime is simply λ𝑛𝑘
1+𝐶α log(𝑛𝑘) for 225 

some fixed constant λ, we can predict the ratio of the runtimes as 
𝑛𝑘+1

1+𝐶α log(𝑛𝑘+1)

𝑛𝑘
1+𝐶α log(𝑛𝑘)

. Of course, this is 226 

incorrect for small 𝑛, as smaller terms may dominate runtime, but we expect it to be reasonably 227 

accurate for large 𝑛.  We plot the empirical and predicted ratios of extension runtimes in Fig. 1A.  228 

Fig. 1A shows that our upper bound looks reasonable for both sketched and non-sketched 229 

cases for θ =  0.10. In Supplemental Fig. S8, we show the same plots for θ =  0.05. The empirical 230 
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results never cross the predicted ratio, but this is not too surprising as the predicted ratio is only 231 

approximate. Importantly, the empirical extension runtime ratios slope downwards, which agrees 232 

with the prediction. 233 

 234 

Figure 1. Runtime results on seed-chain-extend between for two sequences of length 𝑛 and 𝑘 = 𝐶 log 𝑛 =
2

1−2α
log(𝑛) =235 

9,10, … ,19  where θ =  0.10  and α = − log4(1 − θ) . (A) The y-axis shows the runtime ratios (with 95%  confidence 236 

intervals) for iteration 𝑘 + 1 divided by runtime for iteration 𝑘 where the sequence length 𝑛𝑘 is plotted on the x-axis. As 237 

𝑛  grows, both the sketched and non-sketched extension ratios asymptotically approach the predicted ratio of 238 

𝑛1+
2

1−2α
α log(𝑛) runtimes. (B) Multiplicative speed-up for sketched versus non-sketched alignment when sketching with 239 

density 
1

𝑐
=

1

𝑘−7
 where 𝑘 = 𝐶 log 𝑛. The slow-down for extension flattens out, whereas the chaining speed-up is almost 240 

linear on the log scaled x-axis; chaining speed up dominates extension slow down as predicted by our theory. 241 

Sketching with 𝚯 (
𝟏

𝐥𝐨 𝐠 𝒏
) density gives favourable runtime tradeoffs. One of our key results in 242 

Theorem 2 is that the upper bound on asymptotic runtime of extension does not depend on the 243 

density as long as 1/𝑐 <  𝑘, but chaining speed-up scales multiplicatively with 𝑐. In Fig. 1B, we 244 

plot the multiplicative speed-up and slow-down of chaining and extension runtimes. This figure 245 

shows why sketching is so effective in practice with respect to runtimes; the maximal extension 246 

slow-down plateaus to ≤ 3 times in this case, whereas the chaining speed up is linear as the 247 
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string grows exponentially. Therefore, it is worth sketching aggressively to reduce runtime if 248 

chaining is slow. One should however still be careful of the sensitivity loss due to sketching in 249 

practice(Shaw and Yu 2022).  250 

In practice, because extension is heavily optimized (Marco-Sola et al. 2021; Farrar 2007; 251 

Suzuki and Kasahara 2018) and repetitive k-mers lead to more anchors, chaining can be a 252 

bottleneck even though it is asymptotically faster in runtime. In fact, we tried using WFA(Marco-253 

Sola et al. 2021), a highly optimized algorithm for extension instead of the generic DP algorithm 254 

and found it was ∼ 60 times faster than chaining without sketching for 𝑛 ∼ 2,800,000, 𝑘 =  23, θ =255 

 0.05 in our implementation. 256 

Real nanopore read alignment experiments 257 

To test the applicability and generalizability of our theorems to real, non-simulated data, we 258 

performed an experiment by aligning real long-read data from Oxford Nanopore Technologies 259 

(ONT) using seed-chain-extend. We use the sketched seed-chain-extend aligner in the simulated 260 

experiments with a slight modification, which is explained in the next section. Importantly, our two 261 

main assumptions with respect to uniform random strings and point substitutions are violated in 262 

this setup: real genomes are not uniformly random strings, and ONT reads contain a significant 263 

amount of indel errors (Delahaye and Nicolas 2021).  264 

Our data set consists of five reference genomes and corresponding long-read data sets. 265 

The references consist of a viral genome (SARS-CoV-2), a bacterial genome (E. coli), a fungi 266 

genome (M. oryzae), an insect genome (D. melanogaster), and a human genome (H. sapiens). 267 

For each genome, we aligned a corresponding set of publicly available ONT long-reads which 268 

may have different length and error distributions. The data sets can be found in Supplemental 269 

Table S1. 270 
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We are interested in testing the predicted results as a function of 𝑚 (the read length) and 271 

𝑛 (the genome size). We let 𝑘 = 𝐶 log 𝑛 =
2

1−2α
log 𝑛 as before. Because α and 𝐶 in our results 272 

depend on the error rate θ, we first aligned each read set to the genomes with minimap2 and 273 

retained only reads with gap-compressed identity >  94.5% and <  95.5% so that θ ≈ 0.05 is fixed. 274 

In addition, we only used reads for which minimap2 aligned >  90% of the read, as to avoid 275 

benchmarking on unalignable reads. 276 

Practical linear-gap cost consideration. We use almost the same seed-chain-extend algorithm 277 

as before and fix the density to be 1/7 (i.e. not scaling with 𝑛), except we apply one change: we 278 

found that the predicted linear-gap cost ζ(𝑛)  given by our theorems, while asymptotically 279 

appropriate in theory for large 𝑛, was too small for reasonable 𝑛. Therefore, we multiplied ζ by 280 

1000.  281 

This discrepancy is because the bounds we use in our proofs do not have optimized 282 

constants. The exact (non-asymptotic) value of ζ is only used in proving the recoverability result, 283 

and our change does not modify ζ's asymptotic behavior, which is used in other parts of our proofs. 284 

Thus, our runtime results are still technically valid, and our experiments below will also suggest 285 

that the recoverability result is also still valid. 286 

Evaluating model assumptions. We first introduced the following filters to our basic seed-chain-287 

extend alignment algorithm for computational reasons: 288 

1. We filtered reads where the number of anchors is >  10 times the number of bases. This 289 

occurs due to extremely repetitive k-mers and can cause the chaining step to stall.  290 

2. We did not consider reads where the chains had gaps of length >  10000 bp, which could 291 

occur due to structural variations or failure of chaining and can cause extension to stall.  292 

The two filters also measure how badly our model assumptions, with respect to 293 

independent substitutions and uniform random strings, are violated. We report the number of 294 
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reads that fail the above filters in Table 1. Only a small fraction of reads fails the 10000 bp gap 295 

filter, but the repetitive k-mer filter is violated more frequently as the genomes become more 296 

complex. Still, >  80% of the human reads and >  97% of the D. melanogaster reads are not 297 

deemed too repetitive. Mapping to repetitive regions is an active area of research (Jain et al. 298 

2020) which is out of the scope of this article, but effective heuristics such as repetitive k-mer 299 

masking (Sahlin 2022; Li 2018) exist. 300 

Genome # reads with > 10 
kb gap in chain 

# reads with number of anchors 
> 10 times number of bases 

Total # of 
reads 

SARS-CoV-2 0 (0%) 0 (0%) 1692 

E. coli 0 (0%) 0 (0%) 8223 

M. oryzae 21 (0.39%) 3 (0.06%) 5424 

D. melanogaster 25 (0.56%) 116 (2.61%) 4439 

H. sapiens 11 (0.07%) 3004 (19.48%) 15419 
Table 1. Counting the number of reads which did not pass our gap filter and repetitive k-mer filter. These two statistics 301 

measure how badly our model breaks down with respect to repetitiveness, large variation, and chaining failure. The 302 

total number of reads only counts a portion of the original reads that pass our initial filters, i.e. 90% of the read is aligned 303 

by minimap2 and the sequence divergence is 𝟓% ± 𝟎. 𝟓%. 304 

Extension and chaining runtimes are well predicted by theory. In Fig. 2, we plot the times of 305 

chaining and extension and perform a robust linear regression using the Siegel estimator (Siegel 306 

1982) as a function of the read length 𝑚. For this plot specifically, we only timed alignments where 307 

the read was >  90%  aligned by our seed-chain-extend implementation. For each plot, the 308 

genome size 𝑛 is held fixed. For fixed 𝑛, all runtimes are well-approximated by a linear function 309 

in 𝑚 as predicted by our theory, although chaining times for the human genome have higher 310 

variance due to the presence of repetitive k-mers. 311 

In Fig. 3, we plot the slopes of the regressions for extension time obtained from the first 312 

row of Fig. 2, which measures the dependence on 𝑛  given fixed 𝑚 . This dependence is 313 

reasonably fit by a log 𝑛 function (𝑅2 = 0.766), so 𝑂(𝑚 log 𝑛) is not a bad approximation for the 314 

runtime in practice. However, our theory leads to a 𝑛𝐶α log 𝑛 dependence, which comes from the 315 
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big O extension runtime. 𝐶α ∼ 0.08 when θ =  0.05 in our setup, so by using a 𝑛0.08 log 𝑛 function 316 

instead, we end up getting a better fit (𝑅2 = 0.928), as predicted by our theory. 317 

Recoverability upper bound by aligned fraction. Recoverability is not measurable on real, non-318 

simulated reads because true sequence homology is not known. However, we can upper bound 319 

recoverability by simply measuring the length of the chain relative to the read length, as any 320 

homologous bases outside of the chain (i.e. not within the first and last anchor) can not be 321 

recovered under our model. We call this the aligned fraction, which our theory also predicts should 322 

be > 1 − 𝑂 (
1

√𝑚
) in expectation (with implied constants depending on θ and 𝑛). Practically, the 323 

aligned fraction is easily interpretable, and the ability to predict the aligned fraction is useful for 324 

ensuring that reads with a given error rate and k-mer size are long enough to align to a reference. 325 

We also observed that the aligned fraction was the main cause of recoverability loss in the 326 

simulated experiments (see Supplemental Fig. S9), and it turns out that the main 𝑂 (
1

√𝑚
) term in 327 

the theoretical recoverability result exactly comes from bounding the aligned fraction in the proof 328 
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(Supplemental Lemma S7), so this quantity is theoretically relevant as well.329 

 330 

Figure 2. Extension and chaining time for real ONT reads with approximately 5% sequence divergence. k-mer size 331 

was chosen to be 𝑘 = 𝐶 log 𝑛 for reference length 𝑛 and 𝐶 =
2

1−2𝛼
≈ 2.16 with error parameter 𝜃 =  0.05. Exact data 332 

sets are described in Supplemental Table S1. Note the scaled axes for the SARS-CoV-2 reads, which were much 333 

smaller than the other data sets. The well-fit linear regression lines indicate essentially linear runtime in read length 334 

with fixed reference length 𝑛 (i.e., fixed 𝑘 = 𝐶 log 𝑛 and constant 𝐶), although larger human chaining time variance is 335 

due to repetitive k-mers. 336 
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 337 

Figure 3. Data points represent the slopes of the linear regressions in Fig. 2 for extension, with the corresponding value 338 

of 𝑘  (which is 𝑘 = 𝐶 log 𝑛  for a constant 𝐶 =
2

1−2α
 ). This dependence of the genome size, 𝑛  (x-axis), is decently 339 

approximated by a naive 𝐴1 log(𝑛) + 𝐵1  fit where 𝐴1  and 𝐵1  are paraeters. However, our theory states that the 340 

dependence should be log(𝑛) 𝑛𝐶α  with 𝐶α ∼ 0.08 when θ =  0.05. Fitting 𝐴2 log(𝑛) 𝑛0.08 + 𝐵2  gives a better 𝑅2 value 341 

(0.928 vs 0.766) with the same number of parameters (2 parameters for both fits), indicating the goodness of our 342 

theoretical predictions. 343 

In Fig. 4, we plot the aligned fraction for each data set. We perform a least-squares fit of 344 

the function 1 −
𝑎

𝑚𝑏  where 𝑎  and 𝑏  are parameters. We exclude points with <  0.25  aligned 345 

fraction if the read length is >  1000 when fitting because these points appear to be outliers 346 

caused by poor chaining and can bias the least-squares fit. The resulting fits for all plots are 347 

reasonable, with 𝑅2 > 0.5 except for the D. melanogaster dataset. The seemingly small value of 348 

𝑅2 can be explained by the fact that most reads (passing our filters) are well-aligned, so the data 349 

is almost constant and ≈ 1. Constant data will have 𝑅2 = 0, so we can not do much better in this 350 

case. Nevertheless, 𝑏 >  0.85  on all data sets, suggesting that our √𝑚  term may be too 351 
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conservative. However, the exact parameter values in the fit are highly sensitive to the fitting 352 

methodology, so the exact values displayed are only suggestive and not to be overinterpreted. 353 

 354 

Figure 4. The aligned fraction of the aligned reads, which is chain length divided by read length. We fit a function of 355 

the form 1 −
𝑎

𝑚𝑏 where 𝑚 is the read length (x-axis) and display the resulting 𝑅2 values. Aligned fraction is an upper 356 

bound for recoverability, and our lower bound on recoverability (and also aligned fraction) is 1 − 𝑂 (
1

√𝑚
), which the data 357 

suggests may be too conservative. 358 

Discussion 359 

In this work, we are able to rigorously justify the empirical results seen by the seed-chain-extend 360 

heuristic through average case analysis under a simple mutation model. We showed the 361 

alignment is both accurate and fast: ≥ 1 − 𝑂 (
1

√𝑚
)  fraction of the sequence homology is 362 

recoverable from the chain while only running in 𝑂(𝑚𝑛𝐶α log(𝑛)) time, where for even a moderate 363 

mutation rate θ =  0.05, 𝐶α <  0.08. A recent aligner (Koerkamp and Ivanov 2022) empirically 364 

achieved this predicted 𝑛1.08 runtime for θ =  0.05 on two length 𝑛 sequences using similar but 365 

distinct techniques. In addition, we also proved that one can sketch to arbitrary densities 1/𝑐 366 

where 𝑐 < 𝑘 = 𝑂(log 𝑛)  while asymptotically decreasing runtime and without asymptotically 367 

decreasing recoverability, justifying the effectiveness of sketching. Because our set-up is modeled 368 
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by techniques used by practical software such as minimap2, our results provide a theoretical 369 

backing for why modern sequence alignment software actually performs so well in practice. 370 

We verified our theoretical results in a synthetic experiment, which showed that our main 371 

theoretical predictions were valid for our random model. Specifically, our strongly sub-quadratic 372 

bounds predict runtime well, sketching can decrease chaining time without increasing extension 373 

time too much, and recoverability is high. Importantly, our results generalize past our uniform 374 

string and point substitution assumptions; we show that the runtimes for aligning real nanopore 375 

reads to references are still well-approximated by our theory. However, on more complex, 376 

repetitive genomes, our runtime predictions for chaining break down due to real k-mers being 377 

much more repetitive than under a uniform random model.  378 

In terms of further work, we propose two possible directions. The first is to optimize the 379 

bounds obtained for the current random model proposed in this work, which assumes uniformly 380 

random strings and point substitutions. The second is to generalize the random model to model 381 

complex genomes more accurately, e.g. repetitive k-mers. 382 

Improving bounds for the current random model 383 

 For runtime, it seems unlikely that the expected runtime is truly quasilinear due to the 384 

fundamental quantity (1 − θ)𝑘 = (1 − θ)𝐶 log 𝑛 = 𝑛−𝐶α, the likelihood of a k-mer match, decreasing 385 

faster than logarithmically in 𝑛 when 𝑘 = Θ(log 𝑛); this turns out to be the cause of the 𝑛𝐶α term 386 

in the runtime (see Methods). In spite of this, we believe there can be significant improvements 387 

for our bounds in Theorems 1 and 2. The most significant aspect which we believe can be 388 

improved is the restriction on the constant 𝐶 . 𝐶  is required to be >
2

1−2α
, which seems 389 

unsatisfactory because this leads to high k-mer sizes, e.g. 𝑘 =  34 for θ =  0.05 on the human 390 

genome. This is much larger than the k-mer sizes used by noisy long-read aligners in practice 391 

(minimap2 defaults to 𝑘 =  15).  392 
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The restricted values of 𝐶 is due to our analysis of spurious anchors relying on a relatively 393 

weak variance bound (Lemmas 3 and 4). To use the bound effectively, 𝐶 must be quite large. The 394 

variance bound is also the cause for the 1 − 𝑂 (
1

√𝑚
) bound for recoverability, which we also 395 

believe can be tightened based on both the simulated and real experiments. To surpass these 396 

bounds, a deeper understanding of spurious anchor subsequences must be developed.  Spurious 397 

subsequences of anchors is a very similar problem to common subsequences in random strings 398 

for extremely large alphabets, a topic that has had much theoretical attention (Chvátal and 399 

Sankoff 1975; Kiwi et al. 2005; Lember and Matzinger 2009; Navarro 2001).  400 

Generalizing the random model 401 

Our current random model does not model complex genomes properly. It is well known that 402 

genomes can be extremely repetitive (Koning et al. 2011), which violates the uniform random 403 

string assumption. This is why the expected runtime of chaining deviates from our predictions in 404 

Fig. 2 for the human genome. One idea for modelling repeats is to use a k-mer Markov model for 405 

the random strings instead of an independent uniform string. However, the analysis of such 406 

models is highly non-trivial (Reinert et al. 2000), and our techniques for analyzing k-mers in this 407 

work may not apply. Regardless of how repeats are modelled, any sort of non-trivial analysis 408 

would still require a better handling of spurious anchor subsequences, which is exactly the issue 409 

that needs to be tackled in order to improve the bounds for our current model.  410 

Another direction is to incorporate indels into the random model. The technical reason we 411 

opted for modelling point substitutions instead of indels is that indels complicate the statistics of 412 

k-mer matching. For example, an indel of the nucleotide A may not “change” the 4-mers in the 413 

sequence AAAAAA, and sequence homology becomes ambiguous. A formulation of an “indel 414 

channel” as a model of sequence mutation was used in (Ganesh and Sy 2020) for analysis of edit 415 
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distance, but the resulting analysis for this model was more complex than in the independent 416 

substitution case.  417 

Generalizing our model to small indels seems less pressing as our theory was successful 418 

for real nanopore data, which has many small indel errors, showing that the substitution model 419 

already generalizes well to small indels. However, modelling large structural variations could be 420 

a relevant problem. 421 

Methods 422 

Homology and recoverability 423 

Let the interval [𝑎. . 𝑏] be the discrete interval {𝑎, 𝑎 + 1, … , 𝑏} and 𝑆[𝑎. . 𝑏] be the substring indexed 424 

by [𝑎. . 𝑏]. 𝑆′ is a mutated version of the substring 𝑆[𝑝 + 1. . 𝑝 + 𝑚] of length 𝑚 starting at 𝑝 + 1, 425 

so the optimal alignment should map 𝑆′ to the homologous indices [𝑝 + 1. . 𝑝 + 𝑚]. We now define 426 

recoverability as the number of homologous bases one can possibly recover by seed-chain-427 

extend; a visual example is shown in Fig. 5. 428 

Definition 1. Let an alignment matrix be given as [1. . |𝑆|] × [𝑝 + 1. . 𝑝 + |𝑆′|] . Define the 429 

homologous diagonal 𝐷𝐻 = {(𝑝 + 1, 𝑝 + 1), … , (𝑝 + |𝑆′|, 𝑝 + |𝑆′|)}. Given a chain 𝒞, let 𝐴𝑙𝑖𝑔𝑛(𝒞) 430 

be the set of possible alignments obtained by extending through gaps and k-mer matching, where 431 

(𝑥, 𝑦) ∈ 𝐴𝑙𝑖𝑔𝑛(𝒞)  indicates 𝑥  and 𝑦  can be aligned. Then the set of recoverable bases is 432 

𝐴𝑙𝑖𝑔𝑛(𝒞) ∩ 𝐷𝐻 and the recoverability is 𝑅(𝒞) =
|𝐴𝑙𝑖𝑔𝑛(𝒞)∩𝐷𝐻|

|𝑆′|
.  433 

We define 𝐴𝑙𝑖𝑔𝑛(𝒞) carefully in Section B in the Supplemental Materials and give a visual 434 

explanation in Fig. 5B. Note that an optimal chain with respect to our linear gap cost objective 435 
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𝑢 − ζ[(𝑖𝑢 − 𝑖1) + (𝑗𝑢 − 𝑗1)] does not directly optimize for recoverability. We provably find the chain 436 

with the optimal linear gap cost, and then we will argue that it leads to good recoverability.  437 

Traditionally, alignment optimality is defined using a generalized edit distance (Vingron 438 

and Waterman 1994). However, these distances are only used as a proxy for detecting sequence 439 

homology (Batzoglou 2005; Thorne et al. 1991; Lunter et al. 2005). We know the true underlying 440 

sequence ancestry in our model, so defining optimality with respect to sequence homology suits 441 

the actual goal of sequence alignment.  The reason for the name “recoverability” is that extension 442 

could potentially recover all recoverable bases, but this depends on the extension algorithm and 443 

is not guaranteed (Lunter et al. 2008).  444 

 445 

Figure 5. Seed-chain-extend visualized on an alignment matrix. Anchors are short diagonal matches in the matrix. 446 

Extension corresponds to performing dynamic programming (DP) on the sub-matrix between anchors. (A) k-mer 447 

anchors under mutations and their corresponding alignment matrix. Blue anchors are homologous anchors while red 448 

are spurious anchors. (B) 𝐴𝑙𝑖𝑔𝑛(𝒞) consists of anchors and DP matrices. Recoverable bases correspond to the bases 449 

on the homologous diagonal where a k-mer lies or is accessible by the green DP matrix between gaps. Breaks cover 450 

non-recoverable sections.   451 

Under our model, the trivial 𝑂(1) alignment that aligns 𝑆′ back to the originating substring 452 

of 𝑆 without indels is the most homologous. This may seem to make our results superfluous; 453 
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however, remember that the algorithm does not know where 𝑆′ “begins” if 𝑚 <  𝑛. Also, while we 454 

do not attempt the case with indels, seed-chain-extend is still valid when indels are present 455 

whereas the trivial solution does not allow for indels.  456 

We will lower bound 𝔼[𝑅(𝒞)]. To do this, we will work with a more natural object called a 457 

break. 458 

Definition 2 (inspired by (Ganesh and Sy 2020)). We call matching bases and anchors of the 459 

form (𝑥, 𝑥) homologous and spurious otherwise. Given a chain ((𝑖1, 𝑗1), … , (𝑖𝑢, 𝑗𝑢)) and a maximal 460 

interval [𝑝. . 𝑞] such that (𝑖𝑝, 𝑗𝑝), … , (𝑖𝑞 , 𝑗𝑞) are all spurious anchors, define the break 𝐵 as 𝐵 =461 

[𝑚𝑖𝑛(𝑖𝑝, 𝑗𝑝) . . 𝑚𝑎𝑥(𝑖𝑞 , 𝑗𝑞) + 𝑘 − 1] . Let the length or size of a break be 𝐿(𝐵) = 𝑚𝑎𝑥(𝑖𝑞 , 𝑗𝑞) −462 

𝑚𝑖𝑛(𝑖𝑝, 𝑗𝑝) + 𝑘 and 𝐿(𝒞) = ∑ 𝐿(𝐵)𝐵  be the total length over all breaks. 463 

Lemma 1. Given any chain 𝒞 = ((𝑖1, 𝑗1), … , (𝑖𝑢, 𝑗𝑢)), we have that (𝑗𝑢 − 𝑗1 − 𝐿(𝒞))/|𝑆′| ≤ 𝑅(𝒞). 464 

We prove Lemma 1 in the Supplemental Materials. The concept of a break is illustrated in 465 

Fig. 5B. Breaks cover non-recoverable regions, so subtracting the breaks from the span of the 466 

anchors lower bounds the recoverability. 467 

Fundamental tools and bounds 468 

In this section, we describe some fundamental tools for dealing with pairs of random mutating 469 

strings. We first need to give a careful probabilistic exploration of random k-mer anchors on 𝑆 =470 

𝑥1𝑥2 … and 𝑆′ = 𝑦𝑝+1𝑦𝑝+2 … . This requires a bit of work due to the dependence between the 471 

random strings 𝑆, 𝑆′. For the rest of the paper, missing proofs can be found in the Supplemental 472 
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Materials. Supplemental Figures S2-S6 are visual aids for our proofs and can also be found in 473 

the Supplemental Materials.  474 

Definition 3. Let 𝑀(𝑖, 𝑗) be random variables such that 𝑀(𝑖, 𝑗) = 1 if 𝑥𝑖 = 𝑦𝑗 and 0 otherwise. Let 475 

𝐴(𝑖, 𝑗) be a random variable ∏ 𝑀(𝑖 + ℓ, 𝑗 + ℓ)𝑘−1
l=0 . 𝐴(𝑖, 𝑗) is an indicator random variable for the 476 

presence of a k-mer anchor at positions (𝑖, 𝑗). We will also refer to 𝐴(𝑖, 𝑗) variables as “anchors”. 477 

We would like for 𝑀(𝑖, 𝑗), 𝑀(𝑖 + 1, 𝑗 + 1), to be independent, so finding the probability of k-478 

mer matches is easy. However, in our model, it is not actually obvious a priori that 479 

𝑀(𝑖, 𝑗), 𝑀(𝑖 + 1, 𝑗 + 1) are independent when 𝑗 ≠ 𝑖. Consider 𝑀(1,2) and 𝑀(2,3). The former is a 480 

function of 𝑥1, 𝑦2, and the latter 𝑥2, 𝑦3. However, 𝑥2 and 𝑦2 are dependent in our model, so more 481 
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work is needed. A convenient graphical representation of independence for the 𝑀  random 482 

variables is the match graph, which we define below.  483 

Definition 4. The match graph of a set of random variables of the form ℳ =484 

{𝑀(𝑖1, 𝑗1), 𝑀(𝑖2, 𝑗2), … }  is a graph 𝐺(ℳ) = (𝑉, 𝐸)  where the vertices 𝑉  are the letters 485 

𝑥1, … , 𝑥𝑛+𝑘−1, 𝑦𝑝+1, … , 𝑦𝑝+𝑚+𝑘−1, and the edges  486 

𝐸 = {(𝑥𝑖, 𝑦𝑖): 𝑖 ∈ [𝑝 + 1. . 𝑝 + 𝑚 + 𝑘 − 1]} ∪ {(𝑥ℎ, 𝑦𝑙): 𝑀(ℎ, 𝑙) ∈ ℳ}. 487 

 In particular, the match graph is bipartite for the sets {𝑥1, … , 𝑥𝑛+𝑘−1} and {𝑦𝑝+1, … , 𝑦𝑝+𝑚+𝑘−1}. 488 

A match graph is shown in Supplemental Fig. S1. The main reason for defining the match 489 

graph is the following theorem, which allows us to graphically determine independence of the 𝐴 490 

variables. 491 

Theorem 3. The random variables ℳ = {𝑀(𝑖1, 𝑗1), 𝑀(𝑖2, 𝑗2), … } where 𝑖ℓ ≠ 𝑗ℓ for all 𝑀(𝑖ℓ, 𝑗ℓ) ∈ ℳ 492 

are independent if the induced match graph has no cycles. 493 

Corollary 1. If 𝑖 ≠ 𝑗, Pr(𝐴(𝑖, 𝑗) = 1) =
1

σ𝑘. Otherwise, Pr(𝐴(𝑖, 𝑖) = 1) = (1 − θ)𝑘. 494 

We will denote the random variables ∑ 𝐴(𝑖, 𝑖)𝑝+𝑚
𝑖=𝑝+1 = ∑ 𝐴(𝑖, 𝑖)𝑖 = 𝑁𝐻(𝑛, 𝑚) = 𝑁𝐻  and 495 

∑ 𝐴(𝑖, 𝑗)𝑖≠𝑗 = 𝑁𝑆(𝑛, 𝑚) = 𝑁𝑆 respectively as the number of homologous anchors and spurious 496 

anchors; we will drop the dependence on 𝑛, 𝑚  to simplify notation. These are key random 497 
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variables that we wish to bound later on. The below theorem follows directly from Corollary 1 by 498 

linearity of expectation. 499 

Theorem 4.  𝔼[∑ 𝐴(𝑖, 𝑖)𝑖 ] = 𝔼[𝑁𝐻] = 𝑚(1 − θ)𝑘 , and 𝔼[∑ 𝐴(𝑖, 𝑗)𝑖,𝑗,𝑖≠𝑗 ] = 𝔼[𝑁𝑆] = 𝑚(𝑛 − 1)
1

σ𝑘. In 500 

particular, 𝔼[𝑁] = 𝔼[𝑁𝐻 + 𝑁𝑆] = 𝑚(1 − θ)𝑘 + 𝑚(𝑛 − 1)
1

σ𝑘. 501 

Bounding sums of k-mer random variables 502 

We proceed to bound the distribution of the random variables 𝑁𝑆  and 𝑁𝐻 , which are sums of 503 

dependent random variables. We first bound 𝑁𝑆 by computing the second moments and using 504 

variance-based bounds. To do this, we need to examine the independence structure of the 𝐴(𝑖, 𝑗) 505 

random variables. 506 

Lemma 2. For 𝐴(𝑖, 𝑗) and 𝐴(ℎ, 𝑙), if both of the following conditions hold: 507 

1. |𝑖 − ℎ| ≥ 𝑘 or |𝑗 − 𝑙| ≥ 𝑘 and 508 

2. |𝑖 − 𝑙| ≥ 𝑘 or |𝑗 − ℎ| ≥ 𝑘, 509 

then the induced match graph on the 𝑀 variables for 𝐴(𝑖, 𝑗) and 𝐴(ℎ, 𝑙) has no cycles. 510 

Intuitively, the first condition states that two anchors do not overlap too much, e.g. 𝐴(1,1) 511 

and 𝐴(2,2) are not independent when 𝑘 =  3. The intuition behind the second condition can be 512 

illustrated by the following situation where 𝑘 =  1 and θ ∼ 0: consider the anchors 𝐴(1,5), 𝐴(5,1). 513 

Since it is likely that 𝑥1 = 𝑦1 and 𝑥5 = 𝑦5, if 𝑥1 = 𝑦5 then 𝑥5 = 𝑦1 with high probability, so 𝑥1 = 𝑦5 514 

is not independent of 𝑥5 = 𝑦1. 515 

Corollary 2. If 𝐴(𝑖, 𝑗) and 𝐴(ℎ, 𝑙) satisfy Lemma 2, they are independent. 516 

Proof. By condition (1) in Lemma 2, 𝐴(𝑖, 𝑗) and 𝐴(ℎ, 𝑙) do not share any 𝑀 variables i.e. 𝐴(𝑖, 𝑗) =517 

𝑀(𝑖, 𝑗)𝑀(𝑖 + 1, 𝑗 + 1) and similarly for 𝐴(ℎ, 𝑙), but no product shares a variable with the others. 518 
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Since the match graph has no cycles under these conditions, by Theorem 3, all 𝑀 variables are 519 

independent so Pr(𝐴(𝑖, 𝑗)𝐴(ℎ, 𝑙) = 1) =
1

σ2𝑘 = Pr(𝐴(𝑖, 𝑗) = 1) Pr(𝐴(ℎ, 𝑙) = 1) as desired. 520 

We can also bound expected values of 𝑁𝐻
2, 𝑁𝑆

2, and 𝑁𝑆𝑁𝐻, giving us variance estimates.  521 

Lemma 3. 𝔼[𝑁𝑆
2] ≤ 8𝑘2𝑚𝑛

1

σ𝑘 + 𝔼[𝑁𝑆]2. Thus the variance 𝑉𝑎𝑟(𝑁𝑆) can be upper bounded by 522 

8𝑘2 𝑚𝑛

σ𝑘 . Furthermore, 𝔼[𝑁𝐻
2] ≤ 2𝑚𝑘(1 − θ)𝑘 + 𝑚2(1 − θ)2𝑘  and 𝔼[𝑁𝐻𝑁𝑆] ≤ 4𝑘

𝑚𝑛

σ𝑘 + 𝑚2𝑛(1 −523 

θ)𝑘 1

σ𝑘. 524 

Now we can use the variance bound and Chebyshev's inequality to get the result below. 525 

Note the bound uses 𝑘 = 𝐶 log 𝑛; we will prefer this form for quantities directly used for proving 526 

the main result. The label F1 in the theorem refers to the particular event space for which the 527 

bound always holds. We will label each proposition that holds with high probability with the event 528 
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space that we are operating in. We will continue this convention for the rest of the paper as this 529 

will be useful when computing our final bounds. 530 

Lemma 4 (F1). With probability ≥ 1 −
1

𝑛
, the number of spurious anchors is ≤ 𝑛2−𝐶 +531 

√8𝑚𝐶 log(𝑛) 𝑛1−𝐶/2. That is,  532 

Pr(𝑁𝑆 ≥ 𝑛2−𝐶 + √8𝑚𝐶 log(𝑛) 𝑛1−𝐶/2) ≤
1

𝑛
. 533 

Proof. Use Chebyshev’s inequality with Lemma 3’s bound on  𝑉𝑎𝑟(𝑁𝑆) along with the inequality 534 

𝑚(𝑛−1)

σ𝑘 < 𝑛2−𝐶. 535 

If 𝐶 >  3, then for large 𝑛, 𝑁𝑆 = 0 with high probability, and our analysis would be easy. 536 

However, we want 𝐶 as small as possible. It turns out we can make 𝐶 ∼ 2 for reasonable θ, 537 

significantly tightening our bounds.  538 

For 𝑁𝐻 we can get a stronger exponential bound because of its independence structure. 539 

𝐴(𝑖, 𝑖)s, which we call homologous anchors, are only dependent in a small neighbourhood around 540 

𝑖  of size 𝑘  because k-mers on non-overlapping substrings are independent. This is called 541 

𝑘 −dependence (not to be confused with k-independence) and is used in (Blanca et al. 2022) to 542 

show 𝑁𝐻  is asymptotically normal. Concentration bounds can also be translated in the 543 

𝑘 −dependent scenario (Janson 2004). 544 

Theorem 5. (Dependent Chernoff-Hoeffding bound – Corollary 2.4 from (Janson 2004) 545 

reworded and simplified). Suppose we have 𝑋 = ∑ 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖𝑎(𝑞)𝑎∈𝒜  for some 0 <  𝑞 <  1. A 546 

proper cover of 𝒜 is a family of subsets {𝒜𝒾}𝑖∈𝐼 such that all random variables in 𝒜𝒾 ⊂ 𝒜 are 547 
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independent and ⋃ 𝒜𝒾𝑖∈𝐼 = 𝒜. Let χ(𝒜) be the minimum size of the cover, |𝐼|, over all possible 548 

proper covers. Then for 𝑡 ≥ 0, 549 

Pr(𝑋 ≤ 𝔼𝑋 − 𝑡) ≤ exp (−
8𝑡2

25|𝒜|χ(𝒜)𝑞
). 550 

Lemma 5.  551 

P r(𝑁𝐻 ≤ 𝑚(1 − θ)𝑘 − 𝑡) ≤ ex p (−
8𝑡2

25𝑚𝑘(1 − θ)𝑘) 552 

Proof. We simply use Theorem 5 with 𝑞 = (1 − θ)𝑘. By k-dependence, we can easily see that 553 

𝒜 = {𝒜1, … , 𝒜𝓀} where 𝒜𝒿 = {𝐴(𝑗, 𝑗), 𝐴(𝑗 + 𝑘, 𝑗 + 𝑘), 𝐴(𝑗 + 2𝑘, 𝑗 + 2𝑘) … } is a partition satisfying 554 

the independence condition, and we will have at most 𝑘 sets. Thus χ(𝒜) ≤ 𝑘, and we're done. 555 

Proof of non-sketched main result 556 

To prove the main result on seed-chain-extend without sketching, we will need to bound three 557 

quantities in expectation: the runtime of chaining, the recoverability of chaining, and the runtime 558 

of extension.  559 

We first bound 𝑂(𝔼[𝑁 log 𝑁]), the expected runtime of chaining (and also anchor sorting). 560 

Note that 𝔼[𝑁] ≤
1

𝑛𝐶−2 + 𝑚𝑛−𝐶α. We would like 𝔼[𝑁 log 𝑁] = 𝑂(𝔼[𝑁] log 𝔼 [𝑁]) = 𝑂(𝑚𝑛−𝐶α log 𝑚) 561 

to hold. Unfortunately, Jensen's inequality only gives 𝔼[𝑁 log 𝑁] ≥ 𝔼[𝑁] log 𝔼 [𝑁] because 𝑥 log 𝑥 562 

is convex. However, with a bit more work: 563 

Theorem 6. Assume 𝑚 = 𝛺(𝑛2𝐶𝛼+𝜖) for some 𝜖 >  0, and 𝐶 >
1

1−𝛼
. Letting 𝑁 be the total number 564 

of k-mer anchors, 𝔼[𝑁 𝑙𝑜𝑔 𝑁] = 𝑂(𝔼[𝑁] 𝑙𝑜𝑔 𝔼 [𝑁]) = 𝑂(𝑚𝑛−𝐶𝛼 𝑙𝑜𝑔 𝑚) . Thus, the runtime of 565 

chaining is 𝑂(𝑚𝑛−𝐶𝛼 𝑙𝑜𝑔 𝑚). 566 

Now we bound the expected recoverability of the chain. Given 𝑆 and 𝑆′, let a homologous 567 

gap of size ℓ +  𝑘 −  1 bases be an interval of ℓ consecutive k-mers for which no homologous 568 
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anchors exist (i.e. the k-mers are mutated). In the context of a chain, a homologous gap will refer 569 

to a gap flanked by two homologous anchors. Technically, if ℓ consecutive k-mers are uncovered 570 

but are flanked by two homologous anchors, this gives ℓ −  𝑘 +  1 uncovered bases. We will 571 

ignore these factors of 𝑘  as we will show that they are asymptotically small. It turns out 572 

homologous gaps grow relatively slowly in 𝑛 with high probability. 573 

Lemma 6. With probability ≥ 1 −  1/𝑛, no homologous gap has size greater than 574 

𝑔(𝑛) =
50𝑘

8(1 − θ)𝑘
ln(𝑛) =

𝐶 ⋅ 50

8
log(𝑛) ln(𝑛) ⋅ 𝑛𝐶α 575 

plus a small 𝐶 log 𝑛 term we will ignore because it is small asymptotically. 576 

In a chain, gaps may also be flanked by one or two spurious anchors. We call these non-577 

homologous gaps. We first bound break lengths, which will imply good recoverability, and bound 578 

non-homologous gaps later on. 579 

Lemma 7 (F1 + F2). Take any 𝐶 > min (3,
2

1−2α
)  and let ζ =

1

6𝑔(𝑛)
 where 𝑔(𝑛) =580 

𝐶
50

8
log(𝑛) ln(𝑛) 𝑛𝐶α. Assume 𝑚 = Ω(𝑛2𝐶α+ϵ) for some ϵ >  0. Then for large enough 𝑛, there are 581 

no breaks of length ≥ 𝑚1/2 with probability greater than 1 −  2/𝑛 in an optimal chain. 582 

Corollary 3. Under the same assumptions as in Lemma 7}, the expected recoverability of any 583 

optimal chain is ≥ 1 − 𝑂 (
1

√𝑚
). 584 

The idea behind proving the above propositions is to work in a space of events F1 ∩ F2 585 

where “bad events” do not occur, and any optimal chain has good recoverability. Because this 586 
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space of bad events is small, they do not contribute to our expected value too much. This finishes 587 

the recoverability result for the main theorem.  588 

The last step is to bound extension running time, and this comes down to separately 589 

bounding the size of the homologous and non-homologous gaps in any optimal chain. We bound 590 

the runtime of extension through homologous gaps by directly calculating the expectation through 591 

all possible homologous gaps. We then show that the runtime through non-homologous gaps is 592 

small and does not contribute to the asymptotic term. 593 

Lemma 8. Let 𝑇𝐸𝑥𝑡
𝐻  be the time of extension over only the homologous gaps of any optimal chain. 594 

𝔼[𝑇𝐸𝑥𝑡
𝐻 ] = 𝑂(𝑚𝑛𝐶α log 𝑛). 595 

Lemma 9. Let 𝑇𝐸𝑥𝑡
𝑆  be the runtime of extension through only the non-homologous gaps of an 596 

optimal chain. Under the same assumptions as in Lemma 7, 𝔼[𝑇𝐸𝑥𝑡
𝑆 ] = 𝑂(𝑚). 597 

Now we have enough results to prove the Theorem 1. 598 

Proof (Theorem 1). The expected runtime of chaining follows from Theorem 6. The recoverability 599 

result follows from Corollary 3. The expected runtime of extension is 𝔼[𝑇𝐸𝑥𝑡] = 𝔼[𝑇𝐸𝑥𝑡
𝐻 ] + 𝔼[𝑇𝐸𝑥𝑡

𝑆 ], 600 

and 𝔼[𝑇𝐸𝑥𝑡
𝐻 ], 𝔼[𝑇𝐸𝑥𝑡

𝑆 ] are both 𝑂(𝑚𝑛𝐶α log(𝑛)) by Lemmas 8 and 9. This completes the proof as 601 

long as we satisfy the assumptions of Lemma 7 and Theorem 6 on 𝐶, α . To satisfy the 602 

assumptions, we require 𝐶 >
1

1−α
, 𝐶 > min (3,

2

1−2α
), and 𝐶 α <  1/2 otherwise 𝑚 = Ω(𝑛2𝐶α+ϵ) >603 

𝑛 for large enough 𝑛. It's not hard to check that the limiting condition is α <  1/6, so we require 604 
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− log4(1 − θ) < 1/6 . This works out to be θ < 1 − 4−
1

6 < 0.2063 . We can also remove the 605 

minimum condition on 𝐶 because α <  1/6 implies 
2

1−2α
< 3. 606 

Sketching and local k-mer selection 607 

Now consider not selecting all of the k-mers in a string, but only a subset of them during the initial 608 

seeding step. This allows one to chain only a subset of the k-mers, potentially providing runtime 609 

savings.  610 

We use the open syncmer method (Edgar 2021). Given a string, we take all k-mers of the 611 

string and break the k-mer into s-mers with 𝑠 <  𝑘. There are 𝑘 − 𝑠 + 1 s-mers in the k-mer. We 612 

select or seed the k-mer if the smallest s-mer (subject to some ordering, which we choose as 613 

uniform random) is in the ⌈
𝑘−𝑠+1

2
 ⌉-th 1-indexed position; we call a selected k-mer an open syncmer. 614 

Given repeated smallest s-mers, we take the rightmost one to be the smallest. Finding the 615 

smallest s-mer among the 𝑘 − 𝑠 + 1 s-mers in a k-mer takes 𝑘 − 𝑠 + 1 iterations, so finding all 616 

open syncmer seeds in 𝑆′ takes 𝑂((𝑘 − 𝑠 + 1)𝑚) = 𝑂(𝑚𝑘) = 𝑂(𝑚 log 𝑛) time.  617 

The expected fraction of selected k-mers over a string with i.i.d uniform letters is called 618 

the 𝑑𝑒𝑛𝑠𝑖𝑡𝑦, and it is 
1

𝑘−𝑠+1
 for the open syncmer method (up to a small error term 𝑂 (

(𝑘−𝑠+1)2

σ𝑠 ) 619 

which we will ignore; see (Zheng et al. 2020)). We will let 𝑐 be the reciprocal of the density, so 620 

𝑐 = (𝑘 − 𝑠 + 1).  621 

The original open syncmer definition had a parameter 𝑡 where a k-mer was selected if the 622 

smallest s-mer was in the 𝑡 −th position; we proved in (Shaw and Yu 2022) that the optimal 𝑡 is 623 

⌈
𝑘−𝑠+1

2
⌉ with respect to maximizing the number of conserved bases from k-mer matching. The 624 
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reason we choose open syncmers is primarily to the following fact which was shown in (Edgar 625 

2021): 626 

Theorem 7. Define 𝑡 = ⌈
𝑐

2
⌉ = ⌈

𝑘−𝑠+1

2
⌉. If 𝑘 − 𝑠 + 1 is odd, two consecutive open syncmers must 627 

have starting positions ≥ 𝑡 bases apart. If even, they must have starting positions ≥ 𝑡 − 1 bases 628 

apart. 629 

Theorem 7 follows by examining the smallest s-mer in a k-mer and noticing that in the next 630 

overlapping k-mer, the locations for the new smallest s-mer are restricted. This theorem is the 631 

reason we use open syncmers and is crucial to our proofs. The spacing property makes selected 632 

open syncmers a polar set (Zheng et al. 2021); other methods also give rise to polar sets (Frith 633 

et al. 2020, 2023) but open syncmers seem to perform well empirically (Dutta et al. 2022; Shaw 634 

and Yu 2022; Frith et al. 2023) and are easy to describe. For the rest of the section, we will 635 

assume 𝑐 =  𝑘 − 𝑠 + 1 is odd, so ⌈
𝑐

2
⌉ =

𝑐+1

2
. 636 

Let 𝐴(𝑖, 𝑗) be the random variables as defined before. Let 𝐽(𝑖) be the indicator random 637 

variable for if the 𝑖th k-mer is selected on 𝑆 as an open syncmer, and 𝐽′(𝑗) similarly for the 𝑗-th k-638 

mer on 𝑆′. We now wish to calculate 𝔼[𝐽(𝑖)𝐽′(𝑗)𝐴(𝑖, 𝑗)], the probability that a k-mer match exists 639 

and the k-mer is an open syncmer. 640 

Lemma 10. If 𝑖 =  𝑗, then 𝔼[𝐽(𝑖)𝐽′(𝑗)𝐴(𝑖, 𝑗)] =
(1−θ)𝑘

𝑐
. Otherwise, 𝔼[𝐽(𝑖)𝐽′(𝑗)𝐴(𝑖, 𝑗)] =

1

𝑐σ𝑘. 641 

Proof. If 𝐴(𝑖, 𝑗) = 1, then the 𝑖-th k-mer and 𝑗 −th k-mer are the same. If a k-mer is selected as an 642 

open syncmer on 𝑆, it must also be selected on 𝑆′, so 𝔼[𝐽(𝑖)𝐽′(𝑗)𝐴(𝑖, 𝑗)|𝐴(𝑖, 𝑗) = 1] = 𝔼[𝐽(𝑖)] =
1

𝑐
. 643 

𝐴(𝑖, 𝑗)  and 𝐽(𝑖)  are independent because we assume the random ordering for the s-mers is 644 
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independent of the random mutations. Using the law of total expectation and Theorem 4 gives 645 

the result for both cases. 646 

Definition 5. We will replace all random variables involving anchors and matches with a 647 

superscript ∗ to indicate sketched seeds, e.g. 𝐴(𝑖, 𝑗)∗ = 𝐴(𝑖, 𝑗)𝐽(𝑖)𝐽′(𝑗), 𝑀∗, 𝑁𝑆
∗, 𝑁𝐻

∗ , etc. 648 

Corollary 4. The expected total number of anchors after applying open syncmer seeds with 649 

density 
1

𝑐
 is  650 

𝔼 [∑ 𝐴(𝑖, 𝑗)∗

𝑖,𝑗

] =
1

𝑐
(𝑛(1 − θ)𝑘 + 𝑚(𝑛 − 1)

1

σ𝑘
). 651 

The above follows directly from Lemma 10. As expected, subsampling to a 
1

𝑐
 fraction of 652 

the k-mers gives 
1

𝑐
 expected hits. Note the important property of context independence used in 653 
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the proofs: if 𝐴(𝑖, 𝑗) = 1, then 𝐽(𝑖) = 𝐽′(𝑗). This property is not satisfied if one were sampling k-654 

mers randomly or using minimizers (Roberts et al. 2004). 655 

 We now deduce the sketched moment bounds on 𝑁∗: 656 

Lemma 11. The variance 𝑉𝑎𝑟(𝑁𝑆
∗) can be upper bounded by 

1

𝑐
8𝑘2𝑚𝑛1−𝐶. Furthermore, 𝔼[𝑁𝐻

∗2] ≤657 

1

𝑐
2𝑚𝑘(1 − θ)𝑘 +

1

𝑐2 𝑚2(1 − θ)2𝑘 and 𝔼[𝑁𝐻
∗ 𝑁𝑆

∗] ≤
1

𝑐
4𝑘

𝑚𝑛

σ𝑘 +
1

𝑐2 𝑚2𝑛(1 − θ)𝑘 1

σ𝑘. 658 

Lemma 12 (F1*). Pr (𝑁𝑆
∗ ≥

1

𝑐
𝑚𝑛1−𝐶 + √

8

𝑐
𝑘𝑚1/2𝑛1−𝐶/2) ≤

1

𝑛
 659 

The sketched moment bounds allow us to start re-analyzing the crucial propositions in 660 

subsection “Proof of non-sketched main result” but in the context of sketching. The first main 661 

result is that sketching reduces the chaining time as one would expect. 662 

Theorem 8. Under the same assumptions as in Theorem 6, letting 𝑁∗ be the total number of 663 

sketched k-mer anchors, the expected chaining time is 𝑂(𝔼[𝑁∗ log 𝑁∗]) = 𝑂 (
1

𝑐
𝑚𝑛−𝐶α log 𝑚). 664 

The second result we wish to highlight is the new bound on extension runtime through 665 

homologous gaps. 666 

Lemma 13. The expected runtime of sketched extension through the homologous gaps in an 667 

optimal chain is 𝔼[𝑇𝐸𝑥𝑡
𝐻∗ ] = 𝑂 (𝑚𝑖𝑛 (

1

𝑐2 𝑚𝑛𝐶α log3(𝑛) , 𝑐 ⋅ 𝑚𝑛𝐶α log n)) . If 𝑐 = Θ(log 𝑛)  then 668 

𝔼[𝑇𝐸𝑥𝑡
𝐻∗ ] = 𝑂(𝑚𝑛𝐶α log 𝑛). 669 

It will turn out that in the sketched case, extension over homologous gaps also dominates 670 

runtime. Since we sketch with density 
1

𝑐
, this result states that we can sketch with decreasing 671 

density and have the same asymptotic extension time as without sketching, which is surprising. 672 

The crucial fact we use in the proof of Lemma 13 is Theorem 7, which shows that open syncmer 673 

seeding weakens the k-dependence of the seeds since they are now at least (𝑐 + 1)/2 bases 674 
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apart. This tightens the bound in Theorem 7 and also shows that the sketched maximum 675 

homologous gap size is Θ(𝑔(𝑛)), with 𝑔(𝑛) as in Lemma 6. 676 

If we used other methods such as closed syncmers (Edgar 2021) or FracMinHash (Irber 677 

et al. 2022; Hera et al. 2022), then we would recover the 𝑂(𝑐 ⋅ 𝑚𝑛𝐶α log 𝑛) result in Lemma 13 but 678 

not the 𝑂 (
1

𝑐2 𝑚𝑛𝐶α log3(𝑛)) result. Thus, we have saved a  𝑙𝑜𝑔 factor by using open syncmers 679 

when we let 𝑐 = Θ(log 𝑛). The bulk of Section E in the Supplemental Materials is dedicated to 680 

proving Lemma 13. 681 

The key quantities used for the rest of the proofs are 𝑁𝑆
∗ and 𝑔′(𝑛), the new maximum 682 

homologous gap size. We will prove 𝑔′(𝑛) = Θ(𝑔(𝑛)) with 𝑔(𝑛) as in Lemma 6, so the only 683 

asymptotic difference in these bounds is a factor of 
1

√𝑐
 in 𝑁𝑆

∗. Since we want 𝑁𝑆
∗ to be small, this 684 

does not affect downstream analysis. It follows that the proofs of the rest of the lemmas in 685 

subsection “Proof of non-sketched main result” can be replicated almost verbatim. We give a 686 

sketch of these proofs in the Supplemental Materials. 687 

Software availability 688 

Scripts for regenerating the simulated experiments are available at 689 

https://github.com/bluenote-1577/basic_seed_chainer/. The aligner used for the real nanopore 690 
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experiments is available at https://github.com/bluenote-1577/sce-aligner/ along with scripts for 691 

regenerating figures. All scripts are also available as Supplemenal Code. 692 
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