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RESEARCH 

Karyotype Distributions in a Stochastic 
Model of Reciprocal Translocation 

David Sankoff 1 and Vincent Ferretti 

Centre de Recherches Math~matiques, Universit~ de Montreal, Quebec H3C 3J7, Canada 

A random process of reciprocal translocation for a fixed number k of chromosomes (or arms) will have an 
equilibrium distribution of chromosome lengths, in this paper we calculate this distribution, by analytical 
means for k -  2 and partially for k -  3, and simulate the means of the marginal distributions for higher k. We 
compare this with a random (i.e., ahistorical) distribution of genomic DNA among k chromosomes and to a 
selection of karyotypes of real organisms. The results motivate a revised model where translocations giving 
rise to undersize chromosomes are disadvantaged. 

The number,  size, and centromeric position of its 
chromosomes are the most  evident properties of 
the karyotype of a species. Because overall ge- 
nomic DNA content  is rather variable and does 
not  have systematic phylogenetic pertinence, the 
distr ibution of chromosome,  or ch romosome  
arm, length (measured cytogenetically, geneti- 
cally, or as DNA content), normalized by total 
length, is a meaningful  characteristic of a given 
organism for comparative purposes. Over the 
course of evolution, the gross characteristics of a 
karyotype are altered by processes such as ge- 
nome fusion, chromosome fusion and fission, re- 
ciprocal translocation, paracentric inversions, 
duplication, deletion, and insertion of genomic 
material. It is a tenet of mammal ian  genomics 
that  the distribution of conserved chromosomal  
segments evident in the comparison of two rela- 
tively divergent species can be accounted for by 
repeated reciprocal translocations, each involv- 
ing two breakpoints occurring more or less at ran- 
d o m  a long  the  a rms  of two c h r o m o s o m e s  
(Nadeau and Taylor 1984), though of course non- 
coding regions and he terochromat in ,  centro- 
meric, and telomeric regions have all been cited 
as particularly susceptible to the breaking pro- 
cess. 

From an evolutionary point  of view, a recip- 
rocal t ranslocation occurs when  arms of two 
chromosomes break simultaneously and are each 
rejoined to the "wrong"  chromosome (for de- 
tailed descriptions, see Schulz-Schaeffer 1980; 
Swanson et al. 1981). A random process of recip- 

1 Corresponding author. 
E-MAIL sankoff@ere.umontreal.ca; FAX (514) 343-2254. 

rocal translocation for a fixed number  k of chro- 
mosomes (or arms) will have an equilibrium dis- 
tribution of chromosome lengths. In this paper 
we calculate this d is t r ibut ion,  by analyt ical  
means for k - 2 and partially for k -- 3, and simu- 
late the density for higher k. We compare this 
with a random (i.e., ahistorical) distribution of 
genomic DNA among k chromosomes and with a 
selection of karyotypes of real organisms. The re- 
sults motivate a revised model where transloca- 
tions giving rise to undersize chromosomes are 
disadvantaged. 

Random Reciprocal Translocations 

We define a stochastic model  for k />  2 chromo- 
somes without  taking into account the fact that  
the chromosomal segments exchanged by trans- 
locations do not  contain centromeres. This same 
model can be used, and is perhaps more properly 
used, when k represents the number  of arms. Let 
11, • • •, Ik be the lengths of the k chromosomes of 
a karyotype at t ime t, where 1 1 / > . . . / >  lk and 
where ~ili---1. Choose two different chromo-  
somes, for example, the ith and the jth, according 
to some probability distribution P(i,j), which is 
either uniform (=l/k) or depends on the lengths 
li. Pick a breakpoint at random on each of the two 
chromosomes, breaking them into segments of 
length UI~, ( 1 -  U)li, VIj, ( 1 -  V)Ij, respectively. 
Then we reform a karyotype at time t + I contain- 
ing chromosomes of length 11, • • •, UI~ + VIj, . . . ,  
(1 - U)li + (1 - V)Ij, . . . ,  Ik, which then must  be 
reindexed so that  the lengths of the chromo- 
somes are in a monotone  nonincreasing order. 

This process is repeated indefinitely. As the 
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The Two-chromosome Case 

n u m b e r  of i terat ions approaches  inf ini ty,  the  
probabi l i ty  tha t  the  length  of the  ith longest  
ch romosome  is in a certain interval  will con- 
verge. Let q(ll, . . .  ,lk) be the joint  equil ibrium 
probabil i ty densi ty of the lengths of the longest, 
second longest, . . . ,  shortest  chromosome,  re- 
spectively. The following sections are devoted to 
the calculation of this density. 

To simplify the notat ion,  let x = 11 and 1 - x = 12 

be the lengths of the two initial chromosomes,  
and let U and V be two independen t  r andom 
numbers  between 0 and 1. Then the two new 
chromosomes  have lengths A - Ux + V(1 - x) and 
1 - A - ( l-U),  x + (1 - V)(1 - x), respectively. Let 
Y = Max[A,1 - A ]  be the length of the longer of 
the two, and let Fx(y) = Prob[Y ~< yix]. 

Consider the two-dimensional  square [0, 1] x 
(0, 1] that  is the domain  of (U, Ii"). W h e n  A t> 1 - 
A, t hen  Y ~< y if U is between the lines Ux + V(1 - 
x) = 1/2 and Ux + V(1 - x) = y, as indicated in Figure 
1. This has area 

2 y -  1 1 ( y -  1) z 
2x i f y ~ < x ° r 2  2 x ( 1 - x )  

if x -< y ~< 1. When  A ~< 1 - A, by symmet ry  an 
equal area is contr ibuted to the probabil i ty  tha t  Y 
~< y. Then  

2 y -  1 1 
if -< ~< Fx(y)- x ' ~--~y-~x 

V 

a c 

b d l  

SANKOFF ET AL. 

. U  

Figure 1 Areas corresponding to length distribu- 
tion delimited by the line Ux + V(1 - x) = 1/2 joining 
points a and b and the line Ux + 5(1 - x) = y joining 
points c and d. 
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p[yl x] 

. . I~ y 
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Figure 2 Probability density for length of longer 
chromosome. 

( y -  1) 2 
- 1  x ( l _ x )  , i f x  ~ y<~ l. 

The densi ty  of this probabil i ty is 

2 1 
p[ylx] = x" if ~ ~< y ~< x 

2(1 - y) 
- ~ ,  i fx  ~< y~< 1. 

~ - x ( i  

as depicted in Figure 2. 
Now that  we know the densi ty  p(ylx) for each 

x, we can look for the equil ibrium densi ty  q(y); in 
our original no ta t ion  q(1) _ 1 - q(2). The equilib- 
r ium q(y) must  satisfy 

1 

q(Y) = f ~2 q(x)p(ylx)dx 

f ;z q(x) f r q(x) = 2 ( 1 -  y) x ( i T x )  dx+2 x dx. 

Differentiating twice, we obtain the differential 
equat ion 

y(1 - y)q'(y) + 2q(y) = 0, 

whose solution is 

q(y) = 12y(1 - y) 

on the interval [I/z, 1]. The mean  of the densi ty  q is 
11/16 " 

How do these results compare  wi th  o ther  
r andom processes for dividing the interval [0,1] 
into two segments? The simplest such process 
would cut the interval at a point  r andomly  cho- 
sen in the interval and then  take the largest piece 
as 11 and the other  as 12. In this case the mean  of 
the equil ibrium densi ty  would be 3/~, which is 
larger t han  1V16. 

Is there biological evidence that  might  decide 
between the t ranslocat ion model  and the ran- 
dom lengths model? Unfortunately,  there are not  
m a n y  species with only  two chromosomes.  One 
well-known example is the grass Haplopappus gra- 
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Figure 3 Joint probability densities for longest and shortest chromosomes. 

cilis (Jackson 1957), where the sizes of the larger 
and smaller chromosomes are in the ratio of 5:3 
(or 62.5:37.5). Thus, the translocation model (69: 
31) fits better than the random lengths model 
(75:25), t h o u g h  we canno t  place too m u c h  
weight on this single case. 

Three Chromosomes 

Because each translocat ion involves just two 
chromosomes,  the analysis for three or more 
chromosomes reduces in some aspects to the case 
k = 2. Complications arise, however, because the 
two new chromosomes resulting from a translo- 

cation involving the ith and the jth largest chro- 
mosome may change the rank of the lengths of 
several or all of the chromosomes unaffected by 
the translocation itself. 

To model the translocation process, we need 
to specify how pairs of chromosomes are chosen 
for each event. The most natural postulate is that  
the probability P(i,j) of choosing the ith and the 
jth largest chromosome is proportional to their 
lengths: 

li 
P(i,j) = I i ~ + 1/i - I/ 

= lil/ + , 
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SANKOFF ET AL. 

Table 1. Simulated Mean Chromosome Lengths It for Karyotypes of 
Varying Numbers of Chromosomes k, Based on the Proportional Model 
(M1), the Uniform Model (M2), and Random Fragmentation (/k13) 

k---2 
li M1 Ms Ms 
11 0.313 0.312 0.250 
ls 0.687 0.688 0.750 

k = 3  
li M1 11'12 M3 
11 0.122 0.160 0.111 
12 0.298 0.304 0.277 
13 0.580 0.536 0.611 

k = , i  
li M1 Ms M3 
11 0.067 0.101 0.062 
Is 0.153 0.180 0.146 
13 0.279 0.275 0.271 
14 0.501 0.443 0.520 

k = 5  
l~ M, M2 M3 
11 0.040 0.070 0.040 
ls 0.092 0.121 0.090 
/3 0.161 0.177 0.156 
/4 0.260 0.250 0.257 
/5 0.446 0.381 0.457 

k = 1 0  
li M1 M s  M3 
Ii 0.010 0.023 0.010 
ls 0.021 0.038 0.021 
13 0.034 0.051 0.033 
/4 0.048 0.065 0.048 
/5 0.065 0.079 0.064 
16 0 .085  0 .095 0 . 0 8 4  

IT 0.110 0.113 0.109 
18 0.143 0.136 0.143 
l0 0.193 0.169 0.193 
110 0.290 0.231 0.293 

k = 2 0  
li M1 Ms 1113 
11 0.002 0.008 0.002 
19 0.005 0.012 0.005 
13 0.008 0.016 0.008 
14 0.011 0.019 0.011 
15 0.013 0.023 0.013 
16 0.017 0.026 0.017 
17 0.021 0.030 0.021 
18 0.025 0.033 0.025 
i0 0.029 0.037 0.029 
11o 0.033 0.040 0.033 
111 0.038 0.044 0.038 
11~ 0.044 0.049 0.044 
113 0.050 0.053 0.050 
11,1 0 .057  0 .059  0 .057  

115 0.066 0.065 0.066 
116 0.076 0.071 0.076 
117 0.088 0.080 0.088 
lls 0.105 0.090 0.105 
119 0.130 0.106 0.130 
lso 0.180 0.136 0.180 

where  li a n d  lj are the  l eng ths  of the  two ch romo-  
somes.  In S imula t ions  (below) we also discuss the  
m o d e l  where  this  p robab i l i ty  is 1/(k2), i ndepen -  
den t  of  the  l eng ths  of the  ch romosomes .  

In the  case k -- 3, g iven  in i t ia l  c h r o m o s o m e  
l eng ths  1 I> m I> n, the  jo in t  p robab i l i ty  distr ibu- 
t ion  of the  l eng th  X of the  longest  a n d  Z of the  
shortest  of  the  three  n e w  c h r o m o s o m e s  after a 
s ingle t r ans loca t ion  even t  1 is 

Fl, n(X'Z)= E P ( i , J ) ~ ) ( x , z ) ,  
l ~ < i < j ~ < 3  

w h e r e  F~t,~, ]~ (x ,z)  is t h e  d i s t r i b u t i o n  of  t h e s e  
l eng ths  g iven  tha t  i th  a n d  the  j t h  largest ch romo-  
somes  are invo lved  in  the  t rans loca t ion .  

The q u a n t i t y  ~ (x,z), is ca lcula ted in  m u c h  
the  same way  as Fx(y) in  The T w o - c h r o m o s o m e  
Case (above), except  tha t  keep ing  track of the  
ranks of the  l eng ths  is more  compl ica ted .  Con-  
sider for e x a m p l e  the  case (i,j) = (2,3), where  the  
second  a n d  th i rd  largest ch romosomes ,  of  l e n g t h  
m a n d  n, respectively,  are invo lved  in  the  trans- 
locat ion.  T h e n  X = Max[Urn + Vn,(1 - U)m + (1 - 

1 Given that the lengths of the chromosomes sum to 1, the length Y of 
the second largest new chromosome is determined by X and Z. 

V)n,/], Z = Min[Um + Vn,(1 - U)rn + (1 - V)n,l],  a n d  
two subcases are to be considered:  

(1) 1/> 1/2. Here, X - 1, so 

~.2,3~ (x,z) = 0, for x < 1, n 

a n d  

~,2,3) (x,z) = Prob[Z -< z], x >-/, 
n ~ 

= zZ/mn,  0 <~ z <~ n 
2 z - n  m + n  

m , n - < z - <  2 

m+ n 
= 1, - - - - ~  <~ z ~ 1/3 , 

as can  be calcula ted in  m u c h  the  same way  as in  
The T w o - c h r o m o s o m e  Case. 

(2) l < l , ~ . H e r e l ~ < X ~ < m + n ,  so 

~,~3) (x,z) = O, for x < l 

a n d  

~ 3 )  (x,z) = P[Z <. z], for x > rn + n, 

where  P[Z < z] is g iven  in  case 1 above. For I ~< x 
<~ m + n, FtZ~ (x,z) cor responds  to the  area of the  
set of  po in t s  (U, V) ~ [0,1] x [0,1] for w h i c h  X ~< x 
a n d  Z ~< z. 
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p(2,3) (x, zll, n) = 0, if x ~ I or x ~ m + n - z, 
2z 

p(Z,3) (m + n - z, zll, n) = - ~ ,  0 <<- z <~ m + n - l, 

2z  
p(2,3) (l, z lm,  n) = -~-~ , m + n - l <~ z <~ n 

2 m + n  
m ' n - < z < ~  2 

m ÷ n  
= 0 , - - - f -  ~< z ~< V3. 

Similar analyses yield p(1,2) and p(3,1). Each of 
Figure 3a-d depicts the three conditional densi- 
ties for one of the four regions created by the two 
boundaries l = l/z, n = 1/3. Weighting these three 
densities by P(i,j)  and summing  them yields 
p(x,  zll, n). Because the three conditional densities 
are concentrated on one-dimensional subspaces 
of the (x,z) space, which are disjointed except for 
one point at which all three intersect, p(x,  zll, n) 
has essentially the composite form of p~l,Z~,p~Z,3~, 
and p(3,1). 

Setting 

p(x,  zll, n ) =  ~ P(i,j)pU'J~(x, zll, n), 
l~i<j~3 

the equilibrium density q should satisfy the inte- 
gral equation 

q(x,z)  = f ~ f l Zl p(x,  zll, n)q( l ,n)dn dl 

÷ f'~2 f~-Y2 p(x,  zll, n)q( l ,n)dn dl. 

The solution to this equation requires investigat- 
ing separately the dozens of regions wi th in  
which each of the p(i,i) does not change form, and 
it is not  known whether there is a simple expres- 
sion for the solution analogous to the case k = 2. 

Simulations 

The difficulties already encountered for k = 3 
oblige us to undertake computer simulations to 
estimate the expected length of the longest, sec- 
ond longest, . . . ,  kth longest chromosome, for 
k ~> 3. If q(ll, . . . .  lk) is the equilibrium joint 
density function on the domain 11 ~ . . .  ~> lk, our 
task was to estimate Eq(li) , for i=  1, . . . ,  k. Our 
approach was simply to carry out the experiment 
described in the Random Reciprocal Transloca- 
tions (above) for 100,000 steps and to average the 
lengths of 11, • . . ,  lk over all the steps. 

The experiments were carried out with two 
choices of weight function P(i,j). First, we postu- 

lated that P(i,l) is proportional to the lengths li 
and lj: 

li 
P(i,j) = I, ~ + lj 1 - Ii 

= lib + • 

A second set of runs assumed this probability to 
be 1/(k), independent  of the lengths of the chro- 
mosomes,  and we will call this the uni form 
model. 

In addition, the results of the translocation 
experiments were compared with the coutcome 
of simply fragmenting the unit  interval into k 
segments, using k - 1  random breakpoints se- 
lected according to the uniform distribution. 

Table 1 shows that  aside from small values of 
k the proportional translocation model is very 
close to the random fragmentation model. We 
also see in Table 1 that  the length-independent 
translocation model results in a more uniform 
distribution of expected lengths, whereas the 
proport ional  model predicts a wider range of 
lengths. 

Comparisons with Some Known Karyotypes and a 
Truncated Model 

In The Two-chromosome Case (above), we 
showed how the proportional translocation 
model fits the H. gracilis data better than the ran- 
dom lengths model.  Similarly, we compared  
karyotypes (chosen for illustrative purposes from 
among those depicted in King 1975; Lima-de- 
Faria 1980; Swanson et al. 1981) from species 
with a range of values of k (Fig. 4) with the sim- 
ulations in Simulations (above). As measured by a 
normalized sum of squares 

1 ~ (l i - L i )  2 

NSS : -~ i=1 -L~ ' 

where L measures the empirical lengths, the 
uniform model fits somewhat more closely 
than either the proportional model or the 
random fragmentation model. It can be seen, 
however, that  the predictions of all translo- 
cation models are systematically biased toward 
too large a range of chromosome lengths and 
that this bias is more important  than the 
differences between the models. 

Physical chemical considerations of rates of 
chromosome transport during mitosis and 
meiosis suggest that genomes combining very 
large and very small chromosomes might  be at 
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a disadvantage. From the poin t  of view of 
modeling,  this could be handled  by  prohibi t ing 
any  t ranslocat ion resulting in a ch romosome of 
length below a certain threshhold.  This 
" t runca t ion"  approach is also justified at the  
cytogenetic level where a viable and funct ional  
ch romosome must  min imal ly  conta in  a 
centromere and two telomeres (and at least one 
gene whose funct ion is no t  duplicated 
elsewhere in the genome).  This imposes a lower 
bound  on the size of a chromosome,  on a 
purely structural basis. Finally, from the genetic 
viewpoint,  there is reason to believe tha t  for 
meiosis to be completed successfully, each 
ch romosome must  be of length sufficient for at 
least one crossover to be expected among  the 
four aligned strands before they  segregate into 
two pairs. 

We redid the s imulat ions  of the  propor t iona l  
model  corresponding to each empirical data set, 
f ixing a t h re shho ld  equal  to the  smallest  ob- 
served chromosome size. As seen in Figure 5, this 
results in a great improvement  in the fit of the 
models, greater than  might  have been expected 
simply by virtue of adding an addi t ional  param- 
eter to the model.  

It can be seen that  except for the very largest 
chromosomes  in most  of the species, the fit is 
much  improved.  Given the rather  pre l iminary 
nature  of this exercise, including the choice of 
karyotypes based only  on their fortuitous avail- 
ability to the authors, no a t tempt  was made to 
optimize the t runcat ion  threshold.  We did, how- 
ever, compare a model  with t runcat ion  of awk- 
wardly large chromosomes  instead of excessively 
reduced ones. Though the fit with the real data 
was of course bet ter  for the longest  ch romo-  
somes, it was m u c h  worse than  the lower bound  
t runcat ion  when  it came to the smallest chromo- 
somes, and the overall fit tended to be worse, as 
measured by  the same normal ized sum of squares 
used in Figure 4. Similarly, a compar ison with a 
t runcated uni form model  was no improvemen t  
over the results in Figure 5. 

Discussion 

Recently, there has been m u c h  work on genomic 
dis tances  (Sankoff et al. 1992; Sankoff 1992, 
1993a,b) inferred th rough  the number  of inver- 
sions (Kececioglu and Sankoff 1994, 1995; Han- 
nenhal l i  1995; Hannenhal l i  and Pevzner 1995), 
t ransposi t ions (Bafna and Pervzner 1995), and/or  
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t ranslocations (Hannenhal l i  and Pevzner 1995; 
Kececioglu and Ravi 1995) necessary to t ransform 
one observed genome into another .  Little work 
has been done, however, on quant i fying the in- 
cidence and chromosomal  scope of these pro- 
cesses, especially on a comparat ive basis. For ex- 
ample, the  algori thmic inference literature im- 
plicitly assumes that  all rearrangement  events of 
a given type are equally likely, independen t  of 
how large a segment  they  affect. Further model- 
ing should compare the results of this type  of 
assumption,  versus other  empir ical ly-motivated 
weight ing schemes, so that  inference problems 
can be formulated and solved in a biologically 
more meaningful  way. Thus, our demons t ra t ion  
of the plausibili ty of the t runcat ion  model  should 
have consequences for the problems studied in 
Hannenhal l i  and Pevzner (1995); Kececioglu and 
Ravi (1995). 

It must  be acknowledged tha t  no t runcat ion  
model  can be universally satisfactory, for a num-  
ber of reasons. First, some genomes,  for example, 
in Aves, con ta in  large numbers  of very  small 
"do t "  chromosomes,  so tha t  no threshold mech- 
anism seems operative, at least in these cases. Sec- 
ond, and more  impor tant ly ,  t ranslocat ions re- 
sult ing in very small chromosomes ,  especially 
with any  remaining  genes duplicated elsewhere, 
seem just as likely to appear as ch romosome fu- 
sions, reducing k, and it seems essential to incor- 
porate this possibility into the model.  

We have men t ioned  the necessity of eventu- 
ally applying our models to ch romosome arms, 
rather than  entire chromosomes.  This task will be 
complicated by the process of centromere move- 
men t  in the course of evolution,  often in a sys- 
tematic  way across all chromosomes,  as in the 
mouse genome. 

Another  direction for research involves the 
incorporat ion of heterogenei ty  of breaking sus- 
ceptibili ty of chromosomes  along their  lengths 
from the  te lomeric  to cent romer ic  zones and  
from heterochromat ic  to euchromat ic  regions. 
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