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Article

Limitations of Quantitative Gene Regulation Models:

A Case Study

Philip M. Kim'? and Bruce Tidor'->#>

"Computer Science and Artificial Intelligence Laboratory, 2Department of Chemistry, 3Biological Engineering Division, and
“Department of Electrical Engineering and Computer Science, Massachusetts Institute of Technology,

Cambridge, Massachusetts 02139, USA

Understanding the relationship between network structure and behavior is fundamental to the field of computational
and systems biology. A particularly important distinction is the extent to which qualitative aspects of network
performance are encoded in network topology as opposed to being determined through quantitative details, such as
those of kinetics. Here, we develop a general and rigorous mathematical framework for the analysis of genetic
networks and apply it to a family of synthetic gene networks. A key feature of our methodology involves
determining network behavior that is insensitive to kinetic parameters such as rate constants and nonlinear
functional dependencies of rates on molecular concentrations. Results indicate that behavior observed in some
networks cannot be reconciled with standard gene expression and regulation models. We explore relaxing model
assumptions to explain the observed behavior, allowing for both dynamic and stochastic phenomena, and propose an
alternative model. Our alternative model includes the suggestion of a new mechanism by which the counterintuitive
behavior could be achieved; central to the model is the assumption that the Clp protein degradation system, which is

responsible for the regulatory proteins used in this study, becomes saturated.

Simulation and understanding of gene and protein networks is
central to computational and systems biology. A number of re-
cent contributions have involved predictions about network be-
havior, either through computational modeling or analytical
theory (Somogyi and Sniegoski 1996; McAdams and Arkin 1997;
Becskei and Serrano 2000; Endy et al. 2000; van Dassow et al.
2000; Rao and Arkin 2001; Schoeberl et al. 2002; Shvartsman et
al. 2002). Whereas models vary greatly in style and scope, virtu-
ally all attempts to predict behavior depend upon a (sometimes
very large) number of parameters, which are generally adapted
from the literature or fitted. Because thorough measurement of
biochemical kinetic parameters in vivo is cumbersome and diffi-
cult, it is desirable to be able to create robust model predictions
using fitted parameters, or in the absence of parameters alto-
gether.

Here, we explore the behavior of a set of genetic circuits
constructed and studied by Guet et al. (2002). The network fam-
ily was generated using the three genes lacl, \ cI, and tetR, which
were combinatorially assigned promoters for the three repressors.
This allowed for 27 different network topologies when three re-
pressing promoters were used. These systems were then per-
turbed by adding saturating amounts of two effectors, anhydro-
tetracycline (aTc) and isopropyl-B-thiogalactopyranoside (IPTG),
which inhibit TetR and Lacl, respectively. Network output was
monitored using green fluorescent protein (GFP) under control
of a repressive promoter for cl. The GFP level was measured under
four conditions (without effector, with IPTG, with aTc, and with
both effectors added). An interesting result of the study was that
networks with identical topology, but interchanged regulatory
elements, sometimes behaved differently (Guet et al. 2002).

Our goal is to understand the nature of this symmetry-
breaking behavior. In our work, no numerical parameter values
were assumed or fitted. Rather, mathematical relationships were
constructed that permit qualitative predictions of network be-
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havior. We show that parameter differences for the two regula-
tory elements could not explain behavior differences, at least in
the context of models normally used to describe genetic circuitry.
Moreover, we suggest an extension to a commonly used model,
which could explain the observed behavior.

METHODS

Assumptions and General Model

We begin with the following assumptions, which are frequently
used for biological network simulation (Arkin et al. 1998; Elowitz
and Leibler 2000; Thattai and van Oudenaarden 2001), as fol-
lows: (1) there is no spatial dependence of the molecule concen-
trations or rate constants (i.e., the cell is well stirred); (2) there is
no cross-talk between promoters; (3) control of expression is at
the transcriptional level only; and (4) the dependence of trans-
lation and transcription rates on protein and RNA concentration,
respectively, is strictly monotonic. It is a widely accepted abstrac-
tion to view translation, transcription, and degradation as com-
posite processes, neglecting the detailed underlying reactions. In
this framework, the model components for a given gene and its
products consist of two equations, one describing the rate of
change of RNA concentration and the other the rate of change
for protein. Each equation consists of a degradation term (usually
modeled as first-order decay) and a transcription or translation
term. On this level, the most general model is,

I;= degr,-(ri) +tr,(py) @

pi=deg,(py) +tl,(r) 2)

in which p; and r; are protein and RNA concentrations, respec-
tively; deg,, (r;) is the RNA degradation rate of RNA r;; tr,(p,,) is the
transcription rate of RNA r; as a function of the repressor con-
centration p,, that controls RNA r; expression; deg,, (p;) is the
protein degradation rate; and tl,, (r;) is the rate of translation of r;
into p;. Note that deg,, (r;) and deg,, (p;) will always be negative, as
they correspond to the reduction of RNA or protein concentra-
tion through degradation. Most of the assumptions are implicit
in the notation; we assume further that tr(p) is strictly monotoni-
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cally decreasing for every repressor p, tl(r) is strictly monotoni-
cally increasing, and all degradation rates are strictly monotoni-
cally decreasing. The network topology is encoded in the y;. They
determine which transcription factor represses which gene (i.e.,
each p, is one of the p)).

Simplification of the Equations

Now, we assume steady state and show properties of the relation-
ship between transcription factor concentration and steady-state
protein expression,

0 = deg, (1) + t1,(p,,) A3)
0 = deg,,(p;) + tl,(r) “
Because we assume the degradation rates are strictly® monotonic

with respect to concentration, we can invert equation 3 and then
eliminate r; from equation 4,

= deg:il(—tryi(pyi)) (5)
0=deg, (p) +tl,(deg,\(-tr,(p,)) (6)
pi = deg,; (-1, (deg; (tr,,(p,) )

Note that deg,, ' (—tr,(p,)) is monotonically decreasing, because
with rising p,,, —tr, (p,) will get larger (smaller in absolute value)
and deg, '’is strictly monotonically decreasing. Likewise,
—tl,(deg,, 1(—try,_(pyi))) is strictly monotonically increasing and
finally, deg,, '(—tl,(deg, '(—tr,(p,))) is strictly monotonically
decreasing. Because we do not assume any further information
about the degradation, translation, or transcription functions
aside from their strict monotonicity, we can replace the right-
hand side of equation 7 with one function that is strictly mono-
tonically decreasing,

pi = fiyi(pyi) (8)

We can now describe any system of genetic networks built from
genes that repress one another with a system of equations similar
to equation 8, with the network topology encoded by the labels
y;- These equations will define the steady-state behavior of the
system, if it is in fact fully defined by this approach. In other
words, the steady-state level of any given protein has monotoni-
cally decreasing dependence on the concentration of a repressor
controlling its expression. This is also an intuitive result, but here
it has been determined assuming only strict monotonicity and a
simple but commonly applied model. The formalism can be ex-
tended to include activators.

Validity of the Steady-State Assumption

For any gene with an autoregulatory loop for which equations 1
and 2 hold for its expression, the jacobian will be,

adeg(r) otr(p)

ar ap
atl(r) adeg(p)
ar ap

From monotonicity restrictions

adeg(r) atr(p) adeg(p)
) <0

atl(r)
ar ' ap ap 6

and > 0.

For eigenvalues A\, and \,,

adeg(r) odeg(p) atr(p) atl(r)_
ar  ap  op ar e

From restrictions above, \; - A\, > 0.

SWe need the strict monotonic property of the degradation rates in order to be
able to compute the inverses, deg, ' and deg,, .
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odeg(r) ode
g()+ g(p) A,

or op

From here, we get \; + \, < O; therefore, \;,A, <O for all p,r. This
fact makes the steady-state values for 7, and p, an asymptotically
stable point according to the Ljapunov-Poincare theorem (Stro-
gatz 1994). Furthermore, if r, and p, define the steady state, for
any r, > ry and p; > p,, one can see from equations 1 and 2 that 7,
and p, will be negative (because 7, = p, = 0), bringing the system
to the steady state. The same arguments can be applied to the
cases of r; <y, p1 > po and others, so that from every (r,p) steady
state will eventually be reached in this model.

Monte Carlo Simulations

Monte Carlo simulations were carried out using the algorithms
developed by Gillespie (1977). The algorithm was implemented
in the mathematics programming package MATLAB (The Math-
works). Simulations were run on an AMD Athlon 1200-MP work-
station and took less than 20 min to carry out. The full nonlinear
system given by equations 1 and 2 was simulated. Initial param-
eters for the simulations were adapted from Elowitz and Leibler
(2000), in which a very similar system was modeled. However,
whereas Elowitz and Leibler (2000) modeled both TetR and Lacl
as dimers and emulated a Hill model by sequential binding of
two proteins, we use a Hill model (perfect cooperativity) with Hill
coefficients of 2 and 4 for TetR and LaclI, respectively. Binding to
promoter was modeled with a rate constant of 1 nM ™' sec™’,
unbinding from promoter with 9 sec™?, transcription from oc-
cupied promoter with 0.0005 sec™?!, transcription from unoccu-
pied promoter with 0.5 sec™!, translation with 0.167 mRNA~!
sec™ !, protein degradation with a half-life of 10 min, and mRNA
degradation with a half-life of 2 min. Our direct reimplementa-
tion of the model of Elowitz and Leibler (2000) yielded similar
results (data not shown). We sampled parameter space stochas-
tically and ran simulations for 500 different parameter sets. For
every new set of parameters, each parameter was allowed to vary
over a range of three orders of magnitude. The parameters were
randomized by taking 10 to the power of a random number from
a uniform distribution from —1.5 to 1.5, and multiplying the
result with the parameter value. We carried out each simulation
separately, with and without effector addition. Each simulation
was run four times to steady state. Simulations for the extended
model were carried out using the same methodology, with addi-
tion of the binding and degradation reactions of the Clp system.

Extended Model

A possible model extension is the saturability of degradation
rates (for example, due to limiting ClpXP concentration). The
extended model was represented as,

iy =deg, () + tr,(p,.) ()
pi = degp,»(pi: Pmr) + tlﬁi(ri) (10)

The main difference from the simple model in equations 1 and 2
is that, here, the protein degradation rate also depends on the
total protein concentration, which reflects saturation effects. The
degradation rate will be monotonically decreasing with rising
total protein concentration. Solution of the systems gives,

0 = deg,,(PiPror) + thy(deg;, (-tr,(p,,)) an

at steady state.

RESULTS

Applying the framework described here to the combinatorially
synthesized networks of Guet et al. (2002) produced the follow-
ing expressions,

Pracr = fLacI,yLad(pyLad) (12)

pTetR = fTEth}’TetR(p}’TetR) (1 3)
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Pa= fc],yd(pyd) (14)
y; € I, Lacl, TetR (195)

Note, that whereas the functions f;, can all be different, they
share the property that they are monotonically decreasing in
their argument. When only considering networks consisting of
mutual repressors, there are a total of 27 different topologies
possible. To model the behavior observed in the experiments, we
predict the change in p,; when adding IPTG, aTc, or both, using
the very general framework to model system perturbation. The
following equation describes the behavior when the effector that
acts on p,, (i.e., aTc for TetR and IPTG for Lacl) is added,

pi = deg, (—tl, (deg, ! (-tr, (p},)) (16)

So, we simply replace the function tr,(p,) with a term tr, (p}),
where pf, is the concentration of active repressor in the presence
of effector. Because of the high-effector concentration used in the
experiments, here, we treat the effector as inactivating its repres-
sor (p5, < p,),” producing the following in place of equation 8,

Pi=fy{py) a7
From equation 16, f(p}) > f(p,) holds;® we write,
pi = f?yi > ﬂyi(pyi) (18)

and we treat 7, as a constant without dependence on p,,.
Analysis of the 27 cases results in nine for which the steady-
state network output can be represented as,

pcI: fCI,yd(pcI) (19)

This corresponds to the case in which A cl represses itself, so
addition of either effector is not expected to change the level of
cl. The predicted behavior for all networks is shown in Figure 1.
Whereas for most networks, our model does make a prediction of
the change in GFP level upon effector addition, it cannot predict
changes for some cases. In those cases, the monotonicity con-
straint is not strong enough, and further specification of func-
tional forms and parameters is needed. Although Guet et al.
(2002) used two promoters to which Lacl binds with different
characteristics, no case is shown in which the difference in pro-
moter affected the qualitative behavior of the network. This in
agreement with our model, for which results are independent of
promoter characteristics.

For two particular networks, we will illustrate the results of
our modeling framework. For the network D038 (No. 27 in Fig.
1), equation 20 implicitly defines the steady-state value p%,

P(%er = TctR,TetR(pg"ctR) (20)

Upon addition of aTc, inactivation through binding of the pro-
tein product of TetR causes the following steady-state relation,

alc aTc
PTetr = I Tetr Tetr (21)

This equation defines another steady state piig, which can be

shown to be always larger than p%..° Using a similar argu-

’Guet et al. (2002) added aTc at 100 ng ml~" and IPTG at 1 mM, which is
known to be about 10-fold higher than the saturating concentration of each
effector (Lutz and Bujard 1997). Note that our treatment becomes somewhat
less general by assuming effector saturation.

8We can apply simple arguments about monotonicity here. Because we know
that tr(p®) > tr(p) and all functions in 17 are monotonic, we can deduce that
f(p®) > f(p).

We have seen in eq. 18 that fe = f(p®)>f(p), therefore, also p%lS; =
Sk rerr > Freer, recr(PFetn)-

No Network IPTG aTc IPTG/aTc
1 tetd lacd  éld 0/0 0/0 0/0
2 jaclotet  ald 0/0 0/0 0/0
3 iacd  tet — il 0/x o/x o/x
4 téfl—lac ol o/x 0/x 0/x
5t lac — ol o/x o/x 0/x
6 lac—tet +—clJ 0/x 0/x 0/x
7 tett5lac  cld o/x o/x 0/x
8 tet—cl 1lac o/x o/x 0/x
9 tet ——Ilac — cl 0/x 0/x 0/x
10 lac—tet cl 0/x -Ix -/x
11 lact—tet —icl 0/0 /- /-
12 lacr—tet 1—icl 0/x -Ix -Ix
13 tett—cl —ilac 0/x x/x X/
14 tet —lac — cl o/- x/- x/-
15 tet1—cl —ilac 0/0 x/- X/
16 lacd tet Lol x/X X/ X/x
17 lac] tet Ecl +/x -Ix x/x
18 lacl—itet —icl +/- /- /-
19 lacl—ecl —itet -/x o/x -/x
20 tétd lac l—icl /- o/- /-
21 tet—Ilac 1—cl - o/- /-
22 tet+—cl tFEglac x/x 0/x x/x
23 tetd lac t5cl x/- 0/0 x-
24 tet —Ilac —cl x/0 0/0 x/0
25 tet =5lac —icl x/0 x/0 x/0
26 tét —lac —icl -Ix +/x /X
27 tetlalac —icl -10 ++ -0

Figure 1 Predicted behavior of all 27 synthetic repressor networks,
consisting of the genes Lacl, TetR, and cl. In the columns titled IPTG, aTc,
and IPTC/aTc, GFP level changes are given (predicted here/observed by
Guet et al. [2002]) as +, —, 0, or x (unknown).

ment, it follows that p¢7 > p?,; and paT < p%. Hence, we expect
GFP levels to be higher than without effector.
Likewise, addition of IPTG leads to,

IPTG _ cIPTG
cl — | cl,Lacl (22)

and we expect cl levels to be higher and GFP levels to be lower
than without IPTG. Adding both IPTG and aTc, we expect lower
GFP levels by similar arguments.

In summary, we expect the GFP levels to be the highest in
the case with aTc added, which is in accord with experimental
findings (Guet et al. 2002). However, upon IPTG addition, the
model predicts a GFP level less than without IPTG, whereas the
experiments reported no change. Note that the model does allow
for the GFP level change to be very small, and possibly undetec-
ted by experiments. Yet, it does rule out a higher GFP level.

However, for a topologically equivalent network, the experi-
mental results cannot be reconciled with the current model. The
network D052 is topologically symmetric to D038; the roles of
tetR and lacl are switched. Using arguments similar to the ones
used for D038, the model predicts analogous behavior. That is,
GFP levels should be highest with IPTG added. However, it is
found experimentally that they are highest when no effector is
added, in clear contradiction with the predictions of the model.

Perfect symmetry of the networks is broken because the pro-
moters used (P, .01 and P;;,.0,) have different repression thresh-
olds, and Lacl is a tetramer, whereas TetR is a dimer (Lutz and
Bujard 1997). Therefore, it might be supposed that the difference
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in parameters and Hill coefficients could lead to the fundamen-
tally different behavior observed. However, our results show that
this is not the case within the modeling framework used; for our
general model, the two networks are perfectly equivalent and are
predicted to behave similarly (network D038 perturbed with aTc
should act like D052 perturbed with IPTG and vice versa). The
modeling results are independent of parameterization.

DISCUSSION

It is a surprising to find that a model as general as the one used
cannot be reconciled with experimental findings. It should be
noted here that the model not only allows for any possible com-
bination of parameters, but also any functional dependencies
within the monotonicity constraint, and thus encompasses a
large volume of model space. The observation that all such mod-
els should behave similarly for cases in which a prediction is
possible, permits model simplification.

Because topologically equivalent networks don’t behave
similarly, it is reasonable that one of the assumptions of the
model has to be incorrect. The first assumption we challenge is
the assumption of steady-state behavior, because it is known that
many biological networks do not necessarily reach steady state.
However, it is easy to show (see Methods) that at least in all
network models of the type applied here and with autoregulatory
loops, steady-state will be reached. Whereas we show this inde-
pendent of parameter values, it is possible to question whether
steady state could be reached on the experimental time scale.
Several experimental studies have measured the time course of
the GFP level in systems very similar to the one used in the
experiments modeled here (Elowitz and Leibler 2000; Gardner et
al. 2000), where it was found that steady state was reached within
several hours. Guet et al. (2002) measured GFP levels after over-
night growth, suggesting sufficient time for steady state to be
reached.

Assumptions of transcription level control only and no
cross-talk are used widely, and there is no strong biological evi-
dence to the contrary here. Although it is easy to imagine cases in
which the dependence of transcription or translation rate on
protein or RNA concentration, respectively, would not be mono-
tonic, such cases tend to be the result of intentional design.

The dilution effect of growing cell cultures is often ne-
glected. Because cells grow and divide, any given protein con-
centration, even if neither degradation nor translation take
place, will decrease by pure dilution. At stationary phase, the
dilution effect can be neglected because cell division and growth
is very limited. In general, the dilution effect has a monotoni-
cally decreasing dependence on molecule concentration itself, so
it can be viewed and treated mathematically as part of the deg-
radation term, and we do not need to treat it separately (Rosen-
feld et al. 2002).

Another possibility is that the existence of noise may affect
the results of our study. It has been pointed out (Arkin et al 1998;
Thattai and van Oudenaarden 2001; Elowitz et al. 2002), that
gene expression is a stochastic process, and the ordinary differ-
ential equation model can only be an approximation. To address
the question of whether stochastic effects would affect the re-
sults, we used an approach based on the Master equation (Thattai
and van Oudenaarden 2001). Note that the Master equation is
more fundamental than the model in eqs. 1 and 2, which de-
scribe the behavior of the population average of quantities de-
scribed in the master equation. The model shows that at steady
state, stochastic effects will induce a deviation, which disappears
by averaging large numbers. Experimental data is also given in
terms of population averages, hence, stochastic effects are un-
likely to be the cause of large differences in this particular case.

2394 Genome Research
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Furthermore, Monte Carlo simulations based on the method in-
troduced by Gillespie (1977) were carried out for network D052.
The full nonlinear system described by equations 1 and 2 was
simulated. Parameter space was sampled stochastically for 500
parameter sets. In each of the 500 simulations, the steady-state
level of cI without effector was lower than or approximately
equal to the level of cI with IPTG. A significant increase in cI
concentration, which is implied by the lower observed GFP level,
could not be found in 500 simulations. Hence, stochastic effects
do not seem to bring our model into agreement with experi-
ments. In Figure 2, we show a histogram of the relative difference
in protein number of the simulations run with and without IPTG
addition with respect to the standard deviation in the simula-
tion.

Having challenged and validated the basic assumptions
used in applying the model, we next consider limitations of the
model itself. The synthetic network used in the study by Guet et
al. (2002) has one property not generally found in genetic cir-
cuits—all regulatory proteins carry an ssrA Tag and are thus de-
graded by special cellular machinery, the Clp system (Keiler et al.
1996). The cellular concentrations of ClpX and CIpP are thought
to be fairly low, and it is possible that the system can be satu-
rated. Because three proteins carry an ssrA Tag in the network of
Guet et al. (2002), they may compete for binding to limited
ClpX. Therefore, the degradation of a given protein may become
dependent on the concentrations of the others. In other words, if
one particular protein becomes abundant, it could slow the deg-
radation of other proteins by outcompeting them for binding
ClpX.

It can be shown that the extended model would allow for
the observed behavior through the simple addition of saturation
effects. Monte Carlo simulations for this model exhibit the ex-
perimentally observed behavior. Intuitively, adding IPTG re-
leases the repression of both Lacl and TetR. Both proteins are
expressed strongly, reaching high-cellular concentrations and
subsequently outcompete cl for degradation. This effect can then
lead to an overall increase in cI concentration if the basal tran-
scription rate of the repressed cI promoter is higher than the
resulting degradation rate of cl. There are several options to test
this model experimentally. The same experimental setup used by
Guet et al. (2002) could be reused by removing the ssrA tag to

250 T T T T T T T

200

Occurence

50

0
5 0 5 10 15 20 25 30 35
Alcl)/o (cl)

Figure 2 A histogram of the difference between the Monte Carlo simu-
lations of D052 without effector and with IPTG added are shown for the

stochastic parameter sampling. The difference in protein number of cl
relative to the standard deviation of both simulations is shown.
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avoid Clp related effects. This approach, however, could lead to
problems with reaching steady state, because the removal of the
ssrA tags would significantly increase protein lifetimes. Another
possibility would be to quantify Lacl, TetR, and cI directly using
a conventional biochemical technique. Also, it should be pos-
sible to overexpress components of the Clp system to overcome
the saturation effect. It should be noted that the suggested model
extension is only one of many possibilities to resolve the discrep-
ancy.

The work here illustrates a mathematical framework for
studying the behavior of gene networks in a parameter-free man-
ner. Whereas agreement with many experimental results has
been shown, more interesting are the discrepancies. Our frame-
work illustrates that these discrepancies result from flaws in the
underlying model form—a model base commonly used in the
field—and not to a particular set of parameters. This suggests
either that general improvements are necessary to the models, or
a specific remedy is needed for this system. One possibility is that
saturation of the Clp protein degradation system is caused by the
introduction of synthetic genetic networks with ssrA tags that
target proteins for degradation via this pathway. If further sup-
port for this hypothesis ensues, it suggests that care must be
taken, particularly with synthetic biological networks that inter-
act with protein-degradation machinery. One possible solution is
to simultaneously overexpress components of the degradation
system.
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