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Proving sequence aligners can guarantee accuracy
in almost O(m log n) time through an average-case
analysis of the seed-chain-extend heuristic

Jim Shaw1 and Yun William Yu1,2
1Department of Mathematics, University of Toronto, Toronto, Ontario M5S 2E4, Canada; 2Computer and Mathematical Sciences,
University of Toronto at Scarborough, Toronto, Ontario M1C 1A4, Canada

Seed-chain-extend with k-mer seeds is a powerful heuristic technique for sequence alignment used by modern sequence

aligners. Although effective in practice for both runtime and accuracy, theoretical guarantees on the resulting alignment

do not exist for seed-chain-extend. In this work, we give the first rigorous bounds for the efficacy of seed-chain-extend

with k-mers in expectation. Assume we are given a random nucleotide sequence of length ∼n that is indexed (or seeded)

and a mutated substring of length ∼m≤ n with mutation rate θ<0.206. We prove that we can find a k=Θ(log n) for the
k-mer size such that the expected runtime of seed-chain-extend under optimal linear-gap cost chaining and quadratic

time gap extension is O(mnf(θ) log n), where f (θ) < 2.43 · θ holds as a loose bound. The alignment also turns out to be

good; we prove that more than 1− O

��
1

m

√( )
fraction of the homologous bases is recoverable under an optimal chain. We

also show that our bounds work when k-mers are sketched, that is, only a subset of all k-mers is selected, and that sketching

reduces chaining time without increasing alignment time or decreasing accuracy too much, justifying the effectiveness of

sketching as a practical speedup in sequence alignment. We verify our results in simulation and on real noisy long-read

data and show that our theoretical runtimes can predict real runtimes accurately. We conjecture that our bounds can be

improved further, and in particular, f (θ) can be further reduced.

[Supplemental material is available for this article.]

Introduction

Since the earliest years of bioinformatics, one primitive task has
been sequence alignment (Smith and Waterman 1981; Altschul
et al. 1990), which plays a major role in genomic sequencing and
phylogenetics. Intuitively, alignment matches together similar
parts of two strings, inserting gaps where needed. More formally,
alignment is defined by a set of allowed edit operations (e.g., sin-
gle-character substitutions, insertions, deletions) with associated
costs; an alignment is a sequence of those operations transforming
one string into another string (or for local alignment, transforming
one string into a substring of the other), and the alignment score is
the summed cost of those operations (Berger et al. 2021).

Unfortunately, the best-guaranteed algorithms for comput-
ing alignment (Needleman and Wunsch 1970; Smith and
Waterman 1981) are quadratic in time complexity; worse, this
bound appears to be tight (Backurs and Indyk 2018). There exist
optimal algorithms with parameterized runtimes based on se-
quence similarity (Marco-Sola et al. 2021) that are faster and
used in practice, but these still haveworst-case quadratic time com-
plexity as a function of the sequence length. Thus, to deal with
large volumes of sequencing data (Berger et al. 2016; Marçais
et al. 2019), sequence alignment programs use heuristics
(Lipman and Pearson 1985; Altschul et al. 1990; Li and Durbin
2009; Kiełbasa et al. 2011; Langmead and Salzberg 2012; Li 2018;
Marçais et al. 2018) without performance guarantees (Medvedev

2022a) for computational efficiency. All these heuristic algorithms
are by necessity fast, achieving empirically subquadratic runtimes
on real problems. They fail for adversarial examples, but aligners
perform well in practice because the sequences being aligned are
similar and not pathological examples (Ukkonen 1983; Myers
1986; Ivanov et al. 2022; Koerkamp and Ivanov 2022).

Phylogenetics often makes use of comparative genomics, in
which aligning together multiple whole genomes allows annotat-
ing the ways in which two species have diverged over evolutionary
time (Koonin et al. 2000). In genomic sequencing, the alignment
task manifests because the sequencing machines are only able to
read a small portion of a chromosome at a time, producing short
snippets known as reads (Alser et al. 2021). It is then incumbent
on read-mapping software to determine the likely origin location
of that read in the genome, and for already sequenced species,
this is usually performed by aligning the read to a known reference
genome (Nurk et al. 2022).

Historically, different types of heuristics were used for the two
tasks, because aligning a very small substring to a longer string is eas-
ier than aligning comparable-size strings. Indeed, the seed-and-ex-
tend heuristic, as seen in BWA-MEM (Li 2013) and Bowtie 2
(Langmead and Salzberg 2012), is preferred for aligning short reads
to genomes instead of aligning genomes to genomes. However, as
third-generation long-read sequencing becomes more prominent,
the two tasks become more similar, and the same heuristics can be
used for both (Sahlin et al. 2023); in this paper, we address the seed-
chain-extend heuristic (distinct from seed-and-extend) used in mod-
ern software for both read mapping and whole-genome alignment.
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Our contribution

Our goal in this paper is to close the gap between theory and prac-
tice, rigorously justifying the heuristics used in some of the most
widely used alignment software. To this end, we turn to the meth-
ods of average-case analysis (Szpankowski 2001), which give us a
way of breaking through the quadratic barrier of alignment
(Medvedev 2022b). Given a random string, we define a substitu-
tion model giving rise to a distribution on pairs of inputs and
then average our analysis on pairs of strings over this distribution.

Recently, Ganesh and Sy (2020) also used probabilistic analy-
sis to show that a heuristic algorithm based on banded alignment
can run in O(n log n) time for two length-n sequences and is op-
timal with high probability. However, their specific method has
not yet seen any usage in practical software, and their analysis is
invalid in the case of read mapping as it only pertains to two near-
ly-equal-length strings. Thus, we turn instead to the analysis of an
empirically battle-tested heuristic for sequence alignment: seed-
chain-extend. Seed-chain-extend is a well-established technique
for comparative genomics (Myers and Miller 1995; Abouelhoda
and Ohlebusch 2005), and recently, the addition of sketching (or
subsampling) has made it popular for long-read aligners
(Chaisson and Tesler 2012; Sovic ́ et al. 2016; Ren and Chaisson
2021), including minimap2 (Li 2018), the primary algorithm our
model of seed-chain-extend is based on.

We provide, to the best of our knowledge, the first average-
case bounds on runtime and optimality for the sketched k-mer
seed-chain-extend alignment heuristic under a pairwise mutation
model. Our optimality result shows that for large-enough k-mer
size k, the alignment is mostly constrained to be near the correct
diagonal of the alignment matrix, and that runtime is close to lin-
ear when the mutation or error rate is reasonably small. We also

show that subsamplingQ
1

logn

( )
of k-mers asymptotically reduces

our bounds on chaining time but not extension time. Our results
give a theoretical justification for both the empirical accuracy and
subquadratic runtime of seed-chain-extend.

Results

We first give a specific, simplified version of our main theorem.

Simplified Theorem 1 (informal main result; no sketching). Suppose
we are given a uniformly random DNA string of length n and a mutated
substring of length m, where each base is substituted with probability θ. If θ
<0.206 and the longer string is already seeded, then we can choose k=Θ
(log n) such that the expected runtime of k-mer seed-chain-extend is

O(mnf (θ)log (n)) =O(mn2.43·θlog (n)), and in expectation, ≥ 1− O
1���
m

√
( )

fraction of the homologous bases can be recovered from this alignment.

Wewill state ourmodels and definitions precisely below. Our
main result, Theorem 1, precisely defines the function f(θ) < 2.43 ·
θ in the exponent, but 2.43 · θ is a convenient upper bound. We
can quickly see from this bound that for modest mutation rates,
n2.43·θ is not too large.

Mutation model

Let S= x1x2…xn+k−1 be a random uniform string with n+ k−1
i.i.d. letters on an alphabet of size σ for some k=Θ (log n). Let
S′ = yp+1yp+2…yp+m+k−1 be a substring of S of length m+ k−1 start-
ing at a fixed position p+1with each character independentlymu-
tated to a different letter with probability θ. Although notationally

a little confusing at first, the k−1 term ensures S, S′ contain exactly
n andm k-mers, respectively: k-mers are in many ways the natural
unit of measurement rather than individual characters. We model
only point substitutions here and not indels. Independent substi-
tution models have been considered in theoretical work (Ganesh
and Sy 2020; Blanca et al. 2022; Shaw and Yu 2022) and, impor-
tantly, also have shown to be useful empirically (Chaisson and
Tesler 2012; Ondov et al. 2016; Sarmashghi et al. 2019). Also, al-
though genomes can be repetitive, on the level of k-mers, a ran-
dom model has been shown to be reasonable (Fofanov et al.
2004). We discuss other possible random models in the
Discussion section.

Modeling seed-chain-extend

A brief overview of seed-chain-extend-based alignment is given as
follows: First, a subset of k-mers in both S, S′ is taken as seeds, and
exact seed matches between S, S′, called anchors, are obtained. We
only use k-mer seeds in this study, although other types of seeds
are possible (Keich et al. 2004). An optimal increasing subsequence
of possibly overlapping anchors based on some score is then col-
lected into a chain, in which increasing is defined with the stan-
dard precedence relationship (Jain et al. 2022) between k-mer
anchors (see subsection “Chaining” below) (see Fig. 5A, below).
The chain is extended into a full alignment by aligning between an-
chor gaps in the chain.

Model overview

Our model of seed-chain-extend is primarily inspired by mini-
map2 with a few key differences. It captures the following steps:
seeding the query S′, matching the k-mers to obtain anchors, sort-
ing the anchors, chaining, and extending.We assume the reference
S has already been seeded and only the query needs seeding, as in
the case of read alignment. For comparing two similar-length ge-
nomes, the seeding time of either genome is comparable, so the
asymptotics will be the same for comparative genomics.

Runtimes

Nonsketched seeding runtime with a hash table is O(m), whereas
sketched seeding runtime is O(mk) (for discussion, see Methods
subsection “Sketching and local k-mer selection”). Letting N
be a random variable for the number of anchors, matching is
O(N+m) by iterating through a hash table, sorting is O(Nlog N),
and (optimal) chaining is O(Nlog N) (see subsection “Chaining”).
Extension is the only step with unknown time complexity. It will
turn out that extension and Nlog N are the dominating asymptotic
terms, so our goal is to bound these terms in expectation.
Empirically, it has been shown that chaining and alignment usually
take the most time (Kalikar et al. 2022) for read mapping.

Chaining

A chain is a sequence of tuples C = ((i1, j1), . . . , (iu, ju)), where
iℓ and jℓ are the starting positions of the anchoring k-mers on
S and S′, respectively, under the convention that S′ = yp+1… so
the k-mer labeled (p+1) on S′ is actually the first k-mer. The
precedence relation iℓ> iℓ−1 and jlℓ> jℓ−1 must hold for all ℓ, and
k-mers can overlap. Our chaining score is the L1 or linear-gap cost
(Abouelhoda and Ohlebusch 2005; Li et al. 2020) of the form
u − ζ[(iu− i1) + ( ju− j1)] for ζ>0, which penalizes long chains
from distant spurious anchors and is necessary for our proofs
when n>m. The score is sometimes defined equivalently as
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u−∑n
l=2 z[(iℓ − iℓ−1)+ ( jℓ − jℓ−1)]. In the language of Abouelhoda

and Ohlebusch (2005), we let our anchor fragments have length 1,
so the k-mers can overlap. Although minimap2 v2.22’s default
chaining score is different and uses a heuristic banded chaining ap-
proach, it does use a linear-gap cost (without overlaps) in certain sit-
uations, for example, mapping long contigs (Li 2021).

Extension

Weuse quadratic time extension between gaps based on any align-
ment score (e.g., edit distance, affine gap costs) (Durbin et al. 1998)
as our optimality criterion only depends on the chain (see
Methods subsection “Homology and recoverability”). We do not
extend past the ends of the chain and do not use banded alignment
(Chao et al. 1992) in this step, unlike minimap2.

Extension and chaining runtimes

Given sorted anchors, let TChain be the time spent finding an
optimal chain. TChain depends on the objective function
(Abouelhoda and Ohlebusch 2005; Otto et al. 2011; Mäkinen
and Sahlin 2020; Jain et al. 2022). Because our gap costs are
linear, TChain=O(Nlog N), where N is the number of anchors
(Abouelhoda and Ohlebusch 2005). For extension time TExt, let
(G1, G′

1), . . . , (Gu−1, G′
u−1) be the size of the gaps for an optimal

chain. Gℓ indicates the length of the substring between the k-mers
iℓ, iℓ+1 on S andG′

ℓ similarly for S′;Gℓ, G′
ℓ can be zero. The extension

time is TExt =
∑u−1

ℓ=1 O(GℓG′
ℓ). Using the fact that

∑
Gℓ ≤ n and

G′
ℓ ≤

∑
G′

ℓ ≤ m, one can get that TExt =
∑u−1

ℓ=1 O(Gℓm) = O(nm).
We will show that the expected runtime is better than this upper
bound, but it serves as a useful worst case. Because S, S′ are random
strings, TChain, TExt, N, and the alignment itself all become random
variables. Our goal will be to bound E[TChain] and E[TExt].

Theoretical results

First, a few definitions are in order. Recall that |S| = n+ k− 1 � n,
and |S′| = m+ k− 1 � m are our string lengths.We define σ>1 to
be the size of the alphabet and 0< θ< 1 to be the probability a base
mutates. Our theory holds for any alphabet size, but we use σ=4
for specifying numerical constants. Let log = logs with base σ,
and let ln be the natural logarithm. Let k=C log n for a fixed C>
0 so that key quantities can be expressed interchangeably as σk =
nC and (1− θ)k=n−Cα, where a = −logs(1− u) . 0. We define the
actual goodness of the chain in terms of recoverability in the
Methods subsection “Homology and recoverability”; it measures
the fraction of homologous bases under our mutation model
that could potentially be recovered by extending through an opti-
mal chain and only depends on the chain, not the actual alignment.

Theorem 1 (main result; no sketching). Under our model of seed-chain-
extend in the subsection “Modeling seed-chain-extend”, assume θ<0.206,

let α=−log 4(1− θ), and pick any C .
2

1− 2a
. If m = V(n2Ca+e) , n for

some arbitrary e . 0, letting k=C log n and z = 1
6g(n)

, where

g(n) = C
50
8

log (n) ln (n)nCa; the expected running time is O(mnCαlog (n))

for extension and O(mn−Cαlog m) for (optimal) chaining. Cα can always be

chosen to be ,
1
2
, and the expected recoverability of any optimal chain is

≥ 1−O
1���
m

√
( )

.

The above condition onC is equivalent toCa = 2a
1− 2a

+ d for

any δ>0. In practice, wewill make δ very small so k is not too large.

2a
1− 2a

is plotted in Supplemental Figure S7; it is convex and thus

leads to the boundCα<2.43 · θ. For example, if |S| = |S′| and θ=0.05,
which is approximately the level of divergence seen between
human and chimpanzee genomes (Britten 2002),
−2log4(0.95)

1+ 2log4(0.95)
, 0.08, so for Cα=0.08, the running time is

O(n1.08log (n)). Even for relatively large values of n, say the entire
human genome, which has size of approximately 3 billion, n1.08

is essentially linear as (3,000,000,000)0.08≈5.73.
Our proof follows in threemain steps. First, we bound the first

and secondmoments of the randomvariableN, which denotes the
number of anchors, implying that chaining is fast. Second, we use
concentration inequalities for sums of dependent random variables
and exploit the structure of chaining to show that with high prob-
ability, an optimal chain does not deviate much from the chain
with only “homologous anchors” (Fig. 5A). The failure probabili-

ties will be on the order of Q
1
n

( )
, allowing us to also bound every-

thing in expectation. Lastly, we bound the expected runtime of
extension through gaps between homologous anchors.

Asymptotically, the chaining runtime is smaller than the ex-
tension runtime. However, the implied constants can be much
smaller for the extension term (Kalikar et al. 2022), so it is practical-
ly useful to reduce the runtime of chaining via sketching. Let 0 <1/
c≤1 be the expected fraction of selected k-mers for a sketching
method. We use the open syncmer k-mer seeding method (Edgar
2021), which has a usefulmathematical property (Theorem7), giv-
ing the following:

Theorem 2 (sketched result). In addition to the hypotheses outlined

in Theorem 1, let c=O(log n) < k and z = 1
6g′(n)

instead, where g′(n) =

C
200
8

log (n) ln (n)
3
2
nCa + 2

( )
. For open syncmer sketched

seed-chain-extend, the expected running time is

O min
1
c2

mnCalog3(n), c ·mnCa log n
( )( )

for extension and

O
1
c
mn−Ca log m

( )
for chaining. The expected recoverability of any

optimal chain is ≥ 1−O
1���
m

√
( )

.

This shows that the asymptotic upper bound on exten-
sion runtime is the same even if we let c grow with n like
c =Θ (log n) < k, leading to the following conclusion:
Sketching can reduce chaining time without increasing extension
time much. Other seeding schemes used, for example, mini-
mizers (Li 2018; Rautiainen and Marschall 2020; Colquhoun
et al. 2021; Sirén et al. 2021) or FracMinHash (Irber et al.
2022), behave differently, but our techniques provide intui-
tion and, in some cases, can be extended.

Simulated genome alignment experiments

Although the model of seed-chain-extend we consider in the the-
ory is based off of real aligners (e.g., minimap2), real aligners im-
plement many additional tricks to make things work better. As
such, to empirically validate our theory, we implemented a basic
version of sketched seed-chain-extend and tested it on simulated
random sequences with independent point substitutions. For the
chaining step, we implemented an AVL tree–based max-range-
query method (Mäkinen et al. 2015; Li et al. 2020). For the

Rigorous analysis of seed-chain-extend alignment

Genome Research 1177
www.genome.org

 Cold Spring Harbor Laboratory Press on June 16, 2026 . Published by genome.cshlp.orgDownloaded from 

http://genome.cshlp.org/lookup/suppl/doi:10.1101/gr.277637.122/-/DC1
http://genome.cshlp.org/
http://www.cshlpress.com


extension step, we used a standard dynamic programming (DP) al-
gorithm implemented in rust-bio (Köster 2016).

We let k=C log n, where C = 2
1− 2a

, and do seed-chain-ex-

tend on two length n sequences in this section, but we do an addi-

tional experiment for a substrings of length m=n0.7 + 100 in

Supplemental Figure S10. As k cannot be fractional, we let nk = 4
k
C

for varying integer values of k. We will set c= k−7=C log (n)−7,
which grows with n. The constant 7 is arbitrary but chosen to
be sufficiently large so that s-mers in the open syncmer method
are not so small as to make the method degenerate. We found
that recoverability was always quite high and that breaks did not oc-
cur very often in actual simulations; we show this in Supplemental
Figure S9. Thus, the primary focus of the empirical results will be
runtime.

Accuracy of asymptotic extension runtime predictions

We first empirically investigate our upper boundon expected exten-
sion runtime, which is O(n1+Cαlog (n)) for both sketched and non-
sketched extension when c=Θ (log n). Assuming that the runtime
is simply ln1+Ca

k log (nk) for some fixed constant λ, we can predict

the ratio of the runtimes as
n1+Ca
k+1 log (nk+1)

n1+Ca
k log (nk)

. Of course, this is incor-

rect for small n, as smaller terms may dominate runtime, but we ex-
pect it to be reasonably accurate for large n. We plot the empirical
and predicted ratios of extension runtimes in Figure 1A.

Figure 1A shows that our upper bound looks reasonable for
both sketched and nonsketched cases for θ=0.10. In
Supplemental Figure S8, we show the same plots for θ=0.05. The
empirical results never cross the predicted ratio, but this is not
too surprising as the predicted ratio is only approximate.
Importantly, the empirical extension runtime ratios slope down-
ward, which agrees with the prediction.

Sketching with Q
1

log n

( )
density gives favorable runtime tradeoffs

One of our key results in Theorem 2 is that the upper bound on as-
ymptotic runtime of extension does not depend on the density as
long as 1/c< k, but chaining speed-up scales multiplicatively with
c. In Figure 1B, we plot themultiplicative speed-up and slow-down
of chaining and extension runtimes. This figure shows why
sketching is so effective in practice with respect to runtimes; the
maximal extension slow-down plateaus to three or fewer times
in this case, whereas the chaining speed-up is linear as the string
grows exponentially. Therefore, it is worth sketching aggressively
to reduce runtime if chaining is slow. One should, however, still
be careful of the sensitivity loss owing to sketching in practice
(Shaw and Yu 2022).

In practice, because extension is heavily optimized (Farrar
2007; Suzuki andKasahara 2018;Marco-Sola et al. 2021) and repet-
itive k-mers lead to more anchors, chaining can be a bottleneck
even though it is asymptotically faster in runtime. In fact, we tried
using WFA (Marco-Sola et al. 2021), a highly optimized algorithm
for extension, instead of the generic DP algorithm and found it
was about 60 times faster than chaining without sketching for
n ≈2,800,000, k=23, θ=0.05 in our implementation.

Real nanopore read alignment experiments

To test the applicability and generalizability of our theorems to
real, nonsimulated data, we performed an experiment by align-
ing real long-read data from Oxford Nanopore Technologies
(ONT) using seed-chain-extend. We use the sketched seed-
chain-extend aligner in the simulated experiments with a slight
modification, which is explained in the next section.
Importantly, our two main assumptions with respect to uniform
random strings and point substitutions are violated in this setup:
Real genomes are not uniformly random strings, and ONT reads
contain a significant amount of indel errors (Delahaye andNicolas
2021).

A B

Figure 1. Runtime results on seed-chain-extend between for two sequences of length n and k = C log n = 2
1− 2a

log (n) = 9, 10, . . . , 19, where θ =

0.10 and α=−log 4(1− θ). (A) The y-axis shows the runtime ratios (with 95% confidence intervals) for iteration k+1 divided by runtime for iteration k,
where the sequence length nk is plotted on the x-axis. As n grows, both the sketched and nonsketched extension ratios asymptotically approach the pre-

dicted ratio of n1+
2

1−2a a log (n) runtimes. (B) Multiplicative speed-up for sketched versus nonsketched alignment when sketching with density
1
c
= 1

k − 7
,

where k=C log n. The slow-down for extension flattens out, whereas the chaining speed-up is almost linear on the log-scaled x-axis; chaining speed-up
dominates extension slow-down as predicted by our theory.
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Our data set consists of five reference genomes and corre-
sponding long-read data sets. The references consist of a viral ge-
nome (SARS-CoV-2), a bacterial genome (Escherichia coli), a fungi
genome (Magnaporthe oryzae), an insect genome (Drosophila mela-
nogaster), and a human genome (Homo sapiens). For each genome,
we aligned a corresponding set of publicly available ONT long-
reads, which may have different length and error distributions.
The data sets can be found in Supplemental Table S1.

We are interested in testing the predicted results as a function
of m (the read length) and n (the genome size). We let

k = C log n = 2
1− 2a

log n as before. Because α andC in our results

depend on the error rate θ, we first aligned each read set to the ge-
nomes with minimap2 and retained only reads with gap-com-
pressed identity of > 94.5% and < 95.5% so that θ≈0.05 is fixed.
In addition, we only used reads for which minimap2 aligned
>90% of the read, to avoid benchmarking on unalignable reads.

Practical linear-gap cost consideration

We use almost the same seed-chain-extend algorithm as before
and fix the density to be 1/7 (i.e., not scalingwith n), exceptwe ap-
ply one change: We found that the predicted linear-gap cost ζ(n)
given by our theorems, although asymptotically appropriate in
theory for large n, was too small for reasonable n. Therefore, we
multiplied ζ by 1000.

This discrepancy is because the bounds we use in our proofs
do not have optimized constants. The exact (nonasymptotic) val-
ue of ζ is only used in proving the recoverability result, and our
change does not modify ζ’s asymptotic behavior, which is used
in other parts of our proofs. Thus, our runtime results are still tech-
nically valid, and our experiments below will also suggest that the
recoverability result is also still valid.

Evaluating model assumptions

We first introduced the following filters to our basic seed-chain-ex-
tend alignment algorithm for computational reasons:

1. We filtered reads when the number of anchors is more than 10
times the number of bases. This occurs because of extremely re-
petitive k-mers and can cause the chaining step to stall.

2. We did not consider reads when the chains had gaps of a length
>10,000 bp, which could occur because of structural variations
or failure of chaining and can cause extension to stall.

The two filters also measure how significantly our model as-
sumptions, with respect to independent substitutions and uni-
form random strings, are violated. We report the number of
reads that fail the above filters in Table 1. Only a small fraction

of reads fails the 10,000-bp gap filter, but the repetitive k-mer filter
is violatedmore frequently as the genomes becomemore complex.
Still, >80% of the human reads and > 97% of the D. melanogaster
reads are not deemed too repetitive. Mapping to repetitive regions
is an active area of research (Jain et al. 2020), which is beyond
the scope of this paper, but effective heuristics such as repetitive
k-mer masking (Li 2018; Sahlin 2022) exist.

Extension and chaining runtimes are well predicted by theory

In Figure 2, we plot the times of chaining and extension and per-
form a robust linear regression using the Siegel estimator (Siegel
1982) as a function of the read lengthm. For this plot specifically,
we only timed alignments in which the read was > 90% aligned by
our seed-chain-extend implementation. For each plot, the genome
size n is held fixed. For fixed n, all runtimes are well approximated
by a linear function in m as predicted by our theory, although
chaining times for the humangenomehavehigher variance owing
to the presence of repetitive k-mers.

In Figure 3, we plot the slopes of the regressions for extension
time obtained from the first row of Figure 2, which measures the
dependence on n given fixed m. This dependence is reasonably
fit by a log n function (R2 = 0.766), so O(mlog n) is not a bad
approximation for the runtime in practice. However, our theory
leads to a nCαlog n dependence, which comes from the big O
extension runtime. Cα≈0.08 when θ=0.05 in our setup, so by
using a n0.08log n function instead, we end up getting a better fit
(R2 = 0.928), as predicted by our theory.

Recoverability upper bound by aligned fraction

Recoverability is not measurable on real, nonsimulated reads
because true sequence homology is not known. However, we can
upper bound recoverability by simply measuring the length of
the chain relative to the read length, as any homologous bases out-
side of the chain (i.e., not within the first and last anchor) cannot
be recovered under our model. We call this the aligned fraction,

which our theory also predicts should be. 1−O
1���
m

√
( )

in expec-

tation (with implied constants depending on θ and n). Practically,
the aligned fraction is easily interpretable, and the ability to pre-
dict the aligned fraction is useful for ensuring that reads with a giv-
en error rate and k-mer size are long enough to align to a reference.

We also observed that the aligned fractionwas themain cause
of recoverability loss in the simulated experiments (see

Supplemental Fig. S9), and it turns out that the main O
1���
m

√
( )

term in the theoretical recoverability result exactly comes from

Table 1. Counting the number of reads that did not pass our gap filter and repetitive k-mer filter

Genome No. of reads with >10-kb gap in chain
No. of reads with number of anchors more than

10 times the number of bases Total no. of reads

SARS-CoV-2 0 (0%) 0 (0%) 1692
Escherichia coli 0 (0%) 0 (0%) 8223
Magnaporthe oryzae 21 (0.39%) 3 (0.06%) 5424
Drosophila melanogaster 25 (0.56%) 116 (2.61%) 4439
Homo sapiens 11 (0.07%) 3004 (19.48%) 15,419

These two statistics measure how significantly our model breaks down with respect to repetitiveness, large variation, and chaining failure. The total
number of reads only counts a portion of the original reads that pass our initial filters; namely, 90% of the read is aligned by minimap2, and the se-
quence divergence is 5%+ 0.5%.
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bounding the aligned fraction in the proof (Supplemental Lemma
S7), so this quantity is theoretically relevant as well.

In Figure 4, we plot the aligned fraction for each data set. We

performa least-squares fit of the function 1− a
mb, where a and b are

parameters. We exclude points with < 0.25 aligned fraction if the
read length is greater than 1000 when fitting because these points
appear to be outliers caused by poor chaining and can bias the
least-squares fit. The resulting fits for all plots are reasonable,
with R2 > 0.5 except for theD.melanogaster data set. The seemingly
small value of R2 can be explained by the fact thatmost reads (pass-
ing our filters) arewell aligned, so the data are almost constant and
≈1. Constant data will have R2 = 0, so we cannot domuch better in
this case. Nevertheless, b>0.85 on all data sets, suggesting that our���
m

√
term may be too conservative. However, the exact parameter

values in the fit are highly sensitive to the fitting methodology,
so the exact values displayed are only suggestive and not to be
overinterpreted.

Discussion

In this work, we are able to rigorously justify the empirical results
seen by the seed-chain-extend heuristic through average case anal-
ysis under a simple mutation model. We showed the alignment is

both accurate and fast: ≥ 1− O
1���
m

√
( )

fraction of the sequence

homology is recoverable from the chain while only running in
O(mnCαlog (n)) time, where for even a moderate mutation rate
θ =0.05, Cα<0.08. A recent aligner (Koerkamp and Ivanov 2022)
empirically achieved this predicted n1.08 runtime for θ=0.05 on
two length-n sequences using similar but distinct techniques. In
addition, we also proved that one can sketch to arbitrary densities
1/c, where c< k=O(log n), while asymptotically decreasing run-
time andwithout asymptotically decreasing recoverability, justify-
ing the effectiveness of sketching. Because our setup is modeled by
techniques used by practical software such as minimap2, our re-
sults provide a theoretical backing forwhymodern sequence align-
ment software actually performs so well in practice.

We verified our theoretical results in a synthetic experiment,
which showed that our main theoretical predictions were valid for
our randommodel. Specifically, our strongly subquadratic bounds
predict runtime well; sketching can decrease chaining time with-
out increasing extension time too much; and recoverability is
high. Importantly, our results generalize past our uniform string
and point substitution assumptions; we show that the runtimes
for aligning real nanopore reads to references are still well approx-
imated by our theory. However, on more complex, repetitive ge-
nomes, our runtime predictions for chaining break down owing

Figure 2. Extension and chaining time for real ONT reads with ≈5% sequence divergence. k-mer size was chosen to be k=C log n for reference length n

and C = 2
1− 2a

≈ 2.16 with error parameter θ =0.05. Exact data sets are described in Supplemental Table S1. Note the scaled axes for the SARS-CoV-2

reads, which were much smaller than the other data sets. The well-fit linear regression lines indicate essentially linear runtime in read length with fixed
reference length n (i.e., fixed k=C log n and constant C), although larger human chaining time variance is owing to repetitive k-mers.

Figure 3. Data points represent the slopes of the linear regressions in
Figure 2 for extension, with the corresponding value of k (which is k=

C log n for a constant C = 2
1− 2a

). This dependence of the genome

size, n (x-axis), is decently approximated by a naive A1log (n) + B1 fit, where
A1 and B1 are parameters. However, our theory states that the dependence
should be log (n)nCαwith Cα≈0.08 when θ=0.05. Fitting A2log (n)n0.08 +
B2 gives a better R2 value (0.928 vs. 0.766) with the same number of pa-
rameters (two parameters for both fits), indicating the goodness of our
theoretical predictions.
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to real k-mers being much more repetitive than under a uniform
random model.

In terms of further work, we propose two possible directions.
The first is to optimize the bounds obtained for the current ran-
dom model proposed in this work, which assumes uniformly ran-
dom strings and point substitutions. The second is to generalize
the random model to model complex genomes more accurately,
for example, repetitive k-mers.

Improving bounds for the current random model

For runtime, it seems unlikely that the expected runtime is truly
quasilinear owing to the fundamental quantity (1− θ)k=
(1 − θ)C log n=n−Cα, the likelihood of a k-mer match, decreasing
faster than logarithmically in n when k=Θ(log n); this turns out
to be the cause of the nCα term in the runtime (see Methods).
Despite this, we believe there can be significant improvements
for our bounds in Theorems 1 and 2. The most significant aspect
that we believe can be improved is the restriction on the constant

C. C is required to be .
2

1− 2a
, which seems unsatisfactory

because this leads to high k-mer sizes, for example, k=34 for θ=
0.05 on the human genome. This is much larger than the k-mer
sizes used by noisy long-read aligners in practice (minimap2 de-
faults to k=15).

The restricted values ofC is because of our analysis of spurious
anchors relying on a relatively weak variance bound (Lemmas 3
and 4). To use the bound effectively,Cmust be quite large. The var-

iance bound is also the cause for the 1− O
1���
m

√
( )

bound for recov-

erability, whichwe also believe can be tightened based on both the
simulated and real experiments. To surpass these bounds, a deeper
understanding of spurious anchor subsequences must be devel-
oped. Spurious subsequences of anchors is a very similar problem
to common subsequences in random strings for extremely large al-
phabets, a topic that has had much theoretical attention (Chvátal
and Sankoff 1975; Navarro 2001; Kiwi et al. 2005; Lember and
Matzinger 2009).

Generalizing the random model

Our current random model does not model complex genomes
properly. It is well known that genomes can be extremely repeti-
tive (de Koning et al. 2011), which violates the uniform random
string assumption. This is why the expected runtime of chaining

deviates from our predictions in Figure 2 for the human genome.
One idea for modeling repeats is to use a k-mer Markov model
for the random strings instead of an independent uniform string.
However, the analysis of such models is highly nontrivial (Reinert
et al. 2000), and our techniques for analyzing k-mers in this work
may not apply. Regardless of how repeats are modeled, any sort of
nontrivial analysis would still require a better handling of spurious
anchor subsequences, which is exactly the issue that needs to be
tackled in order to improve the bounds for our current model.

Another direction is to incorporate indels into the random
model. The technical reasonwe opted formodeling point substitu-
tions instead of indels is that indels complicate the statistics of k-
mer matching. For example, an indel of the nucleotide A may
not “change” the 4-mers in the sequence AAAAAA, and sequence
homology becomes ambiguous. A formulation of an “indel chan-
nel” as a model of sequence mutation was used by Ganesh and Sy
(2020) for analysis of edit distance, but the resulting analysis for
this model was more complex than in the independent substitu-
tion case.

Generalizing our model to small indels seems less pressing as
our theorywas successful for real nanopore data, whichhavemany
small indel errors, showing that the substitution model already
generalizes well to small indels. However, modeling large struc-
tural variations could be a relevant problem.

Methods

Homology and recoverability

Let the interval [a..b] be the discrete interval {a, a+1, …, b} and S
[a..b] be the substring indexed by [a..b]. S′ is a mutated version of
the substring S[p+1..p+m] of lengthm starting at p+1, so the op-
timal alignment shouldmap S′ to the homologous indices [p+1..p
+m]. We now define recoverability as the number of homologous
bases one can possibly recover by seed-chain-extend; a visual ex-
ample is shown in Figure 5.

Definition 1. Let an alignment matrix be given as [1..|S|] × [p +1..p+ |S′|].
Define the homologous diagonal DH= {(p+1, p +1), …, (p+ |S′|, p + |S′|)}.
Given a chain C, let Align(C) be the set of possible alignments obtained by
extending through gaps and k-mer matching, where (x, y) [ Align(C)
indicates x and y can be aligned. Then the set of recoverable bases is

Align(C)> DH , and the recoverability is R(C) = |Align(C)> DH |
|S′| .

We define Align(C) carefully in Section B in the Supplemental
Materials and give a visual explanation in Figure 5B. Note

Figure 4. The aligned fraction of the aligned reads, which is chain length divided by read length. We fit a function of the form 1− a
mb, wherem is the read

length (x-axis), and display the resulting R2 values. Aligned fraction is an upper bound for recoverability, and our lower bound on recoverability (and also

aligned fraction) is 1− O
1���
m

√
( )

, which the data suggest may be too conservative.
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that an optimal chain with respect to our linear-gap cost objective
u− ζ[(iu− i1) + ( ju− j1)] does not directly optimize for recoverabili-
ty. We provably find the chain with the optimal linear-gap cost,
and then we will argue that it leads to good recoverability.

Traditionally, alignment optimality is defined using a gener-
alized edit distance (Vingron and Waterman 1994). However,
these distances are only used as a proxy for detecting sequence ho-
mology (Thorne et al. 1991; Batzoglou 2005; Lunter et al. 2005).
We know the true underlying sequence ancestry in our model,
so defining optimality with respect to sequence homology suits
the actual goal of sequence alignment. The reason for the name
“recoverability” is that extension could potentially recover all re-
coverable bases, but this depends on the extension algorithm
and is not guaranteed (Lunter et al. 2008).

Under our model, the trivial O(1) alignment that aligns S′

back to the originating substring of Swithout indels is themost ho-
mologous. This may seem tomake our results superfluous; howev-
er, remember that the algorithm does not know where S′ “begins”
if m<n. Also, although we do not attempt the case with indels,
seed-chain-extend is still valid when indels are present, whereas
the trivial solution does not allow for indels.

We will lower bound E[R(C)]. To do this, we will work with a
more natural object called a break.

Definition 2. (inspired by Ganesh and Sy 2020). We call matching
bases and anchors of the form (x, x) homologous and spurious otherwise.
Given a chain ((i1, j1), …, (iu, ju)) and a maximal interval [p..q] such
that (ip, jp), …, (iq, jq) are all spurious anchors, define the break B as
B= [min (ip, jp)..max (iq, jq) + k−1]. Let the length or size of a break be
L(B) =max (iq, jq)−min (ip, jp) + k and L(C) = ∑

B
L(B) be the total length

over all breaks.

Lemma 1. Given any chain C = ((i1, j1), . . . , (iu, ju)), we have that
( ju − j1 − L(C))/|S′| ≤ R(C).
We prove Lemma 1 in the Supplemental Materials. The concept of
a break is illustrated in Figure 5B. Breaks cover nonrecoverable re-
gions, so subtracting the breaks from the span of the anchors lower
bounds the recoverability.

Fundamental tools and bounds

In this section, we describe some fundamental tools for dealing
with pairs of randommutating strings.We first need to give a care-
ful probabilistic exploration of random k-mer anchors on S=
x1x2… and S′ = yp+1yp+2… . This requires a bit of work owing to

the dependence between the random strings S, S′. For the rest of
the paper, missing proofs can be found in the Supplemental
Materials. Supplemental Figures S2 through S6 are visual aids for
our proofs and can also be found in the Supplemental Materials.

Definition 3. Let M(i, j) be random variables such that M(i, j) = 1 if xi= yj and
0 otherwise. Let A(i, j) be a random variable

∏k−1
l=0 M(i + ℓ, j + ℓ). A(i, j) is an

indicator random variable for the presence of a k-mer anchor at positions (i, j).
We will also refer to A(i, j) variables as “anchors.”

We would like for M(i, j), M(i+1, j+1) to be independent, so
finding the probability of k-mer matches is easy. However, in our
model, it is not actually obvious a priori that M(i, j), M(i+1, j+1)
are independent when j≠ i. ConsiderM(1, 2) andM(2, 3). The for-
mer is a function of x1, y2; the latter, x2, y3. However, x2 and y2 are
dependent in our model, so more work is needed. A convenient
graphical representation of independence for the M random vari-
ables is the match graph, which we define below.

Definition 4. The match graph of a set of random variables of the form
M = {M(i1, j1), M(i2, j2), . . .} is a graph G(M) = (V , E), where the
vertices V are the letters x1, …, xn+k−1, yp+1, …, yp+m+k−1, and the edges

E = {(xi , yi ):i [ [ p+ 1..p+m+ k − 1]}< {(xh, yl ):M(h, l) [ M}.

In particular, the match graph is bipartite for the sets {x1, …, xn+k−1} and
{yp+1, …, yp+m+k−1}.

Amatch graph is shown in Supplemental Figure S1. Themain
reason for defining the match graph is the following theorem,
which allows us to graphically determine independence of the A
variables.

Theorem 3. The random variables M = {M(i1, j1), M(i2, j2), . . .}, where
iℓ≠ jℓ for all M(iℓ, jℓ) [ M, are independent if the induced match graph
has no cycles.

Corollary 1. If i≠ j, Pr(A(i, j)= 1)= 1
sk. Otherwise, Pr(A(i, i)= 1)= (1−u)k.

We will denote the random variables
∑ p+m

i=p+1 A(i, i) =∑
i
A(i, i) = NH (n, m) = NH and

∑
i=j A(i, j) = NS(n, m) = NS , re-

spectively, as the number of homologous anchors and spurious an-
chors; we will drop the dependence on n, m to simplify notation.
These are key random variables that we wish to bound later on.
The theorem below follows directly from Corollary 1 by linearity
of expectation.

A B

Figure 5. Seed-chain-extend visualized on an alignment matrix. Anchors are short diagonal matches in thematrix. Extension corresponds to performing
dynamic programming (DP) on the submatrix between anchors. (A) k-mer anchors under mutations and their corresponding alignment matrix. Blue an-
chors are homologous anchors, and red are spurious anchors. (B) Align(C) consists of anchors and DPmatrices. Recoverable bases correspond to the bases on
the homologous diagonal where a k-mer lies or is accessible by the green DP matrix between gaps. Breaks cover nonrecoverable sections.
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Theorem 4. E
∑

i A(i, i)
[ ] = E[NH] = m(1− u)k, and

E
∑

i,j,i=j A(i, j)
[ ]

= E[NS] = m(n− 1)
1
sk. In particular,

E[N] = E[NH + NS] = m(1− u)k +m(n− 1)
1
sk.

Bounding sums of k-mer random variables

We proceed to bound the distribution of the random variables NS

and NH, which are sums of dependent random variables. We first
bound NS by computing the second moments and using vari-
ance-based bounds. To do this, we need to examine the indepen-
dence structure of the A(i, j) random variables.

Lemma 2. For A(i, j) and A(h, l ), if both of the following conditions hold—

1. |i−h|≥ k or |j− l|≥ k and
2. |i− l|≥ k or |j−h|≥ k,

then the induced match graph on the M variables for A(i, j) and A(h, l )
has no cycles.

Intuitively, the first condition states that two anchors do not
overlap toomuch; for example,A(1, 1) andA(2, 2) are not indepen-
dentwhen k=3. The intuition behind the second condition can be
illustrated by the following situation in which k=1 and θ≈0: con-
sider the anchorsA(1, 5), A(5, 1). Because it is likely that x1 = y1 and
x5 = y5, if x1 = y5, then x5 = y1 with high probability, so x1 = y5 is not
independent of x5 = y1.

Corollary 2. If A(i, j) and A(h, l ) satisfy Lemma 2, they are independent.

Proof. By Condition 1 in Lemma 2, A(i, j) and A(h, l) do not share
any M variables; that is, A(i, j) =M(i, j)M(i+1, j+1)… and similarly
for A(h, l), but no product shares a variable with the others. Because
the match graph has no cycles under these conditions, by Theorem
3, all M variables are independent so

Pr (A(i, j)A(h, l) = 1) = 1
s2k = Pr (A(i, j) = 1)Pr (A(h, l) = 1) as desired.

We can also bound expected values ofN2
H , N

2
S , andNSNH, giving us

variance estimates.

Lemma 3. E[N2
S ] ≤ 8k2mn

1
sk + E[NS]

2. Thus, the variance Var(NS) can

be upper bounded by 8k2
mn
sk . Furthermore,

E[N2
H] ≤ 2mk(1− u)k +m2(1− u)2k and

E[NHNS] ≤ 4k
mn
sk +m2n(1− u)k

1
sk.

Nowwe canuse the variance bound andChebyshev’s inequality to
get the result below. Note the bound uses k=C log n; wewill prefer
this form for quantities directly used for proving the main result.
The label F1 in the theorem refers to the particular event space
for which the bound always holds. We will label each proposition
that holds with high probability with the event space that we are
operating in. We will continue this convention for the rest of
the paper as this will be useful when computing our final bounds.

Lemma 4 (F1). With probability ≥ 1− 1
n
, the number of spurious anchors

is ≤ n2−C + ����
8m

√
C log (n)n1−C/2. That is,

Pr NS ≥ n2−C +
����
8m

√
C log (n)n1−C/2

( )
≤ 1

n
.

Proof. Use Chebyshev’s inequality with Lemma 3’s bound on Var(NS)

along with the inequality
m(n− 1)

sk , n2−C .

If C>3, then for large n,NS =0 with high probability, and our anal-
ysis would be easy. However, we want C as small as possible. It

turns out we canmakeC≈2 for reasonable θ, significantly tighten-
ing our bounds.

ForNH, we can get a stronger exponential boundbecause of its
independence structure. A(i, i)s, which we call homologous an-
chors, are only dependent in a small neighborhood around i of
size k because k-mers on nonoverlapping substrings are indepen-
dent. This is called k-dependence (not to be confusedwith k-indepen-
dence) and is used by Blanca et al. (2022) to show NH is
asymptotically normal. Concentration bounds can also be trans-
lated in the k-dependent scenario (Janson 2004).

Theorem 5. (dependent Chernoff–Hoeffding bound; corollary 2.4
from Janson 2004 reworded and simplified). Suppose we have
X = ∑

a[A Bernoullia(q) for some 0< q<1. A proper cover of A is a family of
subsets {Ai }i[I such that all random variables in Ai , A are independent
and

⋃
i[I Ai = A. Let x(A) be the minimum size of the cover, |I|, over all

possible proper covers. Then for t≥0,

Pr (X ≤ EX − t) ≤ exp − 8t2

25|A|x(A)q

( )
.

Lemma 5.

Pr(NH ≤ m(1− u)k − t) ≤ exp − 8t2

25mk(1− u)k

( )
.

Proof. We simply use Theorem 5 with q= (1− θ)k. By k-dependence,
we can easily see that A = {A1, . . . , Ah}, where
Aj = {A( j, j), A( j + k, j + k), A( j + 2k, j + 2k) . . .} is a partition
satisfying the independence condition, and we will have at most k
sets. Thus, x(A) ≤ k, and we are done.

Proof of nonsketched main result

To prove the main result on seed-chain-extend without sketching,
wewill need to bound three quantities in expectation: the runtime
of chaining, the recoverability of chaining, and the runtime of
extension.

We first bound O(E[Nlog N]), the expected runtime of chain-

ing (and also anchor sorting). Note that E[N] ≤ 1
nC−2 +mn−Ca.We

would like E[Nlog N] =O(E[N]logE[N]) =O(mn−Cαlog m) to hold.
Unfortunately, Jensen’s inequality only gives E[Nlog N]≥E[N]
logE[N] because xlog x is convex. However, with a bit more
work, we get the following:

Theorem 6. Assume m = V(n2Ca+e) for some e . 0, and C .
1

1− a
.

Letting N be the total number of k-mer anchors, E[Nlog N] =O(E[N]logE
[N]) =O(mn−Cαlog m). Thus, the runtime of chaining is O(mn−Cαlog m).

Now we bound the expected recoverability of the chain.
Given S and S′, let a homologous gap of size ℓ+ k−1 bases be an in-
terval of ℓ consecutive k-mers for which no homologous anchors
exist (i.e., the k-mers are mutated). In the context of a chain, a ho-
mologous gap will refer to a gap flanked by two homologous an-
chors. Technically, if ℓ consecutive k-mers are uncovered but are
flanked by two homologous anchors, this gives ℓ− k+1 uncovered
bases.Wewill ignore these factors of k as wewill show that they are
asymptotically small. It turns out homologous gaps grow relatively
slowly in n with high probability.

Lemma 6. With probability ≥1−1/n, no homologous gap has size greater
than

g(n) = 50k

8(1− u)k
ln (n) = C · 50

8
log (n) ln (n) · nCa,

plus a small C log n term we will ignore because it is small asymptotically.
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In a chain, gaps may also be flanked by one or two spurious an-
chors. We call these nonhomologous gaps. We first bound break
lengths, which will imply good recoverability, and bound nonho-
mologous gaps later on.

Lemma 7 (F1 + F2). Take any C . min 3,
2

1− 2a

( )
and let z = 1

6g(n)
,

where g(n) = C
50
8

log (n) ln (n)nCa. Assume m = V(n2Ca+e) for some

e . 0. Then for large enough n, there are no breaks of length ≥m1/2 with
probability greater than 1−2/n in an optimal chain.

Corollary 3. Under the same assumptions as in Lemma 7, the expected

recoverability of any optimal chain is ≥ 1− O
1���
m

√
( )

.

The idea behind proving the above propositions is to work in a
space of events F1> F2, where “bad events” do not occur and
any optimal chain has good recoverability. Because this space of
bad events is small, they do not contribute to our expected value
too much. This finishes the recoverability result for the main
theorem.

The last step is to bound extension running time, and this
comes down to separately bounding the size of the homologous
and nonhomologous gaps in any optimal chain. We bound the
runtime of extension through homologous gaps by directly calcu-
lating the expectation through all possible homologous gaps. We
then show that the runtime throughnonhomologous gaps is small
and does not contribute to the asymptotic term.

Lemma 8. Let TH
Ext be the time of extension over only the homologous gaps

of any optimal chain. E[TH
Ext ] = O(mnCa log n).

Lemma 9. Let TS
Ext be the runtime of extension through only the

nonhomologous gaps of an optimal chain. Under the same assumptions as
in Lemma 7, E[TS

Ext ] = O(m).

Now we have enough results to prove Theorem 1.

Proof (Theorem 1). The expected runtime of chaining follows from
Theorem 6. The recoverability result follows from Corollary 3. The
expected runtime of extension is E[TExt ] = E[TH

Ext ]+ E[TS
Ext], and

E[TH
Ext], E[TS

Ext] are both O(mnCαlog (n)) by Lemmas 8 and 9. This
completes the proof as long as we satisfy the assumptions of Lemma
7 and Theorem 6 on C, α. To satisfy the assumptions, we require

C .
1

1− a
, C . min 3,

2
1− 2a

( )
, and C α<1/2; otherwise,

m = V(n2Ca+e) . n for large enough n. It is not hard to check that
the limiting condition is α<1/6, so we require −log 4(1− θ) < 1/6.

This works out to be u , 1− 4
−
1
6 , 0.2063. We can also remove the

minimum condition on C because α<1/6 implies
2

1− 2a
, 3.

Sketching and local k-mer selection

Now consider not selecting all of the k-mers in a string, but only a
subset of them during the initial seeding step. This allows one to
chain only a subset of the k-mers, potentially providing runtime
savings.

We use the open syncmermethod (Edgar 2021). Given a string,
we take all k-mers of the string and break the k-mer into s-mers
with s< k. There are k− s+1 s-mers in the k-mer. We select or
seed the k-mer if the smallest s-mer (subject to some ordering,

which we choose as uniform random) is in the
k− s+ 1

2

⌈ ⌉
-th

one-indexed position; we call a selected k-mer an open syncmer.
Given repeated smallest s-mers, we take the rightmost one to be

the smallest. Finding the smallest s-mer among the k− s+1 s-
mers in a k-mer takes k− s+1 iterations, so finding all open syn-
cmer seeds in S′ takes O((k− s+1)m) =O(mk) =O(mlog n) time.

The expected fraction of selected k-mers over a string with

i.i.d. uniform letters is called the density, and it is
1

k− s+ 1
for

the open syncmer method (up to a small error term

O
(k− s+ 1)2

ss

( )
which we will ignore) (see (Zheng et al. 2020).

We will let c be the reciprocal of the density, so c= (k− s+1).
The original open syncmer definition had a parameter t,

where a k-mer was selected if the smallest s-mer was in the tth po-
sition; we proved previously (Shaw andYu 2022) that the optimal t

is
k− s+ 1

2

⌈ ⌉
with respect tomaximizing the number of conserved

bases from k-mer matching. The reason we choose open syncmers
is primarily to the following fact, which was shown by Edgar
(2021):

Theorem 7. Define t = c
2
= k − s + 1

2
. If k− s+1 is odd, two consecutive

open syncmers must have starting positions ≥t bases apart. If even, they
must have starting positions ≥t−1 bases apart.

Theorem7 follows by examining the smallest s-mer in a k-mer
and noticing that in the next overlapping k-mer, the locations for
the new smallest s-mer are restricted. This theorem is the reasonwe
use open syncmers and is crucial to our proofs. The spacing prop-
erty makes selected open syncmers a polar set (Zheng et al. 2021);
other methods also give rise to polar sets (Frith et al. 2021, 2023)
but open syncmers seem to perform well empirically (Dutta et al.
2022; Shaw and Yu 2022; Frith et al. 2023) and are easy to describe.
For the rest of the section, we will assume c= k− s+1 is odd, so
c
2

⌈ ⌉
= c + 1

2
.

Let A(i, j) be the randomvariables as defined before. Let J(i) be
the indicator random variable set to 1 when the ith k-mer is select-
ed on S as an open syncmer; J′( j), similarly for the jth k-mer on S′.
We nowwish to calculate E[J(i)J′( j)A(i, j)], the probability that a k-
mer match exists and the k-mer is an open syncmer.

Lemma 10. If i= j, then E[J(i)J′(j)A(i, j)] = (1− u)k

c
. Otherwise,

E[J(i)J′(j)A(i, j)] = 1
csk.

Proof. If A(i, j) = 1, then the ith k-mer and jth k-mer are the same. If a
k-mer is selected as an open syncmer on S, it must also be selected

on S′, so E[J(i)J′(j)A(i, j)|A(i, j) = 1] = E[J(i)] = 1
c
. A(i, j) and J(i) are

independent because we assume the random ordering for the
s-mers is independent of the random mutations. Using the law of
total expectation and Theorem 4 gives the result for both cases.

Definition 5. We will replace all random variables involving anchors and
matches with a superscript ∗ to indicate sketched seeds; for example, A(i, j)∗
=A(i, j)J(i)J′( j), M∗, N∗

S , N
∗
H, etc.

Corollary 4. The expected total number of anchors after applying open

syncmer seeds with density
1
c
is

E
∑
i,j

A(i, j)∗

⎡
⎣

⎤
⎦ = 1

c
n(1− u)k +m(n− 1)

1
sk

( )
.

The above follows directly from Lemma 10. As expected, sub-

sampling to a
1
c
fraction of the k-mers gives

1
c
expected hits. Note

the important property of context independence used in the proofs:
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IfA(i, j) = 1, then J(i) = J′( j). This property is not satisfied if onewere
sampling k-mers randomly or using minimizers (Roberts et al.
2004).

We now deduce the sketched moment bounds on N∗:

Lemma 11. The variance Var (N∗
S ) can be upper bounded by

1
c
8k2mn1−C .

Furthermore, E[N∗2
H ] ≤ 1

c
2mk(1− u)k + 1

c2
m2(1− u)2k and

E[N∗
HN

∗
S ] ≤

1
c
4k

mn
sk + 1

c2
m2n(1− u)k

1
sk.

Lemma 12 (F1∗). Pr N∗
S ≥ 1

c
mn1−C +

��
8
c

√
km1/2n1−C/2

( )
≤ 1

n
.

The sketched moment bounds allow us to start reanalyzing
the crucial propositions in the subsection “Proof of nonsketched
main result” but in the context of sketching. The first main result
is that sketching reduces the chaining time as one would expect.

Theorem 8. Under the same assumptions as in Theorem 6, letting N∗ be
the total number of sketched k-mer anchors, the expected chaining time is

O(E[N∗ logN∗]) = O
1
c
mn−Ca logm

( )
.

The second result we wish to highlight is the new bound on
extension runtime through homologous gaps.

Lemma 13. The expected runtime of sketched extension through the
homologous gaps in an optimal chain is

E[TH∗
Ext ] = O min

1
c2

mnCalog3(n), c ·mnCa logn
( )( )

. If c=Θ (log n), then

E[TH∗
Ext ] = O(mnCa log n).

It will turn out that in the sketched case, extension over homolo-
gous gaps also dominates runtime. Becausewe sketch with density
1
c
, this result states that we can sketch with decreasing density and

have the same asymptotic extension time as without sketching,
which is surprising. The crucial fact we use in the proof of
Lemma 13 is Theorem 7, which shows that open syncmer seeding
weakens the k-dependence of the seeds because they are now at
least (c+1)/2 bases apart. This tightens the bound in Theorem 7
and also shows that the sketched maximum homologous gap
size is Θ (g(n)), with g(n) as in Lemma 6.

If we used other methods such as closed syncmers (Edgar
2021) or FracMinHash (Irber et al. 2022; Rahman Hera et al.
2023), then we would recover the O(c ·mnCαlog n) result in

Lemma 13 but not the O
1
c2

mnCalog3(n)
( )

result. Thus, we have

saved a log factor by using open syncmers whenwe let c=Θ (log n).
The bulk of Section E in the SupplementalMaterials is dedicated to
proving Lemma 13.

The key quantities used for the rest of the proofs are N∗
S and g′

(n), the newmaximumhomologous gap size.Wewill prove g′(n) =Θ
(g(n)) with g(n) as in Lemma 6, so the only asymptotic difference in

these bounds is a factor of
1��
c

√ inN∗
S . BecausewewantN∗

S to be small,

this does not affect downstreamanalysis. It follows that the proofs of
the rest of the lemmas in the subsection “Proof of nonsketched
main result” can be replicated almost verbatim. We give a sketch
of these proofs in the Supplemental Materials.

Software availability

Scripts for regenerating the simulated experiments are available at
GitHub (https://github.com/bluenote-1577/basic_seed_chainer/).

The aligner used for the real nanopore experiments is available at
GitHub (https://github.com/bluenote-1577/sce-aligner/) along
with scripts for regenerating figures. All scripts are also available
as Supplemenal Code.
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