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Statistical Methods for Gene Map
Construction by Fluorescence in
Situ Hybridization
Sun-Wei Guo'® and Wendy L. Flejter?

1Department of Biostatistics, School of Public Health, University of Michigan, Ann Arbor, Michigan
48109-2029; *Department of Pediatrics, University of Utah, Salt Lake City, Utah 84132

Fluorescence in situ hybridization (FISH) provides an efficient and powerful technique for ordering loci both
on metaphase chromosomes and in less condensed interphase chromatin. Two-color metaphase FISH can be
used to order pairs of loci relative to the centromere; two- and three-color interphase FISH can be used to
accurately order trios of loci spaced within |1 Mb relative to one another. Loci separated by a distance >1-2
Mb exhibit chromatin loops that often give rise to a statistically significant but incorrect order. We derive
Bayesian methods for selecting the best locus order based on microscopic evaluation for each of these types
of FISH mapping data. We then describe how the results from several two- and three-locus analyses can be
combined to evaluate the approximate posterior probability of a given multilocus order within the limits of
the technology utilized. These methods directly address the question of interest: What is the probability that
the inferred two-, three-, or multilocus order actually is correct? We illustrate our analysis methods by
applying them to previously described FISH mapping data of 14 markers in the BRCAI region on
chromosome 17q12-q21. We also propose design strategies to order a group of closely spaced (<1 Mb) loci, two
and three loci at a time, using a bisection strategy for two-color FISH data and a trisection strategy for
three-color FISH data. These strategies have the best worst-case performance for ordering a new locus relative
to a group of ordered loci and are nearly optimal for ordering a group of loci of unknown order. These, in
conjunction with physical mapping strategies, provide efficient and reliable methods for gene map

construction by FISH.

Identification of disease genes typically involves
multiple steps. First, the gene is localized, by link-
age analysis, to a specific chromosomal region,
often flanked by two markers. Second, the region
is saturated with additional markers to confirm
and more closely localize recombinations and to
develop a well-ordered physical map with over-
lapping contigs of YAC and cosmid clones. Fi-
nally, a number of complementary methods may
be used to positionally clone the mutant gene of
interest (Collins 1992).

One challenging aspect leading to the con-
struction of a contig map is the ordering of mul-
tiple overlapping clones. The availability of se-
quence-tagged sites (STSs) (Olson et al. 1989) has
made this procedure easier, providing a means to
develop physical maps of entire chromosomes
(Chumakov et al. 1992; Foote et al. 1992; Hudson
et al. 1995). However, other methods for ordering
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a limited number of gene sequences and probes
have also been developed. Radiation hybrid map-
ping (Cox et al. 1990; Boehnke et al. 1991) is one
approach to order closely linked probes. Fluores-
cence in situ hybridization (FISH) has also
emerged as an important approach for this pur-
pose (Trask 1991b; Flejter et al. 1993; Wilke et al.
1994), although it has many other applications as
well.

FISH involves the formation of a heterodu-
plex between DNA probes and chromatin targets
on a microscope slide; the probes are visualized
with fluorescent reporter molecules (Brandriff et
al. 1991; Trask 1991a). Given the availability of
fluorescent probe-labeling systems and detection
reagents, FISH provides a means for the rapid lo-
calization of DNA segments to a specific chromo-
somal region in the absence of a long-range
physical map.

The positions of single-copy DNA sequences,
cloned in the form of YACs or cosmids, can be
ordered efficiently with respect to metaphase
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chromosomes with a resolution of >1 Mb (Trask
et al. 1991a). To order sequences at a higher level
of resolution (0.5-1 Mb), probes can be hybrid-
ized in situ to somatic or pronuclear interphase
nuclei, where the chromatin is further stretched
(Lawrence et al. 1990; Brandriff et al. 1991; Trask
1991a). As a result, markers can be ordered at a
level of resolution intermediate between other
mapping techniques such as genetic linkage
analysis and restriction mapping. The use of FISH
in gene mapping has increased rapidly in recent
years (Lichter et al. 1990; Brandriff et al. 1991,
1992; Lebo et al. 1991; Barnes et al. 1992; Trask et
al. 1992; Flejter et al. 1993; Wilke et al. 1994).

Although a variety of different experimental
approaches can be used for gene mapping by
FISH, in this paper we concentrate primarily on
two situations: metaphase mapping of two
probes relative to the centromere, where each
probe is labeled by a different fluorochrome, and
interphase mapping of three probes, where,
again, each is labeled by a different fluoro-
chrome. We also consider interphase mapping of
three probes with two colors, two loci labeled
with one color and one with another. In what
follows, we refer to these as the two-color, three-
color, and two-color-three-locus problems, re-
spectively. In the Discussion, we describe modi-
fications to allow for the analysis of multicolor
FISH data.

For any mapping experiment, random noise
(for metaphase mapping) or uncoiling and en-
tangling or looping of the chromatin (for inter-
phase mapping) can result in an apparent locus
order different from the true locus order. Previ-
ous studies have shown that interphase mapping
distance is most useful for estimating genomic
separations <1 Mb (Trask 1991b; Trask et al.
1991a; Yokota et al. 1995). Therefore, a priori in-
formation regarding probe distance by restriction
mapping, pulse-field electrophoreses, or some
other mapping strategy should be considered in
probe selection. In the absence of such informa-
tion, probe distance can, in some cases, be esti-
mated by metaphase FISH. For example, combi-
nations of probes that cannot be resolved on
standard or high-resolution chromosome prepa-
rations are likely to be ordered by interphase FISH
with relatively high accuracy. Because replicate
scorings are made and all possible orders are com-
patible with the observations, statistical infer-
ence of the locus order is necessary. Intuitively,
within the limits of technology, the most likely
locus order is the one that occurs most frequently
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in a set of metaphase or interphase cells scored.
Given this, what we truly require is a method to
evaluate the probability that the most frequent
order is the correct order, given the data. For
analysis of two-color mapping data, Trask et al.
(1991a) proposed a large sample Z-test. Unfortu-
nately, that test cannot be generalized to analyze
data for three-color experiments. Moreover, the
Z-test is a fixed-sample significance test, which is
not valid if data are accrued in a sequential fash-
ion. At best, the Z-test provides an answer to the
question: Upon repeated sampling, how often
would the two-locus order inferred in this way be
correct? The Z-test cannot answer the more rel-
evant question: What is the probability that the
inferred two-, three-, or multilocus order actually
is correct?

In this paper we derive statistical methods to
answer this question. First, we derive a statistical
method to evaluate the uncertainty in selecting
the best order for the two-color, three-color, and
two-color-three-locus problems. Second, we de-
rive a method to evaluate the probability for a
given multilocus order constructed through a se-
quence of two-color, three-color, and two-color-
three-locus FISH experiments using sets of probes
that lie within the limits of resolution for meta-
phase and interphase FISH mapping. Finally, in
the realm of experimental design, we propose bi-
section and trisection strategies for ordering sets
of loci using the minimum number of two-color
and three-color FISH mapping experiments.

We have written a set of computer programs
in C called FISHMAP to carry out the analyses
described in this paper. FISHMAP is available free
of charge from the first author, either through
e-mail from swguo@sph.umich.edu or upon re-
ceipt of a 3%-inch diskette formatted for an IBM
PC or compatible, along with a self-addressed
mailer.

RESULTS

We applied the proposed methods to two- and
three-color mapping data on 15 markers on chro-
mosome 17q (Flejter et al. 1993). Twelve two-
color and 12 three-color FISH experiments were
performed. Rather than using a bi- or trisection
strategy, an ad hoc strategy was used in choosing
the loci for each experiment. The data are sum-
marized in Table 1 for two-color metaphase map-
ping data and in Table 2 for three-color inter-
phase mapping data. Because in no experiment
was the order of PPY and p131 resolved, these
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Table 1. Posterior Probabilities and Z-test Results for Two-locus Metaphase FISH Data
No. Data P(RIn) ¥4 P Best order®
1 22 2 0.999990 4.08 .00005 TOP2-RNU2
2 18 2 0.999889 3.58 .00035 RNU2-PPY/p131
3 34 0 1.000000 5.83 .00000 GAS-PPY/p131
4 14 0 0.999969 3.74 .00018 PPY/p131-WNT3
5 6 4 0.725586 0.63 .52709 PPY/p131-EPB3
6 20 6 0.997038 2.75 .00604 17HSD-EPB3
7 20 1 0.999995 4.15 .00003 17HSD-PPY/p131
8 20 0 1.000000 4.47 .00001 17HSD-MFD188
9 32 0 1.000000 5.66 .00000 PPY/p131-MFD188
10 18 2 0.999889 3.58 .00035 EPB3-MFD188
11 20 2 0.999967 3.84 .00012 MFD188-WNT3
12 33 3 1.000000 5.28 .00000 MFD188-GP3A

From Flejter et al. (1993).

*The best locus order is arranged from left to right, proximal to distal.

two loci will be regarded in what follows as a
single locus, designated as PPY/p131.

Table 1 presents posterior probabilities and,
for comparison purposes, Z-test results for meta-
phase data, along with the best orders. Although
high posterior probabilities are in general associ-
ated with small P values, the interpretations of
the two procedures are completely different. For
example, given data m = (18,2), P(R;In) =
0.999889, Z = 3.578, P = 0.000347. P(R,In) is the
posterior probability that the selected order is
correct. The P value, however, is the probability

that one observes n, =2 or more extreme cases:
(19,1) and (20,0) or (2,18), (1,19), and (0,20).
Table 2 shows the posterior probabilities and
the best locus orders for the three-color inter-
phase data. On the basis of these results and pre-
viously published data (Fain 1992) that suggest
the order cen-WNT3-HOX2-tel, Flejter et al.
(1993) concluded that the best locus order for the
15 loci is: cen-THRA1-TOP2-GAS-OF2-17HSD-
248yg9-RNU2-OF3-PPY/p131-EPB3-MFD188-
WNT3-HOX2-GP3A-tel, which we represent nu-
merically in Figure 1 as 1-2-3-4-5-6-7-8-9-10-

Table 2. Posterior Probabilities Three-locus Interphase FISH Data

No. Data P:(RIn) P:(RIn) Best order

1 15 3 2 0.999719 0.997164 GAS-TOP2-THRA1

2 19 21 0.999999 0.999929 TOP2-GAS-17HSD

3 14 20 0.999982 0.998796 17HSD-Of2-GAS

4 20 8 6 0.995919 0.985402 RNU2-OF2-GAS

5 14 3 1 0.999758 0.995993 GAS-17HSD-RNU2

6 18 2 2 0.999993 0.999780 RNU2-248yg9-17HSD

7 23 20 1.000000 0.999995 PPY/p131-RNU2-17HSD

8 27 30 1.000000 0.999998 PPY/p131-OF3-RNU2

9 17 21 0.999996 0.999761 OF3-PPY/p131-EPB3
10 9 31 0.984101 0.949588 EPB3-PPY/p131-RNU2
11 12 7 6 0.829697 0.816252 PPY/p131-EPB3-MFD188
12 16 3 2 0.999879 0.998361 WNT3-HOX2-GP3A

models, respectively.

From Flejter et al. (1993). P(RIn) and P;(RIn) are posterior probabilities calculated for the equal and general error probability
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Figure 1 The locus order determined by 24 FISH experiments and one external result (Flejter et al. 1993). The
gi's are posterior probabilities from two-color metaphase FISH experiments (Table 1), and the p/s are posterior
probabilities from three-color interphase FISH experiments (Table 2). P denotes a result from an external data
source (Fain 1992). Numerical representations of the 14 loci are given under the locus names.

11-12-13-14. Figure 1 depicts the locus order,
along with the posterior probabilities conditional
on the two- and three-color FISH data. Note that
if the order cen-WNT3-HOX2-tel had not been
determined previously, there would be two
equally plausible orders: the one specified previ-
ously and the other identical to it but with
WNT3-HOX2~GP3A inverted.

To allow an explicit comparison of complete
enumeration and simulated annealing, we first
used both methods for 12 loci, discarding loci
HOX2(13) and GP3A(14), and two-color experi-
ment 12 and three-color experiment 12. Under
the general error probability model, complete
enumeration and summation over all locus or-
ders yields a posterior probability of 0.972 for the
best order, whereas simulated annealing and
summation over the 200 best identified orders
gives 0.976 (Table 3). The upper and lower panels
of Table 3 give the 20 best locus orders by com-
plete enumeration and simulated annealing, re-
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spectively. The numbers in the odds ratio column
give the ratios of the probabilities of the best lo-
cus order and other nearly best locus orders. It
can be seen that, although the 20 best locus or-
ders are different, simulated annealing was able
to identify the 13 best locus orders and resulted
in similar posterior probabilities for the same or-
ders. Complete enumeration and simulated an-
nealing required ~31 hr and 52 min on a SUN
SPARC2 workstation, respectively. The equal er-
ror probability model gave similar results (data
not shown).

Table 4 lists the 10 best orders identified by
one run of simulated annealing using all 24 FISH
experiment results but not the published result
(Fain 1992). Although the 10 best locus orders are
slightly different under the equal and general er-
ror probability models, both models demonstrate
that there are two equally best orders, as ex-
pected. Each of these analyses required ~50 min
on our SUN SPARC 2.
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Table 3. Twenty Best Locus Orders for 12 Loci Under the General Error Probability Model

No. Order P(R|n) Odds ratio
1 1 2 3 4 5 6 7 8 9 10 1 12 .9723 1
2 2 1 3 4 5 6 7 8 9 10 11 12 .0021 454
3 2 3 4 5 6 7 8 9 0 11 1 12 .0021 454
4 2 3 1 4 5 6 7 8 9 10 1 12 .0021 454
5 2 3 4 5 6 7 1 8 9 10 11 12 .0021 454
6 2 3 4 5 6 1 7 8 9 10 11 12 .0021 454
7 2 3 4 5 1 6 7 8 9 10 11 12 .0021 454
8 2 3 4 5 6 7 8 1 9 10 11 12 .0021 454
9 2 3 4 5 6 7 8 9 1 10 1 12 .0021 454

10 2 3 4 1 5 6 7 8 9 10 1 12 .0021 454

11 2 3 4 5 6 7 8 9 10 1 11 12 .0021 454

12 2 3 4 5 6 7 8 9 10 1 12 1 .0021 454

13 1 2 3 5 6 4 7 8 9 10 11 12 .0011 851

14 1 2 3 5 4 6 7 8 9 10 11 12 .00M 851

15 1 2 3 4 6 5 7 8 9 10 11 12 .0001 9071

16 1 2 3 4 5 7 6 8 9 10 11 12 .0001 9071

17 1 2 3 6 5 4 7 8 9 10 11 12 .0001 9071

18 1 6 2 3 4 5 7 8 9 10 11 12 .0001 9071

19 6 1 2 3 4 5 7 8 9 10 1 12 .0001 9071

20 1 2 3 4 5 7 8 6 9 10 1 12 .0001 9071
1 1 2 3 4 5 6 7 8 9 10 11 12 9761 1
2 2 3 4 5 6 7 8 9 10 11 12 1 .0022 454
3 2 3 4 5 6 7 8 9 10 11 1 12 .0022 454
4 2 3 4 5 6 7 8 9 10 1 1 12 .0022 454
5 2 1 3 4 5 6 7 8 9 10 11 12 .0022 454
6 2 3 4 5 6 7 8 9 1 10 1 12 .0022 454
7 2 3 4 5 6 7 1 8 9 10 1 12 .0022 454
8 2 3 4 5 1 6 7 8 9 10 11 12 .0022 454
9 2 3 4 1 5 6 7 8 9 10 1 12 .0022 454

10 2 3 1 4 5 6 7 8 9 10 11 12 .0022 454

11 2 3 4 5 6 7 8 1 9 10 11 12 .0022 454

12 2 3 4 5 6 1 7 8 9 10 11 12 .0022 454

13 3 4 5 6 2 7 8 9 10 11 12 1 .0000 95675

14 3 4 5 6 2 7 8 9 10 11 1 12 .0000 95675

15 3 4 5 2 6 7 8 9 10 11 12 1 .0000 95675

16 3 4 2 5 6 7 8 9 10 11 12 1 .0000 95675

17 3 4 5 2 6 7 8 9 10 1 11 12 .0000 95675

18 3 4 2 5 6 7 8 9 10 1 11 12 .0000 95675

19 3 4 2 5 6 7 8 9 10 11 1 12 .0000 95675

20 3 2 4 5 6 7 8 9 10 11 1 12 .0000 95675

that for other nearly best locus orders.

The upper and lower panels list results from complete enumeration and simulated annealing, respectively. K = 200 is used for
simulated annealing to estimate the posterior probabilities. The odds ratio compares the probability of the best locus order with

To mimic a highly reliable result from an ex-
ternal source that essentially forces the order
cen-WNT3-HOX2 (cen-12-13), we assigned
a two-color FISH result of (34, 0) for loci 12
and 13; this translates to a posterior probability
of 1.000000 for the order cen-12-13. We then

used simulated annealing again to identify the
best locus orders. The results (Table 5) show that,
when the external information is incorporated,
both models suggest that the posterior probabil-
ity of the inferred locus order is substantially
>0.99.
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Table 4. Ten Best Locus Orders for 14 Loci Identified by Simulated Annealing

No. Order P(R|n) Odds ratio
1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 49774 1
2 1 2 3 4 5 6 7 8 9 10 11 14 13 12 .49774 1
3 2 3 1 4 5 6 7 8 9 10 11 14 13 12 .00110 454
4 2 1 3 4 5 6 7 8 9 10 11 12 13 14 .00110 454
5 2 3 4 1 5 6 7 8 9 10 11 12 13 14 .00110 454
6 2 3 1 4 5 6 7 8 9 10 11 12 13 14 .00110 454
7 3 4 5 6 2 1 7 8 9 10 11 14 13 12 .00001 95675
8 3 4 5 2 6 1 7 8§ 9 10 11 14 13 12 .00001 95675
9 3 4 5 6 2 7 1 8 9 10 11 12 13 14 .00001 95675

10 3 4 2 5 6 1 7 8 9 10 11 14 13 12 .00001 95675
1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 49968 1
2 1 2 3 4 5 6 7 8 9 10 11 14 13 12 .49968 1
3 1 2 3 13 4 5 6 7 8 9 10 N 14 12 .00003 18136
4 1 13 2 3 4 5 6 7 8 9 10 11 14 12 .00003 18136
5 1 2 3 4 5 6 7 13 8 9 10 11 14 12 .00003 18136
6 1 2 3 4 13 5 6 7 8 9 10 11 12 14 .00003 18136
7 1 2 3 4 5 6 7 8 9 10 13 11 14 12 .00003 18136
8 1 2 3 4 5 6 13 7 8 9 10 11 12 14 .00003 18136
9 1 2 3 4 5 6 7 8 9 13 10 11 12 14 .00003 18136

10 1 2 3 4 5 13 6 7 8 9 10 11 14 12 .00003 18136

The upper and lower panels list results under the general error probability model and equal error probability model, respectively.

K = 200 is used in all computations.

DISCUSSION

We have presented Bayesian statistical methods
for selecting the best locus order for two-color
and three-color FISH mapping experiments and
for evaluating the posterior probability of a mul-
tilocus map constructed using FISH data. These
methods have several important advantages. First
and most important, for individual mapping ex-
periments or for complete maps in which the
number of loci to order is not too large, these
methods directly address the question of interest:
What is the probability that a particular locus
order is correct? This answer is more readily in-
terpretable than a P value, which relies on the
ideas of more extreme results and repeated sam-
pling; for example, for two-color data, the poste-
rior probability of choosing one particular order
without data [i.e., m =(0,0)] P(Rjn) = 2, which
agrees with common sense. (Note that Z is unde-
fined in this case.) For n = (m,m), where m is any
positive integer, P(Rjn) = 2 again agrees with
common sense. (Note that Z=0, P=1.) Similar
cases can be also observed for three-color data.
Even for very large numbers of loci, an evaluation
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of the odds ratio between the best and next-best
locus orders can be obtained straightforwardly.

Second, these methods can answer the locus-
orientation question solely on the basis of the
evidence at hand or by incorporating prior infor-
mation regardless of how the experiments are
conducted, as demonstrated by our chromosome
17 example. Third, the analysis for individual ex-
periments are computationally straightforward,
although combining experimental results to ob-
tain evidence for an entire map can be time con-
suming if the number of loci is large.

We also have presented a bisection strategy
for map construction by two-color metaphase ex-
periments and a trisection strategy for map con-
struction by three-color FISH experiments. For
placing a new locus in an existing map, both
have the best worst-case performance in their ap-
plication range. The sequential versions of the bi-
and trisection strategies are nearly optimal when
used to build a map from a set of unordered loci.

Note that modest redundancy in nonoptimal
designs is sometimes desirable. We point out that
the proposed design strategy conflicts in no way
with the redundancy principle. The bi- and tri-
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Table 5. Ten Best Locus Orders for 14 Loci Identified by Simulated Annealing Using 24 FISH
Experiments and One External Result
No. Order P(R|n) Odds ratio
1 1 2 3 4 5 6 7 8 9 10 M 12 13 14 99839 1
2 1 2 3 5 4 6 7 8 9 10 1 12 13 14 .00117 851
3 6 1 2 3 4 5 7 8 9 10 M1 12 13 14 .00011 9071
4 1 6 2 3 4 5 7 8 9 10 1M 12 13 14  .00011 9071
5 1 2 6 3 4 5 7 8 9 10 1 12 13 14 .00011 9071
6 1 2 3 6 4 5 7 8 9 10 11 12 13 14 .00011 9071
7 2 6 1 3 4 5 7 8 2 10 11 12 13 14 .00000 4.1 x 10°
8 2 1 6 3 4 5 7 8 9 10 11 12 13 14 .00000 4.1 x 10°
9 2 6 3 1 4 5 7 8 9 10 11 12 13 14 .00000 4.1 x 10°
10 2 6 3 1 5 4 7 8 9 10 11 12 13 14 .00000 3.5 x 10°
1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 99801 1
2 2 3 4 5 6 7 8 9 10 11 1 12 13 14 .00015 6524
3 2 3 4 5 6 7 8 9 10 1 11 12 13 14 .00015 6524
4 2 3 4 5 6 7 8 9 1 10 M1 12 13 14 .00015 6524
5 2 3 4 5 6 7 8 1 9 10 M1 12 13 14 .00015 6524
6 2 3 4 5 6 7 8 9 10 Mn 12 1 13 14 .00015 6524
7 2 3 4 5 6 7 8 9 10 M 12 13 1 14 .00015 6524
8 2 3 4 5 6 7 8 9 10 N 12 13 14 1 .00015 6524
9 2 3 4 5 6 7 1 8 9 10 M1 12 13 14 .00015 6524
10 2 3 4 5 6 1 7 8 9 10 11 12 13 14 .00015 6524
The upper and lower panels list results under the general error probability model and equal error probability model, respectively.
K =200 is used in all computations.

section strategies have the best performance in
the worst-case scenario, which means that, in most
cases, the strategy is somewhat redundant. We
also point out that the noninformative prior as-
sumption provides some redundancy, as it yields
slightly conservative results.

For three-color mapping experiments, there
are three possible locus orders, two of which are
incorrect. We have considered two models in this
situation: One that assumes the probability of in-
correctly observing these orders is the same and
the second that allows these probabilities to dif-
fer. Because the distances between loci generally
will be different, we would expect the corre-
sponding error probabilities also to be different.
This makes the general error probability model
more reasonable, and we regard it as the model of
choice.

Given two- and three-color mapping, we
might consider more general k-color mapping
(k > 3). Multiple colors now are possible, and the
statistical methods we have described easily can
be generalized to any number of colors k. How-
ever, both experimental and statistical consider-

ations suggest that going much beyond three loci
is unlikely to be profitable. First, as the number of
loci increases, so too do the number of unscor-
able observations. Even for three-color mapping
experiments, typically 20-30% of observations
cannot be unequivocally scored. Second, as the
number of loci k increases, the number of locus
orders k! or k!/2 increases much more rapidly, so
that substantially larger numbers of scorable ob-
servations are required to infer a locus order.
Third, larger numbers of loci result in an increase
in the cost of each experiment.

Throughout the paper we have assumed that
the true locus order is the one observed most fre-
quently. In other words, random errors in scoring
have been assumed. This may not be always true,
as observed by Yokota et al. (1995), who reported
that nonrandom loops and folds in interphase
chromatin give rise to a most frequently observed
but wrong order. Obviously, our method will not
be applicable to this situation. The correspon-
dence between a statistically significant inter-
phase order and genomic order depends on the
nature of DNA folding within the interphase
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nucleus. However, for loci spaced within 1 Mb,
our assumption seems to be valid (Trask 1991b;
Trask et al. 1991a; Yokota et al. 1995).

We also have assumed a noninformative
prior for the error rates in the probability calcu-
lations. Although the noninformative prior is un-
likely to be true in reality and, in principle, one
can, at the cost of numerical complexity, use
some informative prior and incorporate it in the
probability calculation, there is no guarantee that
the informative prior used will be true for all ex-
periments and, as a consequence, will be ac-
cepted by all investigators. Furthermore, use of
informative priors will make even approximate
evaluation of the posterior probability of a map
intractable as equation 11 holds only when a
noninformative prior is assumed.

Because in most cases the error rates are quite
small, the use of a noninformative prior tends to
be conservative, which may be desirable in prac-
tice. The use of noninformative prior is consis-
tent with the philosophy of ““not putting all one’s
eggs into a single basket.” There are four addi-
tional points that support using a noninforma-
tive prior. First, a locus order, once established
with high confidence and confirmed by other in-
dependent groups, will become a consensus or-
der and is unlikely to be investigated further, un-
less there is strong evidence against it. As a result,
the data at hand often will not be sufficient to
construct a prior distribution. Second, use of a
noninformative prior will protect against incon-
sistencies owing to use of different priors, as the
error rate is likely to be different for different labs.
Third, use of noninformative prior requires mini-
mum human intervention and greatly simplifies
computation, which is crucial for a procedure to
be followed strictly in practice. A complicated
statistical procedure, however elegant and cor-
rect, is prone to human errors and is less likely to
be used. Fourth, use of a noninformative prior is
actually consistent with the conditional frequen-
tists’ philosophy that makes inference condi-
tional on data (Berger 1985; Berry 1987).

Van den Engh et al. (1992) proposed to order
loci and estimate physical distances between
them from two-locus FISH mapping data in the
context of a random walk polymer-chain model.
Their idea is simple yet innovative. Swollen and
immersed in a solution, the chromatin that har-
bors two loci, A and B, n bp away, resembles very
much a polymer chain. Furthermore, immobi-
lized and measured on a microscope slide, the
distribution of the the physical distance between
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A and B is the same as that of the distance be-
tween two end points of the chain projected onto
a random plane. This problem has been well stud-
ied (e.g., see Flory 1989). As long as one knows
the projected unit length on the microscope slide
for a single base pair, which can be, in principle,
measured through experiments, the length of the
physical distance between A and B can be esti-
mated from two-locus FISH data. By analogy in
the three-locus case, if one knows the joint dis-
tribution of three sides of the triangle, projected
from a three-dimension space onto a random
plane, with vertices A4, B,, and C, one also can
estimate the genomic distances between loci A, B,
and C and hence, infer the order of the loci. Un-
fortunately, finding this distribution is not a
trivial problem.

Intuitively, the probe-probe distance infor-
mation would be helpful to infer locus orders. In
some experiments, such distance information
might be available. Our proposed method retains
only the locus order information. This is, of
course, owing partly to our desire for mathemati-
cal tractability, and it may not be efficient. How-
ever, because the relationship between distance
and locus order has only been described empiri-
cally and is far from sufficient for modeling pur-
poses, incorporation of such information, it
available, into our method is extremely difficult,
if not impossible. Thus, taking the distance data
into account may have to await for more thor-
ough investigation of such a relationship.

In summary, we have developed Bayesian
statistical methods for the analysis of two- and
three-locus FISH mapping data and a method to
combine such results to calculate the posterior
probability of a multilocus order. We recom-
mend ordering genes by a bi- or trisection strat-
egy, for two-color or three-color mapping experi-
ments, respectively. These strategies, in conjunc-
tion with statistical methods proposed in this
paper, provide simple, efficient, and reliable
methods for gene map construction by FISH.

METHODS
Two-color Metaphase FISH Mapping

Suppose two loci, A and B, are to be ordered on metaphase
chromosomes with respect to a specific reference point,
usually the centromere. Using FISH, each probe is labeled
with a different fluorochrome. Owing to condensation of
the chromosome and the distance between the two
probes, the position of A relative to B can be scored as
proximal, distal, or even (that is, one on top of another or
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side by side). Let n,, n,, and n, be the numbers of such
observations, respectively. “Even’” observations do not
provide information on the order of A and B and are dis-
carded.

Three-color Interphase FISH Mapping

For a DNA segment containing three loci, A, B, and C,
there are total of 3 = 6 possible orders. Because in inter-
phase mapping there is no visible orientation along the
chromatin fiber, reversed orders such as ABC and CBA can-
not be distinguished. Thus, there are only 3!/2 = 3 distinct
orders. For notational convenience, we will denote these
three orders as ABC, BAC, and ACB, with the understand-
ing that, when orientation is considered, each represents
two equally likely locus orders, one being the reverse of the
other. Using three-color FISH, each locus is highlighted
with one of three colors, such as red, green, and orange.
Owing to randomness in chromatin structure, the appar-
ent order may be ABC, BAC, ACB, or uncertain. Let n,, n,,
n,, and n,, be the numbers of observations so scored. “Un-
certain’’ observations are discarded.

Two-color-Three-locus Interphase FISH Mapping

In contrast to three-color FISH mapping, now the three
loci are labeled with only two colors. Suppose B is labeled
in green and A and C are labeled in red. For all scorable
observations, there are two possible outcomes: either B is
flanked by A and C or B is to one side of A and C. The
former outcome implies the order ABC and the latter, de-
noted as (4,C)B, implies two equally probable orders, ACB
and BAC. We will let n, and n, be the numbers of obser-
vations so scored.

Statistical Methods for Selecting the Best
Locus Order

Because it is clear that we will select the locus order with
the largest number of observations as the most likely, the
real task is to quantify the degree of uncertainty in making
this inference. Statistically, the two- and three-color order-
ing problems are special cases of a more general problem of
selecting the most probable multinomial event, which has
been studied extensively (e.g., Alam 1971; Ramey and
Alam 1979). Methods to solve this problem generally as-
sume that the probability ratio comparing the most prob-
able outcome (correct locus order) with the next most
probable outcome is greater than some known constant
v > 1. The most efficient of these methods are sequential
(Alam 1971; Ramey and Alam 1979; Bechhofer and Golds-
man 1985), assuming that observations are obtained one
at a time. Unfortunately, one typically does not have de-
finitive knowledge about probability ratios before an ex-
periment. More fundamentally, because generating obser-
vations for map construction by FISH is substantially more
expensive than scoring them, a strategy based on scoring
one observation at a time is not practical.

Instead, we propose a Bayesian method. The method
can be further extended to approximate the posterior
probability of a locus order for a set of loci given a series of
data sets (see below).

MAP CONSTRUCTION BY FISH

Suppose that each scoring results in an explicit obser-
vation of one of k orderings, where k =2 for a two-color
experiment, k = 3 for a three-color experiment, and all in-
conclusive observations are excluded. Suppose, further-
more, we observe data m = (1,,...,7,). Without loss of gen-
erality, suppose n; = max(#n,,...,m). Naturally, one would
choose the corresponding order R, as most probable. Thus,
given n, we wish to evaluate the probability that the se-
lected order R, is the correct locus order. In statistical
terms, we want to evaluate P(R,|m). A priori, P(R;) = 1/k, for
1 < i< k. Hence, by Bayes’s theorem,

T3, PR

and the problem of evaluating the probability of correct
selection reduces to calculating the conditional probabil-
ity P(m|R) of the data m for a given order R.

Method for the Two—color Analysis

Let 6 be the probability of observing an incorrect order. If
we assume the true locus order is the most likely to be
observed, an assumption seems to hold well for loci spaced
within 1 Mb, 6 must satisfy 0 < 6 < ¥2. Given true order R,
and 6, m = (n,n,) is a sample from the binomial distribu-
tion
nl
P(n|R,,8) = PPN} (1-8)"6

where n=n, + n,.

Because 6 is unknown and varies from experiment to
experiment depending on experimental conditions and
the distances between the two loci, we assume that 6 is a
random variable uniformly distributed between 0 and Y.
This amounts to assigning a noninformative prior to .
Therefore, because

PRy = [ PnR,0) S(0)de,

f;/zu — By"o™dp
P(Rym) =

f ;/2(1 — §)™M8"d0 + f 0‘/ X1 - 6)"0™do

Jiyp M+ 1, m + 1)

(2)

Here J(m,n) = [3 "~ 1(1 — 0"~ 'dt is the incomplete beta
function, and B(m,n) = J;(m,n) is the (complete) beta func-
tion.

Although ], (m,n) can be evaluated by expanding
(1 = "~ for n> 1, the results may be numerically un-
stable for large n owing to underflow. To avoid this prob-
lem, we use the recursive formula:

- Bn,+1,n,+1)

1 " n-1 n-1
]x(m»n)zﬁx (I—X) +T}x(m+lln_1)
until n = 1. To evaluate ], (m,n) for m < n, note that

Jm,n) = B(m,n) ~ |,_(n,m).

GENOME RESEARCH @ 1141


http://genome.cshlp.org/
http://www.cshlpress.com

Downloaded from genome.cship.org on June 22, 2026 .

GUO AND FLBJTER

Method for the Three-color Analysis

Given three loci and three possible orders, there are
now two error probabilities, 6, and 8,. If we continue to
assume the true locus order is the most likely to be ob-
served, 6, and 6, must satisfy the constraint C: 0 < 6,,
6, <1 — 08, — 8, or equivalently,
C: 0<0,<1-20;, 0<0,<(1-86)2.

As for the two-color analysis, we assume that the error

probabilities are uniformly distributed on their set of pos-

sible values in S, where S. is the region satisfying con-
straint C. Thus, the joint density

6 if (6,,0,) €Sc.
fiby, 0 otherwise

&)

This amounts to assigning a noninformative prior to 6,
and 6,.

Given order R, and (6,,9,), n = (n,,n,,n53) is a sample
from the trinomial distribution

n!
- _ - 120l
- n1'n21n31 (1 el 92) el GZ

P(anuel/ez)
where n = n, + n, + n;. Therefore,

PR = 6 f( e, PALIRYS2,0)d61d0,

and

f P(n|R,,0,,8,)d8,d6,
(81,82)€Sc
P(Rym) = 4)

; f(el,ez)esc P(n|R;6,,8,)d0,d6,

If we define

o1y 13,m3) = f( s, (1= 00 = 027 03 07 o, o,

1y

m 1 _ ny—1 nhy .,y ahts
;,,(n ,),( 1) (el,e,]esc(l 0,)™ ! 05+ 67 do, do,

(fl/z (1-6,) 6’113“"1 dﬂl) de,

*21'(11 —1)'( I NCET N

Y2 (1-80) 4
( f " ot dez) e,

1y (1/2)m+1+1

B n,! ,
‘g;l!(nl T [n3+l+1h/3 (e + 1, m =1z +2)

(1/2 )nz+l+1

m]%(n3+1,n —n3+2)

(]/3)n2+l+1

—ml%(n3+l,n1 - l+1):|

and similarly define I(1,, n,, n3) and I(n3, n,, n,), then

I(ny,n,,n5)
I(ny,np,13) + l(np,nq,13) + I(n13,17,15)

P(R|m) = ®)

Alternatively, we could assume 6, = 9, = %2, where 8 is uni-
formly distributed on the interval O < 6 < %;. By an analo-
gous argument,
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02/3 (1 — 0y (9%)"~™ db
P(Rym) = (6)

% n; n-n;
; f03(1 — 0)™ (%)""de

2" ppn-ny+1,n,+1)
> 2 fapn—m+ 1, 4 1)
i

We refer to this latter model as the equal error probability
model in contrast to the previous general error probability
model.

Method for the Two~color—Three-locus Analysis

The general method for the three-color analysis can be
readily extended to deal with a two-color-three-locus ex-
periment. Consider again three loci, 4, B, and C, and sup-
pose a two-color-three-locus FISH experiment yields #, ob-
servations of ABC and n, observations of (4,C)B. Because
P(n|BAC) = P(m|ACB),

P(ABC|n) = B v
(ABCI) = 5 1ABC) + 2Pm[ACB) :
B P(m|ACB) 8

P(ACB|n) = P(BAC|m) = P(n|ABC) + 2P(n|ACB) ®)

Although orders ACB and BAC cannot be distinguished in
(A,C)B scorings because only two colors are being used, we
can still let the theoretical probabilities of observing ABC,
ACB, and BAC in one scoring be 6,, 8,, and 85, respectively,
if three colors were being used. To calculate P(n}ABC), no-
tice that, if ABC is the true order, 6, and 6 are error prob-
abilities, which implies the constraint D on 6, and 65

D: 0<0,<(1-63/2 0=<6;<(1l-0,y2.

Again, we assign a noninformative prior on (8,,85). Thus,
PmjABC) = [ oo PAUABC,0,05) f16,0:)d0,0,

n!
- 1-9,—
nyln,! f(ez,ej)esn( b

Using the change of variables s =6, + 83, t = 6, — 05 gives

n! .
:3—n1!n2! f(s,t)eTD.(l_s) s"edsdt
n! 1 S
3T !f (1 = sy (fsdt)ds

- 7'2 s ([ ad as

nl
=65 {4]1/2(n2+2 o+ 1)

63)™ (B, + 03)™ dB,d0;

P(n|ABC)

+ 2[12/3(;12 1, 4 1) = Jplny + 1, npr 1)]
30y + 2, + 1) ©)

where T = {(s,0):t>3s — 2,t<2 — 35, t <5, t= —5}.
Alternatively, if BAC is the true order, then 6, and 6,

are error probabilities subject to constraint C. Again as-

suming a noninformative prior for 8, and 6,, we have

n!

P(m|BAC) = f( .o, 11 (1= 1) f161,62)0,d6,

n,ln,!
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n!
=6 m {YoJis(n; + 1, ny + 2)
+ i+ 1, ny + 1) = Jis(ng + 1, 1+ 1)
=2J5(ny + 2, 1+ 1)+ 2J14(ny + 2, n, + 1)} (10)

By substituting equations 9 and 10 into equations 7
and 8, one can easily calculate the posterior probability for
a given locus order.

Evaluating the Posterior Probability of a Map

Given multiple loci, we often will carry out a sequence of
two- and three-color experiments to construct a map of all
the loci. We turn now to the problem of evaluating the
posterior probability of such a multilocus order given the
data. Suppose there are mloci A,, A,..., A,,. Suppose L FISH
experiments, E, E,,..., E;, are performed, yielding datan,,
n,,.., 0y, where n; = (n,..., 1), and k; = 2 or 3, depend-
ing on whether two- or three-color data are analyzed. Let §;
be the set of loci ordered in the ith experiment. Let Rbe a
multilocus order A;-A;-..—A; and let R A S be the order
that conforms to R but involves only the loci in §. For
example, if R = A;-A;-As-A;-A, and § = {A,, A3, A5}, RAS
denotes the order A;-As—A, or A,-As—Az. Butif § = {A,, Ag),
that is, if the data come from a two-color metaphase ex-
periment, R A § denotes the order As-A,, because the ori-
entation is known. Because orientation does matter for a
map, there are total of m possible orders. Suppose the data
n = (my,..., n;) suggest a map order:

Ry Aj-A,—...-A,

We want to calculate the posterior probability P(R,|m). By
Bayes’s theorem,

Pm|R,) PR,)  Pm|R,) PR;)

P(Ry|m) = —p o=

;} P(n[R) P(R)

Given L experiments E,..., E; and any map order R, in
general

L
Pm[R) = P, |R) [ [ PR, ny, ..., 1, y)
i=2

If we make the assumption that, given results m,...,n;
obtained through previous experiments Ej,..., E; _,, the er-
ror probabilities still have a noninformative prior, then
PR, n,,..., m;_,) = P(m,[R)). Obviously, this assumption
is correct when loci involved in experiment E; do not in-
clude any of the loci involved in the previous experiments
E,,..., E;_y; it is only approximately correct otherwise.
However, if the total number of loci is moderate or large,
say larger than five, this approximation should be good
because the number of possible map orders is so large that
modification of the prior owing to previous results will
have little impact. Furthermore, this assumption is consis-
tent with the noninformative prior assumption we made
in evaluating the posterior probability for a single two- or
three-color FISH experiment. In addition, because we are
primarily interested in posterior probabilities for those
most probable map orders, assuming the noninformative
prior throughout the experiments will generally make the
posterior probability conservative. This will be true if there

MAP CONSTRUCTION BY FISH

is a single order with which all experiments are consistent.
In that most important case, were we able to update the
prior information at each stage instead of assuming
P(m|Ry, my,...,m;_,) =P(m|R,), the overall most likely order
R; would be more strongly supported. Thus, the approxi-
mation will be conservative. In fact, it is more so when the
number of loci is moderate or large, because the informa-
tion on the map order that is contained in each single
experiment diminishes as the number of loci increases. In
cases where the data are equivocal, continuing to assume
Py R, n,,..., n;_;)=Pn,R,) will have little impact on
our conclusions, because equivocal data would only
slightly alter this calculation. In contrast, if the experi-
ments are contradictory, our strategy could result in a pos-
terior probability that is either too large or too small. How-
ever, in this situation, it is likely that we would carry out
additional experiments in an attempt to rectify the con-
tradictory data. Because P(R) = 1/m! for all orders R,
Since P(Ry|m) = &; for all orders R,

L

[T PonRy) PRy

i=1

P(Rm) =

m! L

> 11 PmjRr) PR)

=1 =1

L
[ Pir,y)
— v

m! L

> 11 pmyr)

=1 =1

Because the ith experiment involves only loci in §;
and, consequently, orders involving other loci are irrel-
evant to data n;,

L
[T PR, AS)
i-1

P(R|m) = (12)

m! L
i=1

PR, A S))

=1

To avoid possible underflow problems, equation 12 can be
rewritten as

P(Ry[m) = ——— (13)
;1 EP%
where
B P(ny|R; A S)) (14)

R[Ab‘ -
ERi,eOSY PRy

and Oy, is the set of k; orders for the loci in ;.

Equation 14 can be evaluated as before for two-color,
three-color, or two-color-three-locus mapping experi-
ments using equations 2 and 5-10.

Computations

For a modest number of loci m (say m < 12), it is feasible to
enumerate all m! locus orders and hence to identify the
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best locus order and to evaluate the denominator of equa-
tion 13. However, for larger m, explicit evaluation of all
locus orders is impractical. For example, if m =14, >87
billion orders would need to be considered, a daunting
task even for a fast workstation. Because for most locus
orders, posterior probabilities P(n|R) are negligibly small,
the denominator of equation 13 can be approximated ac-
curately by summing the probabilities of the K most likely
locus orders for some K. To identify these best orders when
m is large, we use simulated annealing (Kirkpatrick et al.
1983).

Simulated annealing is a technique for combinatorial
optimization for problems of very large scale. In simulated
annealing, we construct a Markov chain with m states,
each state corresponding to a specific locus order. For our
implementation of simulated annealing, we have chosen
as possible transitions m(m — 1)/2 two-locus exchanges of
the current locus order. For example, if we are in the state
corresponding to locus order 4-1-6-2-3-7-5, we may ex-
change the positions of two loci, 1 and 7, to yield the new
order 4-7-6-2-3-1-5. The two-locus exchange seems to
perform better in the current context than the block in-
version approach used by Press et al. (1989) and Boehnke
et al. (1991), in the sense that it finds the best locus orders
faster. A useful adjunct is to keep track of the K best orders
visited. In implementation, we use a starting temperature
of T=10,000 and a cooling schedule factor of 0.98. See
Press et al. (1989) for a detailed account of the implemen-
tation of the procedure.

Although simulated annealing does not guarantee
that the best locus orders will be identified, our experience
suggests that it generally finds not only the best locus or-
der but also sufficiently many of nearly-best orders that
the denominator in equation 13 can be well approxi-
mated. In general, we recommend carrying out simulated
annealing several times with different starting orders and
comparing the results. Our limited experience suggests
that K = 100 to 200 provides an accurate approximation to
the denominator of equation 13 and hence of the poste-
rior probabilities for the best locus orders.

Several comments on the evaluation of the posterior
probability of a map are in order. First, because

K L m! L
2 H Prrs, < 2 H Pras,

j=1 =1 =1 =

approximating the denominator of equation 13 results in
slightly inflated posterior probabilities. However, the odds
ratios P(R;lm)/P(R;|m) for locus orders R, and R; can be
easily calculated exactly, because

P(Rjn) P@m[R)/>,Pm[R) Pm|R)
PRn) " pm|R)/ >, Pm[R) P@R)

where

L L
PmiR) = [T PRy = [T P Rns),

which can be calculated exactly. In particular, if the two
best locus orders R, and R, are identified, the odds ratio
P(R,|m)/P(R,|m) gives useful information. Second, equa-
tion 13 or its approximation can be used to calculate the
posterior probability for any locus order whether or not
the data are sufficient to suggest a locus order. For ex-
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ample, suppose there are three loci, 4, B, and C, and a
two-color metaphase experiment yields data n = (n, 1,),
which gives P(ABm) = p, P(BAjm) = 1 — p. By equation 13,
P(ABC|n) = P(ACB|n) = P(CAB|n) = p/3, and P(CBA[n) =
P(BCA|n) = P(BAC|m) = (1 — p)/3, which agrees with com-
mon sense. Third, in situations in which the best locus
order is uncertain, information on the K best locus orders,
based on the current data, can be used to guide the choice
of loci to be included in future experiments.

Strategies for Ordering a Group of Loci

So far, we have focused on the analysis of FISH mapping
data. We next turn to issues of efficient experimental de-
sign. Given a group of m loci, we can use two- and three-
color experiments to build the overall locus order, two or
three loci at a time. For obvious reasons, one would like to
do so with minimum effort (but see Discussion). For two-
color mapping, we propose a bisection strategy to choose
the loci to include in each experiment, whereas for three-
color mapping, we propose a trisection strategy (Goradia
and Lange 1990). In what follows, we assume that each
hybridization yields an unequivocal order for a pair or trio
of loci.

A Bisection Strategy for Map Construction by
Two-color FISH

Consider first a group of m ordered loci labeled 1*, 2*,...,
m* in this order, proximal to distal. Suppose a new locus,
w*, is to be placed in this group. The bisection strategy
requires that the locus w* be compared with locus I* at
position I =[" Y, roughly the middle locus in the map,
where [x] denotes the integer part of x. This comparison
will place w* to either proximal or distal to I*. In either
case, roughly half of the map can be discarded and the
remaining half is bisected again. This process continues
until w* is placed in an interval (j*, (j+ 1)*), j=1,...,
m — 1, left of 1* or right of m*. Figure 2 depicts application
of the bisection strategy to order 12 loci.

Using the same argument as for the binary insertion
algorithm for sorting (Knuth 1973), it can be shown that
the bisection strategy has the best worst-case performance
of [log,m]+ 1 required experiments among all two-locus
strategies for ordering w* relative to a map of m loci.

To order a set of m unordered loci, we can use a se-
quential bisection strategy beginning with any two loci
and adding the remaining loci one at a time. The total
number B(m) of experiments needed to order m loci using
sequential bisection is no more than

m-1

B(m) = E {log, k1+ 1}
k=1

Using summation by parts (Knuth 1973),

m-2

B(m) = (m — 1flogy(m — ] - > k(flogy(k + 1)]
k=1

—[log, k) + (m — 1) = mllog,(m — 1)]

_ plloga(m=1}%1 o 1 1 q
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(1) Original set of ordered loci

| | | | | 1 I | | | |
I i T l I

lf
i 2 3 4 5 6 7 8 9 10 11 12
(2) Bisect the map of 12 loci into approximate halves.

| | | I | AV | | | |
I I [ { AT I I I 1
1

|
I
2 3 4 5 6 7 8 9 10 11 12

+

Use two-color FISH mapping to order loci 6 and w.
Result: w is proximal to 6. . .
Decision: discard the distal half of the map. Now consider loci 1--6.

(3) Bisect the map of 6 loci into approximate halves.

| |
I I

|
T
1 2 3
Compare loci 3 and w.

Result: w is proximal to 3. . )
Decision: discard the distal half to the map. Now consider loci 1--3.

| |
T I

3
4 5 6

(4) Bisect the map of 3 loci into approximate halves.

— e

1 2 3

Compare loci 2 and w.
Result: w is distal to 2.

(5) Stop, and place w between loci 2 and 3.

Final map:

| Py | | [ R B ] | 1
T T T T T T T i T I 1
1 2w 3 4 5 6 7 8 9 10 11 12

Figure 2 Bisection strategy for adding a new
marker, w, to a map of 12 loci. The true location of
w is between 2 and 3.

MAP CONSTRUCTION BY FISH

It also can be shown that the lower bound on the
number of experiments among all ordering strategies is
[log,m!] (Knuth 1973).

Adapting the argument of Knuth (1973), it easily can
be shown that

B(m) . Bim)

rLlE}o flog, m!]~ rlnligc mlog, m L

which implies that the sequential bisection strategy for
ordering m loci is asymptotically optimal. For any num-
bers of markers m, this ratio is always <1.17.

A Trisection Strategy for Map Construction by
Three-color FISH

For three-color FISH, we can directly use a trisection strat-
egy proposed by Goradia and Lange (1990) for sperm typ-
ing. The trisection strategy is similar to the bisection strat-
egy except that, at each stage, one divides the existing map
into three approximately equal blocks instead of two. To
place a marker in an existing map 1*, 2*,..., m*, ordered left
to right, we choose two end point loci at positions|(m + 1)/
3land [(2m + 2)/3] and carry out a three-locus FISH map-
ping experiment using them together with locus w*. This
FISH experiment determines whether w* falls to the left of
[(m + 1)/31, between [(m + 1)/3T and [(2m + 2)/3F, or to
the right of [(2m + 2)/3T*. Once this decision is made, the
chosen interval is then further trisected by combining w*
with loci that are one-third and two-thirds of the way
along the interval, and the remaining two-thirds of the
map are discarded. This process continues until w* is
placed in a specific interval.

Error Rate and Sample Size

Table 6. Simulation Results for Two-color FISH Experiments for Various Combinations of

Error n Mean P(R,|n) Pr(P(R,|n) = 0.90) Pr(P(R,|n) > 0.95) Pr(P(R,|n) > 0.99)
0.05 5 0.96 0.77 0.77 0.00
10 0.99 0.99 0.99 0.91
20 1.00 1.00 1.00 1.00
0.10 10 0.98 0.93 0.93 0.73
20 1.00 1.00 1.00 0.96
30 1.00 1.00 1.00 1.00
0.15 10 0.96 0.82 0.82 0.53
20 0.99 1.00 0.99 0.83
30 1.00 1.00 1.00 0.97
0.20 20 0.98 0.97 0.92 0.63
30 0.99 0.99 0.97 0.87
40 1.00 1.00 0.99 0.95
0.25 20 0.95 0.90 0.78 0.40
30 0.98 0.95 0.89 0.67
40 0.99 0.97 0.95 0.82
50 1.00 1.00 0.99 0.90

Each row is based on 5000 replications.
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Table 7. Simulation Results for Three-color FISH Experiments for Various Combinations of
Error Rates and Sample Size
0, 0, n Mean P(R,|n) Pr(P(R,|n) 2 0.90) Pr(P(R,|n) 2 0.95) Pr(P(R,|n) > 0.99)
0.05 005 10 0.98 0.97 0.93 0.73
0.05 20 1.00 1.00 1.00 0.99
0.10 005 10 0.97 0.91 0.82 0.54
0.05 20 1.00 1.00 0.99 0.93
0.05 30 1.00 1.00 1.00 0.99
0.10 010 20 0.99 0.99 0.97 0.82
0.10 25 1.00 1.00 0.99 0.94
0.10 30 1.00 1.00 1.00 0.98
0.10 40 1.00 1.00 1.00 1.00
015 0.05 20 0.99 0.98 0.94 0.77
0.05 30 1.00 1.00 0.99 0.95
0.05 40 1.00 1.00 1.00 0.99
0.05 50 1.00 1.00 1.00 1.00
0.15 0.10 30 1.00 1.00 0.98 0.90
0.10 40 1.00 1.00 1.00 0.98
0.10 50 1.00 1.00 1.00 0.99
0.10 60 1.00 1.00 1.00 1.00
0.15 015 30 0.99 0.98 0.94 0.76
0.15 40 1.00 1.00 0.99 0.93
0.15 50 1.00 1.00 1.00 0.97
015 60 1.00 1.00 1.00 0.99
0.20 0.05 20 0.97 0.94 0.84 0.56
0.05 30 0.99 0.98 0.96 0.82
0.05 40 1.00 1.00 0.98 0.93
0.05 50 1.00 1.00 1.00 0.97
0.05 60 1.00 1.00 1.00 0.99
0.20 0.10 30 0.98 0.96 0.92 0.72
0.10 40 0.99 0.99 0.97 0.87
0.10 50 1.00 1.00 0.99 0.95
0.10 60 1.00 1.00 1.00 0.98
Posterior probalitities are computed under the general error probability model. Each row is based on 5000 replications.

Goradia and Lange (1990) proved that the trisection
strategy has the best worst-case performance of [logsm] + 1
required experiments among all three-locus strategies for
placing a new locus w* relative to a map of m loci of known
order. They also proved that the sequential trisection strat-
egy for ordering m loci requires no more than T(m) experi-
ments, where

m-1

T(m)= D, {llogs K] + 1}

k=2

3
= mllogy(m - 1)]- 5 @MoesmD_1y 4 m -2
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The sequential trisection strategy is nearly optimal for any
m and is optimal for large m (Goradia and Lange 1990).

Comparison of Bisection and Trisection Strategies

We have shown in the previous sections that bisection and
trisection strategies provide the best worst-case perfor-
mance for placing an additional locus in an existing map
and are nearly optimal for building a map. Because meta-
phase mapping and interphase mapping have different
levels of resolution, the choice of which to use may be
specified by the distances between the markers. However,
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in situations in which either may be used, we can ask,
Which is more efficient? To answer this question, let p be
the cost ratio for conducting a three-color versus a two-
color FISH experiment. Comparing worst-case scenarios,
the cost in using the three-color scheme relative to the
two-color scheme is

flog; ml+ 1
log, m]+ 1 P

for placing a new marker in an existing map with m loci.

For ordering a set of m loci whose order is completely
unknown, it costs no more than ¢B(m) to build up a map
using the two-locus scheme, where ¢ is the unit cost for
conducting a two-locus experiment. The corresponding
cost for the three-locus scheme is cpT(m). To allow for the
fact that the three-locus scheme does not provide orienta-
tion on the chromosome, suppose that in that case one
additional two-color experiment is conducted. Then, the
cost ratio to order m loci by the three-color scheme relative
to the two-color scheme assuming the worst case for each
is

pT(m) +1
B(m)

Because x — 1 <[x] < x, it can be readily shown that

pT(m)+1 [logs ml+1
= e [log, m]+ 1
- lim p[log3 m]
m—> ﬂng m]
=plogz 2~0.63 p

N =

That is, unless the cost ratio p is <1/0.63 = 1,58, there
will be no savings using the three-color scheme. Because
our experience suggests that three-color interphase FISH is
roughly twice as expensive as two-color metaphase FISH,
that is, p = 2, use of two-color metaphase mapping appears
to be the method of choice, provided resolution is not an
issue.

Sample Size Considerations

It is of practical importance to know in advance how many
scorings (n) are needed to discriminate between competing
locus orders for two- and three-color experiments. In gen-
eral, n increases with error rates, which are typically un-
known in practice. To get a feel of how many scorings are
needed, we conducted a simulation study for the two- and
three-color experiments for several sample size and error
rate combinations. For given error rates and sample size,
scorings were simulated via a series of binomial or trino-
mial experiments, and the posterior probability P(R,|n) of
the correct locus order R, was calculated. We repeated this
process 5000 times and estimated the average posterior
probability and the probabilities of Pr[P(R,|n) = 0.90],
Pr]P(R,|n) = 0.95], and Pr[P(R,|n) = 0.99]. The results are
shown in Tables 6 and 7 for two- and three-color experi-
ments, respectively.

It can be seen from the tables that, for most practical
cases where 6 < 0.25 for two-color experiments and
max(0;, 0,) < 0.20 and 6, + 6, < 0.30 for three-color ex-
periments, n =50 is usually large enough, whereas for
smaller error rates, much smaller sample sizes should be
sufficient. To minimize the possibility of choosing the

MAP CONSTRUCTION BY FISH

wrong order, we recommend accepting a locus order with
a high posterior probability, say =0.95, or =0.99.
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