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Inference of population genetic parameters
in metagenomics: A clean look at messy data
Philip L.F. Johnson1,3 and Montgomery Slatkin2

1Biophysics Graduate Group, University of California, Berkeley, California 94720, USA; 2Department of Integrative Biology,
University of California, Berkeley, California 94720, USA

Metagenomic projects generate short, overlapping fragments of DNA sequence, each deriving from a different
individual. We report a new method for inferring the scaled mutation rate, � = 2Neu, and the scaled exponential
growth rate, R = Ner, from the site-frequency spectrum of these data while accounting for sequencing error via Phred
quality scores. After obtaining maximum likelihood parameter estimates for � and R, we calculate empirical Bayes
quality scores reflecting the posterior probability that each apparently polymorphic site is truly polymorphic; these
scores can then be used for other applications such as SNP discovery. For realistic parameter ranges, analytic and
simulation results show our estimates to be essentially unbiased with tight confidence intervals. In contrast, choosing
an arbitrary quality score cutoff (e.g., trimming reads) and ignoring further quality information during inference
yields biased estimates with greater variance. We illustrate the use of our technique on a new project analyzing
activated sludge from a lab-scale bioreactor seeded by a wastewater treatment plant.

Metagenomics applies shotgun-sequencing techniques to DNA
extracted from a microbial community with the goal of learning
about the ecological dynamics of the constituent microorgan-
isms. Population genetics provides a theoretical basis to make
inferences about population structure and evolution given
samples of DNA sequences from individuals.

Although recent large-scale metagenomics sequencing
projects (Tyson et al. 2004; Venter et al. 2004; Tringe et al. 2005;
DeLong et al. 2006) provide genome-wide population samples
seemingly ideal for population genetic analysis (Whitaker and
Banfield 2006), challenges arise from their variable sample depth
(i.e., read coverage) and variable sequence quality. Both of these
factors must be taken into account during inference to yield un-
biased estimates of population parameters. For instance, se-
quencing error produces an excess of singletons (apparent poly-
morphic sites in which only one individual in the sample has the
derived allele), but such an excess is also a signature of popula-
tion growth (Fig. 1)—a difference that can only be distinguished
at higher sample depths.

In addition, researchers cannot afford to throw away experi-
mental data. Even with modern high-throughput capillary se-
quencing technology, the cost and speed of DNA sequencing
remain a limiting constraint on research (Shendure et al. 2004).
Incorporation of sequence quality allows maximal use of the to-
tal sequencing output, leading to a greater yield for the same
cost. Previous techniques for estimating population parameters
from the site-frequency spectrum were designed to handle error-
free samples of fixed size (Sawyer and Hartl 1992; Nielsen 2000;
Polanski and Kimmel 2003) and cannot distinguish between
population growth and sequencing error. While programs such
as PolyBayes (Marth et al. 1999) integrate sequence quality in-
formation across assemblies with the goal of discovering poly-
morphic sites, this strategy has not been applied toward estimat-
ing population genetic parameters until now.

The key methodological step that makes population meta-

genomic analysis possible lies in the difference between metage-
nomic sequencing and traditional sequencing. Instead of se-
quencing reads from a single isolate organism, metagenomics
projects sequence reads from a pool of DNA extracted from all
individuals in the sampled community. Considering the large
number of individuals in the sampled community relative to the
number of reads sequenced, each read derives from a different
individual microorganism with probability near one. Thus, we
have a population sample equal to the “depth,” or number of
reads, at every site in the assembly of overlapping reads. If only
a few sites were sequenced or read depths were very low, this
sample would not allow for meaningful statistical inference;
however, with metagenomic assemblies spanning entire ge-
nomes and having average depths as high as 10 (Tyson et al.
2004), these population samples gain considerable power.

Estimated values for the apparent scaled mutation rate (�)
and the apparent scaled growth rate (R) will provide a glimpse
into the evolutionary history of the sampled microbial commu-
nity in a manner not previously possible. Beyond being a func-
tion of mutation and growth, these parameters will also reveal
the action of natural selection with negative (background) selec-
tion lowering the apparent mutation rate and positive (Darwin-
ian) selection increasing the apparent growth rate. Comparison
of these parameter estimates across different groups of genes or
genomic regions can then be used to guide experimental inves-
tigation into the biological role played by these genes.

Frequency spectrum

Given a population sample from n individuals (i.e., a constant
read depth of n), the site-frequency spectrum represents the dis-
tribution of polymorphic sites that have a derived (as opposed to
ancestral) nucleotide at a particular frequency in the sample. For
example, in general, the most common type of polymorphic site
will be one in which exactly one individual in the sample has the
derived nucleotide; the next most common type of site will be
one in which exactly two individuals in the sample have the
derived nucleotide, and so on. Experimental data requires the
sequence from an outgroup to distinguish which of the two
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nucleotides is ancestral and which is derived. If an outgroup is
not available, the frequency spectrum must be “folded” to combine
the indistinguishable categories (i.e., 1 and n�1, 2 and n�2, etc.).

With some assumptions about how mutations occur and
how a population evolves, theory can predict the shape of this
spectrum. Given an observed spectrum, maximum likelihood es-
timation can be used to work backward and infer the most likely
parameters of the theoretical model. Relative comparison of
these parameter estimates from different regions of the same ge-
nome provide useful information even when the underlying as-
sumptions are questionable. This type of “genomic control” has
been used in numerous studies when working with genome-scale
data including some using the frequency spectrum for inference
(Marth et al. 2004; Nielsen et al. 2005b).

Sawyer and Hartl have characterized the frequency spec-
trum as an explicit function of the selection coefficient for a
constant-size population (Sawyer and Hartl 1992). However,
their model makes no allowance for population growth and re-
quires a number of strong assumptions regarding the mechanis-
tic details of selection. Subsequent work has tested and relaxed
some of these assumptions (Bustamante et al. 2001; Williamson
et al. 2004; Zhu and Bustamante 2005), but strong population
growth remains problematic for their model. Since microbial
populations can easily undergo exponential growth, we will not
consider this model further.

Instead, this study makes use of frequency spectrum formu-
las arising from two types of neutrally evolving populations, i.e.,
one that experiences exponential growth (Polanski and Kimmel
2003; Polanski et al. 2003) and one that maintains a constant size
(Wright 1931, 1969). Both of these models assume a panmictic
Wright-Fisher population with nonoverlapping generations
(Wright 1931) conforming to an infinite-sites mutation model
(Kimura 1969), where a mutation never hits the same location
twice.

In reality, the frequency spectrum arising from evolutionary
processes (e.g., mutation, selection, drift) is obscured by errors
stemming from the data collection process. Raw data from auto-
mated sequencing machines provides a prior distribution for
these error probabilities when using data from metagenomics
sequencing projects.

Sequence quality

The Sanger method for DNA sequencing depends on chemical
reactions that contain stochastic elements, which lead to varying
output quality (Ewing et al. 1998).

Base-calling software converts the analog fluorescence out-
put of automated sequencers into a string of digital nucleotides
and attempts to quantify the probability of a given base being
called in error. The widely used base-calling software Phred re-
ports a quality score based on the shape of the peak and the shape
of neighboring peaks calibrated to a particular sequencing chem-
istry (Ewing and Green 1998; Ewing et al. 1998). Ewing and
Green have defined the Phred quality score, S, to be inversely
related to the probability of error via the function Pr(err)=10�S/10.
Since metagenomics projects deal primarily with haploid organ-
isms and, in any event, clone their DNA fragments into bacterial
vectors before sequencing, Phred’s base-calling process will not
be biased by heterozygous samples (Stephens et al. 2006).

A more refined estimate of sequence quality can be obtained
by combining information across multiple aligned reads. If the
reads all derive from a single haploid individual or are otherwise
expected to be nonpolymorphic, then an algorithm need only
consider the various error probabilities (Li et al. 2004). If the
reads derive from a diploid individual or from multiple individu-
als, then the algorithm must distinguish between single nucleo-
tide polymorphisms (SNPs) and sequencing errors. The first pro-
gram to tackle this task, PolyBayes, used a Bayesian technique
incorporating prior probabilities of polymorphism and adjusting
the posterior based on the set of quality scores at a given position
(Marth et al. 1999). Many others have followed, creating pro-
grams focused on SNP discovery, such as the program of Irizarry
et al. (2000), or improving sequence assemblies, such as AutoEdi-
tor (Gajer et al. 2004).

Despite these tools for quantifying error rates, to the best of
our knowledge, most studies performing population genetic
analysis use human visual confirmation of quality in combina-
tion with a strict Phred quality score cutoff of 30 or 25, which
corresponds to between one and three errors per thousand bases
(e.g., Brown et al. 2004; Neafsey et al. 2004; Nielsen et al. 2005a).

Here, we avoid picking an arbitrary quality threshold and
instead explicitly incorporate quality scores into the likelihood
function used to estimate the parameters � and R. Note that this
strategy of integrating error probabilities into the likelihood cal-
culation has general utility and has previously been applied to
account for incorrect inference of the ancestral state from an
outgroup (Williamson et al. 2005).

Below, we demonstrate the significant advantage of our ap-
proach over a cutoff-based method through the use of analytic
and Monte Carlo techniques. After establishing that the method
works in principle, we proceed to apply it to initial experimental
data from a recent metagenomics sequencing project of activated
sludge from a wastewater treatment plant (Martin et al. 2006).

Results

Analytic

We first verified analytically that, for the restricted case of con-
stant quality and depth across all sites, our method yields a
nearly unbiased estimate for � and R over reasonable parameter
ranges. These results assume independence of sites and that se-
quencing errors cause a switch to any other nucleotide with
equal probability. With the constant population size model, this
result can be proven explicitly (e.g., if n = 5 and Pr(err) = 0.01,
then �̂ = 1.007�; further results not shown). For R > 0, we numeri-
cally solved for asymptotic parameter estimates using a range
of input parameter values (�:0.001,...,0.01; R:1,...,50; n = 5,9;

Figure 1. Similarity of sequencing error in constant size population
(dark bars: � = 0.01, R = 0, q = 0.001) to population growth (light bars:
� = 0.02, 1, q = 0) with low-read depth (n = 4).
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Pr(err) = 0.001, 0.01) covering two orders of magnitude in poly-
morphism rate (0.00016 to 0.017). As detailed below, the sludge
parameter estimates fall within this range. Since metagenomics
projects provide the first large population samples of microbial
sequence, previous estimates for the range of microbial polymor-
phism rates are essentially nonexistent. Although mutation rates
in Escherichia coli have been estimated via long-term laboratory
evolution experiments to be on the order of 10�10 per site per
generation (Lenski et al. 2003), calculation of the polymorphism
rate would also require knowledge of the effective population
size.

The numerical solutions consistently recovered the input
parameter values with the exception of the case with low quality
(Pr(err) � 0.01), low read depth, and low polymorphism (i.e., low
� or high R; see Table 1). However, our estimate of R was always
more sensitive to sampling perturbations than our estimate of �;
for example, using the full spectrum with � = 0.01, R = 1, depth
of 9, and an error probability of 0.001, we find the variance of �̂

to be 0.00002% of its mean, while the variance of R̂ is 0.13% of
its mean.

Simulation

To test the utility of our method in a more realistic situation with
variable depth and quality, we simulated data from populations
experiencing a range of scaled mutation and growth rates. Each
simulation sampled 100,000 independent sites from the same
quality score distribution and a slightly modified version of the
depth distribution as found in the largest contiguous sequence
(170 kb) from the sludge metagenomics project (Fig. 2). We
modified the depth distribution by trun-
cating the right-hand tail to a maximum
of 20 to increase computation speed
when performing replicate simulations.
When a “sequencing error” occurred,
the simulation switched the given
nucleotide to one of the other three with
probability 1/3. In addition to compar-
ing our method against the true simu-
lated value, we also used a simple cutoff
scheme that ignores all bases below a
threshold quality and completely trusts
all bases above the threshold. This cutoff
technique approximates the approach
taken by previous studies in which low-

quality bases are ignored and the rest are approved by a human
(Brown et al. 2004; Neafsey et al. 2004; Nielsen et al. 2005a).
Following these studies, we applied a Phred quality threshold of
30, which corresponds to a 0.001 chance of an error (and, as can
be seen from Fig. 2, an elimination of approximately one-third of
the data).

Using the same parameter ranges as above, we initially vary
� from 0.001 to 0.01 while keeping R fixed at 1 (Fig. 3). Taking the
average sludge depth of nine, this range for � corresponds to the
rate of polymorphism ranging from 0.0017 to 0.017. Next, we
vary R from 0 to 50 while keeping � fixed at 0.01 (Fig. 4), which
corresponds to a polymorphism rate ranging from 0.027 to
0.0024. In all cases, the cutoff estimates are distinctly biased in
addition to having much greater variance than the estimates in-
corporating quality scores. Given our sample size (100,000 sites)
and our depth distribution (Fig. 2), the folded estimates per-
formed nearly as well as the full estimates.

After obtaining quality-based parameter estimates, we can
also calculate an empirical Bayes quality score for apparent poly-
morphic positions (see Methods, equation 8) that much more
closely predicts the true quality of those bases than the original
quality score. In addition, our model provides a slight advantage
over the posterior SNP probability reported by PolyBayes (Marth
et al. 1999). In Figure 5, we graph the three estimated error prob-
abilities (original, PolyBayes, and our empirical Bayes) against the
actual probability that a site with the given estimated quality is
in error. Ideally, the quality scores should form a straight line
through y = x, such that an error probability of, say, 0.7 corre-
sponds to an error exactly 70% of the time. The original quality
score accurately reflects the error probability across all sites; how-
ever, by restricting ourselves to apparent polymorphic positions,
we are also selecting for sites with sequencing error. The Poly-
Bayes curve illustrates the significant improvement gained by
simply combining quality scores across aligned reads. Only in the
middle probability ranges, which account for a small proportion
of the total sites (note gray bars), does the site-frequency spec-
trum model contribute information and avoid the overestimate
of error made by PolyBayes.

Sludge

Application of the folded version of our technique to the largest
contiguous sequence in the sludge data set yielded �̂ = 0.0012 for
the constant population size model and �̂ = 0.015 and R̂ = 49 for
the population growth model. Using the likelihood ratio test
statistic and calculating its empirical distribution (see Methods),
we find the growth model fits significantly better (P < 0.01) even

Figure 2. For largest contiguous sludge sequence (170 kb), distributions of read depth (A) and
quality scores converted to error probabilities (B).

Table 1. Analytic results for asymptotic case (i.e., an infinite
number of sites), given constant quality (Pr(err) = 1/100) and read
depth across all sites

Depth = 9 Depth = 5

full folded full folded

� R E[�̂] E[R̂] E[�̂] E[R̂] E[�̂] E[R̂] E[�̂] E[R̂]

0.001 1 0.001 0.9 0.0009 0.8 0.001 0.9 0.001 0.9
0.003 1 0.003 0.9 0.003 0.8 0.003 0.9 0.003 0.9
0.005 1 0.005 0.9 0.005 0.9 0.005 0.9 0.005 0.9
0.007 1 0.007 0.9 0.007 0.9 0.007 0.9 0.007 0.9
0.009 1 0.009 0.9 0.009 0.9 0.009 0.9 0.009 0.9
0.01 5 0.01 5 0.01 5 0.01 5 0.01 5
0.01 20 0.01 19 0.01 19 0.01 19 0.01 19
0.01 35 0.01 34 0.01 33 0.01 34 0.01 33
0.01 50 0.01 49 0.01 47 0.01 48 0.01 48
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with no recombination. With infinite recombination (i.e., inde-
pendent sites), the P-value decreases to less than 10�16. Since
bacterial recombination rates vary widely (Feil and Spratt 2001)
and we have no prior estimate of this rate for the sludge popu-
lation, we are fortunate that the growth parameter is significant
regardless of recombination rate. Thus the model may be detect-
ing very recent growth stemming from manipulation of the labo-
ratory bioreactor prior to DNA sampling; following standard en-
richment protocols (Seviour et al. 2003), some effort was made to
increase the proportion of the phosphorus-accumulating bacteria
to the final level of 80% of the biomass (Martin et al. 2006).

Our estimate for the polymorphism rate in the sludge (i.e.,
1 � Pr(d = 0|�, R,n)), using the average depth of nine, comes to
the surprisingly high rate of 0.36%—noticeably higher than the
approximate human rate of 0.1% (Cargill et al. 1999). Clearly,
microbes have the potential for elevated polymorphism via a
much larger effective population size than humans; however,
clonal microbial populations with an effective population size
near one also exist (Strous et al. 2006).

Discussion

Figures 3 and 4 reveal the cutoff-based estimates to be consis-
tently biased upward relative to the truth. This phenomenon
arises from the fact that the cutoff error probability of 0.001
leaves a significant amount of error relative to the amount of
signal, leading to an overall excess of apparent polymorphic sites
(overestimating �) and, in particular, an excess of sites with a
single apparent derived nucleotide (overestimating R for reasons
detailed below). If the cutoff were raised to a level sufficient to
avoid the error, the increased variance due to lower sample size
would eliminate the signal (Fig. 6).

While the results are quite promising, we have some caveats.
First, the analytic work and simulations treat sequencing

error as causing a switch to any other nucleotide with uniform
probability 1/3, which, given the sludge score and depth distri-
butions, leads to a prediction that: ∼ 1.5% of sites would have
three or four different nucleotides. However, only 0.3% of sites in
the actual sludge sequence are tri- or quadrallelic. This discrep-

Figure 4. Performance of the four techniques (Cf = Cutoff of 30 with folded spectrum, Cu = Cutoff with unfolded spectrum, Qf = Quality scores with
folded spectrum, Qu = Quality with unfolded spectrum) across a range of true values of R (labeled at top) with � = 0.01. (A) Estimated value for �; (B)
estimated value for R. True values for each parameter drawn as dotted lines. Box-and-whisker plots show quartiles and extreme values.

Figure 3. Performance of the four techniques (Cf = Cutoff of 30 with folded spectrum, Cu = Cutoff with unfolded spectrum, Qf = Quality scores with
folded spectrum, Qu = Quality with unfolded spectrum) across a range of true values of � (labeled at top) with R = 1. (A) Estimated value for �; (B)
estimated value for R. True values for each parameter drawn as dotted lines. Box-and-whisker plots show quartiles and extreme values.
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ancy implies that at least one of our assumptions is incorrect;
possibilities include either that sequencing error causes nonuni-
form transitions or that sequencing errors at the same site in
different reads are nonindependent. However, determining the
root cause is beyond the scope of this study. Instead, given the
small number of these sites, we decided to first transform them
into two-class “biallelic” sites and then use a likelihood function
that treats sites as exclusively biallelic (see Methods). Alterna-
tively, we could have either thrown out nonbiallelic sites or made
the likelihood function more general. The former was rejected as
being significantly biased—a minimum of two errors are required
to change a fixed site into a triallelic site, while only one error is
required to turn a polymorphic site into a triallelic site. An imple-
mentation of the latter approach added significant complexity
for only a small gain in estimation power. The chosen route
strikes a compromise between these two options, although it

leads to the slight bias seen in the analytic results. If quality were
lower or depth higher, the likelihood function might need to be
adjusted to allow for a more general model of sequencing error.

Second, decreasing the number of sites or depth leads to an
increase in the variance of the estimators (particularly R̂) for all
techniques. A problem arises with few sites, low depth, and a
folded spectrum. Namely, a minimally polymorphic population
with a lot of sequencing error creates a frequency spectrum simi-
lar to a quickly growing population with the exception of those
few sites with derived nucleotides present in almost all the reads
(right tail of Fig. 1). Folding the spectrum cuts the effective depth
in half, which makes accurate estimation difficult and can lead to
the maximum likelihood being found with � and R going toward
infinity.

Third, when we multiply the per-site likelihoods to form the
total likelihood (equation 7), we assume sites segregate indepen-
dently. Estimation of recombination rate from metagenomic
data remains a challenge. Dependence due to low levels of re-
combination will bias these estimates on an absolute scale, but,
as with the other model assumptions, relative comparison of es-
timates from different regions of the same genome will still pro-
vide insight into the evolutionary processes at work.

Finally, the validity of these parameter estimates depends
entirely on the accuracy of the given metagenomic assembly on
which they are based. The very polymorphism that makes popu-
lation genetic analysis possible also poses a challenge to the as-
sembly process, making metagenomic assembly algorithms an
area of active research (Chen and Pachter 2005). To allow assess-
ment of assembly accuracy, we strongly encourage future meta-
genomic projects to deposit assemblies and the accompanying
traces in publicly available archives such as the National Center
for Biotechnology Information’s Assembly Archive and Trace Ar-
chive.

Given a constant-size or exponentially growing panmictic
recombining population, our technique provides reliable esti-
mates for � = 2Neu and R = Ner from metagenomic sequence in the
face of sequencing error and limited data. The resulting empirical
Bayes quality score can then be used to investigate other ques-
tions that require accurate assessment of whether a putative poly-
morphism is real or not. Many aspects of natural selection and
population structure influence the apparent mutation and
growth rates experienced by groups of genes. Thus, estimation of
these parameters provides a key new tool for analyzing the evo-
lutionary history of microbial communities.

An implementation of our Population genetic Inference In
Metagenomics (PIIM) technique is freely available for download
from http://ib.berkeley.edu/labs/slatkin/software.html

Methods

Statistical inference

Likelihood calculation
We begin with an assembly of metagenomic reads, FASTA se-
quences for the reads, and quality scores for every base call in
each read. More generally, the data consist of a set of aligned
reads containing K sites with a vector of quality scores for each
site. Since the read depth varies across the assembly, we denote
the read depth at a particular site k ∈ {1,. . .,K} to be nk. We as-
sume independence of sites and that, at most, two different
nucleotides are observed at any given site. If a given site actually
has more than two nucleotides, we group the nucleotides into

Figure 6. Estimating � by using an arbitrary quality cutoff (throwing
out data below, trusting data above). Solid line shows (analytic) best-case
estimate, assuming no sampling error for a depth of nine and constant
quality at the cutoff level. Dotted line shows true value (� = 0.01). Open
circles plot standard deviation/mean when run on a finite sample of
170,000 sites with depth of nine and constant quality, but where the
cutoff further reduces the number of sampled sites according to the
sludge quality distribution.

Figure 5. Comparison of original quality score, PolyBayes, and our
empirical Bayes quality score (folded spectrum) for apparently singleton
polymorphic positions. Sites are binned according to quality score along
x-axes and true rates of error (known from simulation) are plotted on the
y-axis. Gray bars show distribution of PolyBayes estimated probabilities of
error.
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two classes—ancestral and nonancestral (if the ancestral is
known) or the single most frequent nucleotide and everything
else (if the ancestral is not known). For the duration of the Meth-
ods section, we will refer to these two classes of nucleotides as
“ancestral” and “derived”; if an outgroup is not available, these
references should be interpreted as “major” and “minor,” along
with the adjustments noted below.

First, we establish some notation. Starting with a single site
where n reads align (i.e., a depth of n), we need two pieces of
information—the set of error probabilities, Q = {q1,. . .,qn} and the
subset of these probabilities corresponding to the observed de-
rived nucleotides, Do ⊂ Q. Let do represent the number of ob-
served derived nucleotides, do = |Do| . To convert from Phred qual-
ity scores, Si, to error probabilities, let qi = 10�Si/10 where
i ∈ {1,. . .,n} (Ewing and Green 1998). Assuming only two types of
sequencing errors (true ancestral to apparent derived, and vice
versa), we define � to be the difference between the observed
number of derived nucleotides do and the true number d:

� = do − d = d − − d + (1)

where d� is the number of apparent derived nucleotides that are
actually ancestral and d+ is the number of apparent ancestral
nucleotides that are actually derived. For simplicity of notation,
since the order of the reads is irrelevant, take the first do reads to
be derived and the rest as ancestral (i.e., Do = {q1,. . .,qdo

}).
For example, a site with depth n = 4 might have nucleotides

(A, A, A, T) and quality scores (q1,q2,q3,q4). If ‘A’ is derived, then
Do = (q1,q2,q3), and thus, do = 3.

Now, given these error probabilities and the set of frequency
spectrum parameters (denoted by � and discussed in detail in the
next section), we want to know the likelihood of the observed
configuration of nucleotides at a single site: Pr(Do|Q,n,�). By con-
ditioning on the true number of derived nucleotides, d, we can
split this likelihood into a sequencing error term (i.e., the prob-
ability of the observation given the truth and the error probabili-
ties) and the frequency spectrum (the probability of the truth
given the parameters):

Pr�Do|Q,n,�� = �
d=0

n−1

Pr�Do|d,Q�Pr�d|n,�� (2)

Note that this sum stops at d = n � 1 since frequency spectrum
theory makes no statement regarding the fixation probability of
the derived nucleotide (d = n). When we lack an outgroup to
orient the polymorphism, we must fold the spectrum by chang-
ing the first term in the above sum to be (Pr(Do|d,Q) + Pr(Do|n �

d,Q))/2.
Looking in more detail at the sequencing error term of equa-

tion 2, we condition on D, which we define in a parallel fashion
to Do such that it is the assignment of the d true-derived nucleo-
tides to a subset of the Q error probabilities:

Pr�Do|d,Q� = �
D

Pr�Do|D,Q� Pr�D|d,Q�

=
1

�n

d�
�
D

Pr�Do|D,Q� (3)

where D ⊂ Q and contains exactly d elements. There are n choose
d possible ways of assigning these d derived nucleotides to the n
error probabilities. We assume that quality is independent of
being ancestral or derived, so the probability of each of these
assignments, Pr(D|d,Q), is the same and thus equal to 1/(n

d).
For reasons of computational efficiency outlined later, we

calculate this quantity in an indirect fashion. Specifically, the
sum in equation 3 is equivalent to Pr(�|Do,Q), the probability of
observing a given deviation from the truth. The likelihood (equa-
tion 2) then can be rewritten as:

Pr�Do|Q,n,�� = �
d=0

n−1 1

�n

d�
Pr��|Do,Q� Pr�d|n,�� (4)

The probability of a given deviation from the truth is a function
of the probability of its d+ and d� components (equation 1). For
instance, � = 1 could arise from {d� = 1,d+ = 0} or {d� = 2,d+ =
1} any other combination with d� being one greater than d+. In
general,

Pr��|Do,Q� = � �
i=0

min�d,n−do�

P−�i + ��P + �i� if � � 0

�
i=0

min�do,n − d�

P−�i�P + �i − �� if � < 0

(5)

where P� and P+ give the conditional probability distributions
for d� and d+ , respectively. Note the probability distribution for
d� (ancestral-to-derived) depends only on the error probabilities
for the observed derived nucleotides (Do) while the distribution
for d+ (derived-to-ancestral) depends only on the error probabili-
ties for the observed ancestral nucleotides (Q\Do). Intuitively, to
calculate the probability that d� = x, we must sum the probabili-
ties of all possible ways of having exactly x errors in the set of
observed derived nucleotides. Formally, assuming errors are in-
dependent among reads, the random variable d� has condi-
tional distribution:

P−�x� ≡ Pr�d− = x|Do� = �
�

�
l∈�

ql�
l∉�

�1 − ql� (6)

where � ⊂ {1,...,do} and contains exactly x elements. The same
formula holds for the conditional distribution of d+ (≡P+ (x)), ex-
cept now � ⊂ {do + 1,...,n}, and the probability is conditional on
Q\Do = {qdo+ 1,...,qn}.

In the n = (A, A, A, T) example above, the probability that
d� = 2 is the probability that the first two nucleotides were in
error and the third was not (q1q2(1 � q3)), plus the probability
that the first and third were in error and the second was not
(q1q3(1 � q2)), plus the probability that the second and third
were in error and the first was not (q2q3(1 � q1)). Here, �, in turn,
takes values {1,2}, {1,3}, and {2,3}.

Now, to find the total log likelihood across all K sites, we
take a composite likelihood approach by assuming independence
and summing the logarithm of the individual likelihoods (equa-
tion 4, substituting equation 5, equation 6, and the equation for
P+ analogous to equation 6). Below, we use superscripts to denote
observations at a particular site, k ∈ {1,...,K}:

Pr�{Do
k}|{Qk},{nk},�� = �

i=1

K

log�Pr�Do
i |Qi,ni,��� (7)

Frequency spectra
The last term in the per-site likelihood function (equation 4) is
the frequency spectrum. Technically, the frequency spectrum re-
fers to the distribution of polymorphic sites (i.e., those where the
number of derived nucleotides, d, ranges from 1 to n � 1). How-
ever, through the use of an extra parameter, �, we can also cal-
culate the total proportion of sites that are fixed for the ancestral
nucleotide such that d = 0 (Ewens 2004). We apply the following
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two frequency spectra, both of which assume a Wright-Fisher
infinite-sites model.

The neutral, constant population size frequency spectrum
has the form 1/d, where d = 1...n � 1. The expected proportion of
all sites that are polymorphic, and thus participating in the 1/d
formula, is �∑n�1

i=1 1/i, where � = 2Neu is the product of the per-site
mutation rate, u, and the effective population size, Ne (Ewens
2004). As a result, this model contains only one parameter, �:

Pr�d|n,�� = �1 − � �
i=1

n−1

1�i d = 0

��d 0 < d < n

Since � represents the scaled mutation rate per nucleotide, it
must be very small in order to conform to the infinite-sites
assumption that a mutation never happens twice at the same
location. In fact, this probability distribution requires � to be
<1/(∑n�1

i=1 1/i), which means that, for a reasonable maximum
depth of n = 30, � must be <0.25.

An analytic expression for the neutral, exponentially grow-
ing population frequency spectrum has recently been derived
(Polanski and Kimmel 2003; Polanski et al. 2003), but, due to the
complexity of its form, details are not presented here. This model
becomes a function of � and R, where R = Ner is the growth rate,
r, multiplied by the effective population size, Ne. As a limiting
case of this model, we recover the constant population size fre-
quency spectrum when R = 0.

After finding the maximum likelihood parameter estimates
for the two models, we compute the likelihood ratio test statistic
(�2 log[likconst/likgrowth]) to determine whether the more general
model (population growth) fits significantly better than the more
limited model (constant size). If the model assumption of inde-
pendence is applicable, then this statistic follows a �2 distribu-
tion with one degree of freedom. If not, we simulate a constant
population with the observed amount of recombination using
the program “ms” (Hudson 2002). After calculating this statistic
for many simulated replicates, the critical value for our test sta-
tistic can be determined from the resulting distribution.

Revised quality score
In addition to the inherent utility of these parameter estimates,
they can also be used to calculate the probability that an appar-
ently polymorphic site (do > 0) is in truth fixed (do = 0). Given our
frequency spectrum parameter estimates, �̂, this empirical Bayes
quality score takes the form:

Pr�d = 0|do > 0,Q,n,�̂� =
Pr�do > 0|d = 0,Q,n� Pr�d = 0|n,�̂�

Pr�do > 0|Q,n,�̂�
(8)

Note that, since this equation uses point estimates for the pa-
rameters, the resulting probabilities do not incorporate the vari-
ance in �̂.

Computational complexity
Given the complexity of the likelihood function (equation 7), we
resort to numerical methods for finding the maximum likelihood
parameter estimates. Grid-based exploration of the likelihood
surface with simulated data has revealed it to be consistent in
shape with a single maximum (results not shown), so we have
used the GNU Scientific Library (Galassi et al. 2003) implemen-
tation of the Nelder-Mead simplex algorithm (Nelder and Mead
1965).

Calculation of the probability distribution for d� (equation
6), along with the corresponding distribution for d+ , forms the
most computationally intensive step of this process by consum-
ing O(2n) time, where n is the read depth at a given position.
Although metagenomic projects tend to have low-average
depths, some sites will range considerably higher, pushing 2n

beyond the range of reasonable calculation. To work around this
problem, we took advantage of the fact that this function has
only one maximum, which, for realistic quality scores, is found
near the low end of the distribution (d small). Our algorithm
calculates this function in order of increasing d until reaching the
first value past the peak that falls below 10�10. From then on, all
further values in the distribution are considered to be zero. The
dynamic nature of this strategy prevents a rigorous analysis of
the time savings; however, in practice, this simple change allows
the program to run in a reasonable amount of time on a modern
desktop computer (∼2 h for a 170-kb sequence with realistic
depth/quality distributions having an average depth of nine).

Sludge metagenome
P. Hugenholtz at the DOE Joint Genome Institute generously
shared pre-publication data from a recent metagenomics se-
quencing project of activated sludge from a wastewater treatment
plant (available under Philip Johnson’s Programs at http://
ib.berkeley.edu/labs/slatkin/software.html, see also Martin et al.
2006). The enhanced biological phosphorus removal performed
by the microbial community in this sludge is a little-understood
process despite its significant ecological importance (Crocetti et
al. 2000). The sludge we analyzed came from a laboratory biore-
actor in Madison, Wisconsin that had been seeded from a local
wastewater treatment plant. Fluorescent in-situ hybridization
suggested that a single species dominated the sludge biomass,
which meant it should dominate the sequenced metagenomic
reads as well. We received the data in the form of a Phrap (http://
www.phrap.org) assembly primarily consisting of that single spe-
cies and restricted our analysis to the single largest contiguous
sequence found in this assembly (170 kb). While this sequence
has an average depth of nine and an average quality score of 36
(corresponding to a 0.0002 error probability), the respective dis-
tributions ranged from 1 to 27 and from 0 to 56 (Fig. 2). Since this
species lacks a clear outgroup to distinguish derived from ances-
tral nucleotides, we applied the folded version of the analysis
discussed above.
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