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Genome-wide association (GWA) studies have identified hundreds of common (minor allele frequency =5%) single
nucleotide polymorphisms (SNPs) associated with phenotype traits or diseases, yet causal variants accounting for the
association signals have rarely been determined. A question then raised is whether a GWA signal represents an “indirect
association” as a proxy of a strongly correlated causal variant with similar frequency, or a “synthetic association” of one
or more rarer causal variants in linkage disequilibrium (D’ ~ 1, but r? not large); answering the question generally requires
extensive resequencing and association analysis. Instead, we propose to test statistically whether a quantitative trait (QT)
association of an SNP represents a synthetic association or not by inspecting the QT distribution at each genotype, not
requiring the causal variant(s) to be known. We devised two test statistics and assessed the power by mathematical analysis
and simulation. Testing the heterogeneity of variance was powerful when low-frequency causal alleles are linked mostly to
one SNP allele, while testing the skewness outperformed when the causal alleles are linked evenly to either of the SNP
alleles. By testing a statistic combining these two in 5000 individuals, we could detect synthetic association of a GWA signal
when causal alleles sum up to 3% in frequency. Such signal only partially explains the heritability contributed by the whole
locus. The proposed test is useful for designing fine mapping after studying association of common SNPs exhaustively; we
can prioritize which GWA signal and which individuals to be resequenced, and identify the causal variants efficiently.

[Supplemental material is available for this article. The synthetic association test software is freely available at http://
www.fumihiko.takeuchi.name/PUBLICATIONS/synthetic.R.]

Genome-wide association (GWA) studies have identified hundreds
of common (minor allele frequency [MAF] =5%) single nucleotide
polymorphisms (SNPs) associated with a few hundred traits or
diseases, yet the associated SNPs and their proxies mostly do not
show evident function related to the target trait, and eventual
identification of causal variants accounting for GWA signals has
been challenging (Wellcome Trust Case Control Consortium 2007;
McCarthy et al. 2008). A question that is then raised is whether
a common SNP identified in a GWA study represents an “indirect
association” as a proxy of a strongly correlated causal variant with
similar frequency, or a “synthetic association” of one or more rarer
causal variants that are in linkage disequilibrium (LD) (D’ ~ 1, but
r? not large) with the common SNP (Cirulli and Goldstein 2010;
Dickson et al. 2010).

Synthetic association accounted for GWA signals in several
studies. In a GWA study for dose of anticoagulant drug warfarin,
the strongest association signal in the CYP2C9 gene was observed
at an SNP 154917639, whose minor allele (frequency 18%) is a com-
posite of two functional alleles CYP2C9*2 (rs1799853, frequency
11%) and CYP2C9*3 (151057910, frequency 7%) (Wadelius et al.
2007; Takeuchi et al. 2009). In a GWA study for anemia in patients
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treated for chronic hepatitis, the strongest signal was observed at
an SNP rs6051702 in C200rf194, whose minor allele (frequency
19%) is almost exactly a composite of two causal variants in the
neighboring ITPA gene (frequency 8% and 12%) (Fellay et al.
2010). When there are many rare causal variants, but no common
one, as in the HBB gene for sickle cell anemia or the G/B2/G/B6
locus for hearing loss, the association of common SNPs detected
in GWA studies were attributable to the rare variants (Dickson
et al. 2010). Using simulations, Dickson and colleagues showed
that synthetic association is likely to occur when there are mul-
tiple rare variants in a locus (Dickson et al. 2010).

In general, identification of the causal variants accounting
for a synthetic association requires extensive resequencing and
association analysis. Instead, here we propose to test statistically
whether a quantitative trait (QT) association of an SNP represents
a synthetic association or not by inspecting only the QT distribu-
tion at each genotype of the SNP, without a priori knowledge
about rarer causal variants. We focus on two statistics of the QT
distribution: the heterogeneity of variance (i.e., heteroscedasticity)
among SNP genotypes and the skewness. The statistical tests were
examined in real data of the apolipoprotein E (APOE) gene, and in
simulated data for representative models of synthetic association.
Moreover, we formulated a general mathematical model of syn-
thetic association, and assessed the test statistics theoretically. The
two statistics were suitable for complementary scenarios: Hetero-
scedasticity was more sensitive than skewness when low-frequency
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(<5%) causal alleles were linked mostly to one SNP allele, while
skewness outperformed when the causal alleles were linked in bal-
ance to either of the two SNP alleles. We thus devised a test com-
bining the two statistics, which was powerful for any of the assumed
models.

Results

Test of heteroscedasticity

We first show a schematic example of synthetic association and
illustrate how QT variance can differ among individuals classified
by marker SNP genotypes. We assume a common marker SNP with
alleles A and a, and a single causal variant with alleles B; and b;.
The allele B; (5% in frequency) is always linked to allele A (20% in
frequency); thus, existing haplotype classes are AB;, Ab;, and ab;.
We assume the QT is normally distributed with the unit variance
and the mean equal to 2, 1, and 0 within a subgroup of individuals
having genotype By/By, B1/b1, and by/b;, respectively. The QT dis-
tribution in the whole population becomes a mixture of the nor-
mal distributions combined according to the frequency of ge-
notypes B1/B1, B1/by, and by/b, (Fig. 1A). Individuals with A/A
genotype at the marker SNP are enriched with the genotypes of
B1/B; and By/b; at the causal variant, thus their QT distribution
widens (Fig. 1B). On the contrary, individuals with a/a genotype at
the marker all have b;/b, genotype at the causal variant, and their
QT variance equals one (Fig. 1D). The QT variance is the largest in
the subgroup with A/A genotype, which is linked more frequently
to the low-frequency causal allele B,, and the smallest in the sub-
group with a/a genotype. Indeed, QT variance among individuals
of a specific marker genotype enlarges proportionally to two fac-
tors: the variance of the causal genotype within the subgroup, and
the squared effect-size of the causal allele (equation M2). The low-
frequency causal variant causes the synthetic association of the
marker SNP, and the heteroscedasticity of QT distribution among
the marker genotypes.

We could exemplify the detection of synthetic association
using heteroscedasticity in the APOE gene, which is known to as-
sociate with LDL cholesterol (LDL-C) level through three classical
isoforms coded by two functional (or causal) variants—rs7412
(Arg158Cys) and rs429358 (Cys112Arg). As compared with E3 (the
most common isoform), E2 (coded by rs7412) and E4 (coded by
1s429358) decreased and increased the LDL-C level, respectively
(Weisgraber et al. 1981; Weisgraber 1994; Bennet et al. 2007). The
two variants had MAF <10% (in Europeans and East Asians) and
were not included in SNP chips of GWA scan (except for the recent
ones containing >1 million SNPs). In a GWA study for lipids in
1210 Japanese (F Takeuchi, et al., in prep.), we initially found four
SNPs near APOE to attain locus-wise significant P-values for LDL-C
association, although any of these were not significant after ad-
justment for the two functional variants. When only the chip SNPs
were analyzed, rs405509 and rs377702 showed statistically in-
dependent signals of association (Supplemental Fig. 1). In a larger
panel of 4840 individuals, the association signals remained at the
two chip SNPs, and heteroscedasticity was significant for rs405509
(P = 0.019) (Table 1). Indeed, the causal minor alleles of rs7412
(T) and rs429358 (C) were linked to alternate alleles of rs405509
(C and A, respectively), demonstrating synthetic association (Fig.
2). The two causal variants could simultaneously enlarge the QT
variance at all three genotypes of rs405509, and consequently, di-
minish heteroscedasticity (equation MS5). However, in this case, as
the effect-size of rs7412 was much larger than that of rs429358,
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Figure 1. Probability distribution of the QT value within subgroups
classified by marker SNP genotypes. (A) In the whole population, the total
QT distribution (gray curve) comprises a mixture of normal distributions
(black curves) with unit variance and the mean 0, 1, or 2, which corre-
spond to genotypes b,/b,, By/b;, and B;/B; at the causal variant. As ge-
notype B;/B; is rare (0.25%), the corresponding curve appears flat. (B) QT
distribution among individuals with A/A genotype at the marker. As B,/B;
and B, /b, genotypes are enriched in this subgroup due to LD, the variance is
enlarged, as noticeable from the lower peak and wider distribution of the
gray curve. (C) Individuals with the A/a genotype have either genotypes
b, /by or By/b,, and the QT variance is moderately enlarged. (D) All individuals
with a/a genotype at the marker have b,/b, genotype at the causal variant.
The QT variance is 1.10in A, 1.38in B, 1.19in C,and 1 in D.

heteroscedasticity remained detectable; 1s7412 enlarged the QT
variance at C/C genotype of rs405509 to 1.182, whereas 15429358
kept the QT variance at A/A genotype at 0.978. On the other hand,
the heteroscedasticity of rs377702 did not reach statistical signif-
icance due to its recombination with rs7412 (D' = 0.34). Thus, even
if we identified the association signals at rs405509 and rs377702
via the GWA scan, by detecting heteroscedasticity we could notice
the presence of synthetic association and the necessity to search
for variants not on the chip.

We next estimated the power to detect synthetic association
at an SNP that could be identified in a GWA study. We assumed
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Table 1. Testing heteroscedasticity of SNPs in the APOE locus associated with LDL-C
Distribution of LDL-C level Association with LDL-C level Heteroscedasticity
Number of

SNP Genotype individuals Mean Variance Beta P-value R? P-value
rs405509 C/C 462 —0.153 1.182 -0.117 1.0x1077 0.006 0.019
(GWAS SNP) C/A 2035 —0.050 0.976

A/A 2343 0.073 0.978
rs377702 T/T 32 —0.487 1.231 -0.191 51x1077 0.005 0.583
(GWAS SNP) T/C 677 —-0.149 1.025

C/C 4131 0.028 0.991
rs7412 /T 12 -1.302 1.079 —0.651 2.0x107% 0.040 0.92
(causal variant) T/C 452 —0.584 0.981

C/C 4376 0.064 0.960
rs429358 T/T 3954 —0.042 0.987 -0.212 1.4%x107° 0.008 0.73
(causal variant) T/C 850 0.185 1.023

C/C 36 0.214 1.104

We first adjusted LDL-C level for body mass index and categories by sex and age (=40, 41-50, 51-60, =61 yr) and then applied rank-based inverse
normal transformation. Individuals under lipid treatment were excluded. Data are shown for 4840 individuals with complete observation from the

Amagasaki study in Takeuchi et al. (2010).

that the marker SNP has MAF =5%, and that the proportion of QT
variance explained by the marker is R?,,« = 0.00592, a borderline
level to attain genome-wide significance (see Supplemental Notes).
Figure 3 illustrates the statistical power for detecting hetero-
scedasticity in 5000 individuals. We examined four representa-
tive models of synthetic association by simulation. Under Model 1,
there are / causal variants with alleles B, and b,, B, and b,, up to B,
and b;, and the low-frequency causal alleles B; have a uniform effect
(e.g., increase QT) and are all linked to marker allele A. The QT
variance enlarges for individuals with A/A genotype at the marker
since they carry various numbers of the causal alleles, whereas
individuals with a/a genotype at the marker carry none. Hetero-
scedasticity of the marker was detectable (power >0.8) in the region
marked with an asterisk: For example, when the A allele frequency,
pa = 45%, or alternatively when p, = 25% and the cumulative
frequency of causal alleles is <3%. For a fixed value of p,, the power
for detecting heteroscedasticity increases as the cumulative fre-
quency of causal alleles decreases. When p, becomes small, the
detectable range narrows; the highest cumulative frequency in the

detectable range changes proportionally to y/p, /(1 — p,), as esti-

mated in equation M12.

We next examine Models 2-4, where both of the marker al-
leles are loaded with low-frequency causal alleles. In addition to
I causal variants with alleles By and b,, B, and b,, up to B, and b,
there are m other causal variants with alleles C; and ¢;, C, and ¢,
up to C,, and ¢,,,, and we designate the low-frequency alleles B; and
¢j as causal. The two groups of causal alleles, B; and ¢;, affect the QT
in opposing directions and are linked to alternate alleles A and
a of the marker, respectively, and thus synthetically generate the
marker association. The QT variance at marker genotype A/A en-
larges due to the causal alleles B;, and the variance at marker ge-
notype a/a enlarges due to the causal alleles ¢; (equation M3). In-
deed, the variances for all marker genotypes increase and become
less heterogeneous than under Model 1. Under Model 2, there is
exact balance in effect-size and cumulative frequency between the
two groups of causal alleles. The heteroscedasticity disappears if
pa = 50% (equation MS5), and became undetectably weak around
the frequency (Fig. 3). The heteroscedasticity was detectable when
pais close to 5% or 95%: For example, when p, = 15% or 85% and
the cumulative frequency of the causal alleles B;, which equals the
cumulative frequency of ¢, is <1%. Under Models 3 and 4, where
the causal alleles B; and c; are not balanced, heteroscedasticity still

disappeared, but around a different marker allele frequency. Under
Model 3, the effect-size of the causal variants is uniform, yet the
cumulative frequency of alleles ¢; is half that of alleles B;, and under
Model 4, the cumulative frequencies are identical, yet the effect-
size of alleles C; is half that of alleles B;. Heteroscedasticity was
undetectable around p, = 65% and 80% under Models 3 and 4,
respectively. At p, = 25% heteroscedasticity was detectable when
the cumulative frequency of B; alleles was <2%.

Test of skewness

As the test of heteroscedasticity could not detect synthetic asso-
ciation at a certain marker allele frequency around p, = 50%, when
both alleles of the marker were loaded with low-frequency causal
alleles (Fig. 3, Models 2-4) we introduced the test of skewness to
cope with such a case. We observed that synthetic association
skews the QT distribution at the marker genotypes A/A and a/a
oppositely (equation M7): QT distribution among individuals with
marker genotype A/A is skewed toward the effect direction of causal
alleles B;, and the QT distribution at genotype a/a is skewed toward
the opposite direction, which is the effect direction of causal alleles

A
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Figure 2. Haplotype classes (A), their phylogeny (B) for the marker SNP
rs405509 showing synthetic association of functional variants rs7412 and
rs429358 in the APOE locus. LD coefficients between the SNPs associated
with LDL-C (C). Haplotype frequencies were calculated using the PLINK
software (Purcell et al. 2007).
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studied association at a borderline level
of genome-wide significance, which is
much weaker than some reported SNPs,
for example, of lipid traits (Chasman et al.
2009). When the strength of association
is doubled to R?, = 0.0118, synthetic
association could be detected if the cu-
mulative frequency of all causal alleles is
<6%, in a wider range (Supplemental Fig.
2). When the sample size is halved to
2500 individuals, the detectable region
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75 95 narrowed (Supplemental Fig. 3), because
the x* statistics of the tests are pro-
portional to the sample size (equations M5

and M9).

Discussion

As seen through mathematical analysis
and simulation, we could detect an SNP
representing synthetic association of
rarer causal variant(s) by testing hetero-
scedasticity and skewness. The test only
requires the genotype-phenotype data
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Figure 3.

variants accounting for the marker association.

¢;. Thus, we added the skewness test statistics for the two geno-
types, taking the direction into account (equation M8). Accord-
ingly, under Model 2, the test of skewness could detect synthetic
association around p, = 50% (Fig. 4). The detectable range with
regard to the cumulative frequency of causal alleles B; is wide
(extends up to 2%) when p, is around 50% and is narrow when
near 5% or 95%; as estimated in equation M14, the maximurp
detectable cumulative frequency is proportional to (p,(1 — p,))*.
On the other hand, the skewness test was less powerful than the
heteroscedasticity test when all causal alleles are linked to one
marker allele (Model 1 in Fig. 4 vs. Fig. 3).

Combined test

Between the two tests to detect synthetic association, the test of
heteroscedasticity was more powerful when one marker allele was
loaded with the causal alleles (Model 1), and the test of skewness
was more powerful when both of the marker alleles were loaded
with a balanced amount of causal alleles (Model 2). By combining
the two tests (equation M10), we devised the third test that was
powerful under all of the models (Fig. 5). The detectable range for
the cumulative frequency of B; alleles exceeds 1% when the causal
variants are exactly balanced (Model 2), and is up to 2% otherwise.
Overall, we could detect synthetic association if the cumulative
frequency of all causal alleles, B; and ¢; altogether, is <3%.

The power to detect synthetic association is influenced by the
strength of marker SNP association and sample size. So far, we

L B A
5 25 50 75 95
Frequency of allele A (%)
Power for detecting synthetic association by testing heteroscedasticity. The power was
computed from simulation under four representative genetic models of synthetic association (see
Methods), assuming the strength of marker association (R?,,,+) of 0.00592. Horizontal and vertical axes
represent the frequency of the marker allele A, and the cumulative frequency of causal alleles B; (linked to
allele A), respectively. The asterisk indicates the region where synthetic association is detectable with
power >0.8. The black region of the parameter space should be neglected, as it does not include causal

obtained in association studies, and the
causal variants can be unknown. Whereas
previous studies of synthetic association
were based on empirical results and sim-
ulation (Dickson et al. 2010), we introduced
a general mathematical formulation (see
Methods) and estimated the variance and
skewness of the marker SNP. We also per-
formed computer simulations under repre-
sentative models of synthetic association
and obtained concordant results. The test
of heteroscedasticity outperformed the test of skewness when low-
frequency causal alleles were linked mostly to one SNP allele, while the
test of skewness was better when the causal alleles were linked in
balance to either of the two SNP alleles. The test combining the two
could detect synthetic association if the cumulative frequency of
causal alleles is <3% when tested in 5000 individuals for a marker SNP
associated with QT at a borderline level of genome-wide significance
(Fig. 5).

Genetic or environmental factors not correlated or interact-
ing with the tested marker SNP do not skew the proposed test
statistics. Thus, even when there is allelic heterogeneity, the vari-
ants not in LD with the marker SNP have no effects on the test.
Although we modeled the causal variants to have an additive effect
on QT, the mode of inheritance does not change the results, be-
cause homozygotes for a low-frequency allele are rare and negli-
gible. In the power assessment by simulation, we modeled the
causal variants to be in complete LD (D’ = 1) with the marker.
When LD decays, the heteroscedasticity or skewness at the marker
becomes weaker and less detectable. However, since the marker is
associated with QT, causal variant(s) of the same directional effect
should be loaded mostly to one allele of the marker, thus the decay
of LD would be limited.

There are a few limitations in using heteroscedasticity and
skewness to detect synthetic association. False positives arise if
a causal variant itself shows heteroscedasticity. This can result
from a strong gene—environment interaction. Indeed, the test of
heteroscedasticity has been used for detecting such interaction
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It is unknown what proportion of
GWA signals are due to synthetic associ-
ation rather than indirect association.
The situation is likely to differ by the
function and molecular evolution of the
genes. For example, several common causal
variants are known for pharmacological
traits that have not been under evolu-
tionary selection (Cirulli and Goldstein
2010). On the contrary, only rare causal
variants are found in genes for renal salt
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reabsorption, which have been under pu-
rifying selection; homozygotes of mutant
alleles are susceptible to severe renal salt
wasting and hypotension, although het-
erozygotes confer health benefits from
lower blood pressure in postreproductive
ages (Ji et al. 2008). Although the pro-
posed test would help detecting syn-
thetic association of a marker SNP, the
discovery of the causal variants can re-
quire resequencing of a large number of
individuals if the causal variants are rare.
The aim of the proposed test is to assess
potential synthetic association at a partic-

95
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Figure 4. Power for detecting synthetic association by testing skewness. The power was computed
from simulation under four representative genetic models, assuming the strength of marker association

(R? i) of 0.00592. The format of the figure is the same as Figure 3.

(Pare et al. 2010). Another possible source of false positives is
population stratification; if two subpopulations have a differ-
ent mean QT at a specific causal genotype, the QT variance en-
larges when the subpopulations are combined. Although a re-
alistic level of population stratification is unlikely problematic
(Supplemental Table 1), we recommend applying the test to each
cohort separately.

Although the tests we proposed are limited to QTs, the idea
of stratifying individuals by marker genotype leads to another
test of synthetic association, which is applicable to quantitative
as well as dichotomous traits. Here, we compare the association of
neighboring common SNPs among the strata. If rare causal alleles
are loaded onto the marker allele A, but not on the allele g,
neighboring SNPs in LD with the causal variants will show asso-
ciation in the individuals with A/A or A/a genotypes, but not
in the individuals with a/a genotype. As a result, the association
P-value of neighboring SNPs would be distributed differently
among the strata. Contrarily, if the marker SNP represents in-
direct association, no neighboring SNPs will be associated in any
of the strata.

The proposed test can be helpful in understanding the “missing
heritability” that GWA studies failed to account for (Maher 2008). If
synthetic association is detected at a GWA signal SNP, the heritability
of the SNP is likely an underestimate of the heritability of the whole
locus (Dickson et al. 2010). Actually, in the APOE example, the
explained variance was much smaller for the leading SNPs on
a GWA chip (R* = 0.006 and 0.005) than for the two causal variants
(R?=0.040 and 0.008; see Table 1). In other words, our method can
identify loci that contribute to a trait more than what we would
expect from GWA study results.

[TTTTTTTTTTTTTTTTTI
5

Frequency of allele A (%)

ular locus and then use the information to
help design future resequencing studies.

Testing synthetic association is useful
for designing fine mapping after exhaus-
tively interrogating association of com-
mon SNPs at a locus. Exhaustive analysis
of common SNPs (MAF =5%) is becoming
accomplishable by genotyping with SNP chips of the GWA test and
by imputing the unassayed SNPs using the HapMap or the 1000
genomes project data. The next focus is to explore rarer variants
by resequencing and to identify the causal variants. Since rese-
quencing is still expensive, we need to prioritize which GWA loci
and which individuals are to be resequenced. Such information is
obtainable by testing synthetic association of the common leading
SNP(s), showing the strongest association in a locus. If synthetic
association is detected for the leading SNP(s), rarer variants need to
be examined in order to pinpoint the variants causing synthetic
association. Moreover, if heteroscedasticity is detected, we can dis-
cover the causal variants efficiently by resequencing individuals
having the homozygote genotype with larger QT variance, and es-
pecially those having extreme QT values, who are enriched with the
rare causal alleles. Alternatively, if the test for synthetic association is
not significant (in >5000 samples), the leading SNP(s) or their proxies
are likely causal. Whereas conventional fine-mapping techniques
aim to find the causal SNP(s) or haplotype(s) from a set of SNPs tested
for association (McCarthy et al. 2008), our method is unique in
suggesting that causal variants can be discovered if the study is
extended to rarer variants.

Numerous SNP associations have been identified in recent
GWA studies, yet our understanding of causal variants is very
limited; it is not easy to prove functional changes, let alone the
causality with the associated phenotype (Cirulli and Goldstein
2010). We proposed a simple statistical test, which helps to detect
whether a common SNP associated with a QT is a noncausal
marker in LD with rarer causal variant(s). The proposed test statistic
can serve as a milepost in fine mapping and help understand the
genetic structure of complex traits.

75 95
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level (x,y1,...,Y1,21,. - -,Zm,q) becomes

05— 0.5
[TTTTTTTTTTTTTTTTT [TTTTTTTTTTTTTTTTT] _
5 25 5 7 95 5 25 50 75 95 PRY1oe V1215 Zi @) =PV 15V 1251 Zm)
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« 1 q*Ziﬂdiyi*Z,':leiZi
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Model 4

where p(x,y1,...,V1,21,...,Zm) 1Epresents
the frequency of the multivariant geno-
type (x,y1,- - Y121, - -,Zm)- The expectation
of the QT value is

i m
Elq)= ZldiE[Vi] + ZlefE[ZfL
i= j=
where E[-] represents the expectation (see
equation S5 in the Supplemental Notes
for derivation). Similarly, when condi-

FTTTTTTTTTTTTTTTTT
5 25 75 95

Frequency of allele A (%)

Figure 5.

Figure 3.

Methods

Modeling the probability distribution of genotype and QT

We model a QT-associated marker SNP with alleles (referred to
as the marker alleles), A and a. We assume the low-frequency
allele of each causal variant—which we call the causal allele—is
linked exclusively to one of the marker alleles; I causal variants
each have alleles B; and b,, B, and b,, up to B; and b;, where the
causal allele B; is linked to marker allele A; m other causal variants
each have alleles C; and ¢;, C; and ¢, up to C,, and ¢,,, where the
causal allele ¢; is linked to marker allele a. We impose one as-
sumption for mathematical convenience. Among the haplotype
classes sharing a specific marker allele (A or a), we assume the
probability distribution of causal variant alleles are independent
among the variants; for example, among the haplotype classes
carrying the A allele, the frequency (conditional on the marker
allele being A) of the haplotype class carrying both B, and B,
should equal the product of the frequencies of classes carrying B,
and B,, which is very small (e.g., 0.01%, if the frequency is 1%
both for B; and B;). The assumed frequency would differ only
marginally from the actual frequency: The haplotype class carrying
both B; and B, does not exist initially if the two causal variants arose
separately in the phylogeny, and increases to the assumed frequency
by recombination. This assumption enables us to rewrite the test
statistics into simple forms (see Supplemental Notes). As we assume
Hardy-Weinberg equilibrium, the frequencies of multivariant geno-
types can be calculated from those of the haplotype classes.

Each individual’s dose of the capital letter alleles, A, B;, or C;,
is represented by random variables, x, y;, or z;, respectively, and

FTTTTTTTTTTTTTTTTT
5 25 50

Frequency of allele A (%)

Power for detecting synthetic association by the combined test of heteroscedasticity and
skewness. The power was computed from simulation under four representative genetic models, as-
suming the strength of marker association (R?,,) of 0.00592. The format of the figure is the same as +Y

tioned on a specific genotype x, at the
5 marker,

©

1
Elq|x=xo]= ). diE[y; | x=xo]
n (MD)
¢Elz | x=xo),
j=1
where E[-|x=x¢] represents the conditional
expectation.

Variance
The variance of QT among individuals having a specific marker
genotype x, becomes

eVarlzj | x=xo], (M2)

]

M=

1
Varlg | x=x0]=1+ Y, di Var[y, | x=xo] +
i=1

j=1

where Var[-|x=xo] represents the conditional variance (see Sup-
plemental equation S6 for derivation). Equation M2 indicates
that the inflation (above one) of QT variance decomposes into
a sum of terms, each corresponding to one causal variant and
determined by the square of the effect-size, d; or ¢;, and the con-
ditional variance of genotype. Designating the frequencies of al-
leles A, B; and ¢; as pyu, pg, and p_, respectively, the genotype
variance becomes

Varly, | x:Z]:Z-%(l —‘iﬁ>:2~%,

A Da Pa
Varly, | x=1]=25 (1 Jﬁ)z@,
Pa Pa) Pa
Varly; | x=0]=0,

Var[z; | x=2]=0,
Varlzj | x=1]= P (17 P >: r., .’
1-p4 1-p,) 1-p,
Var(zj | x=0]=2- = <1 S )zz. by
1=pa L—ps 1-p,
where the approximation is under p,,1—p,>>pp.p.. By

substituting the genotype variance into equation M2, we
obtain
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I
Varlg | x=2]=1+2) df@,
iz1  Pa
] m ,
Var[g| x=1]=1+ Zd,-ZpB% e Pq
i Pa S 1-py
P
1-pa
Thus, the QT variance at marker genotypes x = 2 (4/A) and x = 0
(a/a) is determined by the contribution of alleles B; and c;, respec-
tively, and the average of the two variances equals the variance at
genotype x = 1 (A/a). The average of three variances weighted by
marker genotype frequency becomes

E[Varlq | X]] = p}Varlq | x=2] + 2p,(1

< ) (M4)
+ (1—p,)*Varlg| x=0] = 1+2 dewaPq

i=1

Var[g | x=0]= 1"‘22;

~ pa)Varlg | x=1]

We test the heterogeneity of QT variance (i.e., heteroscedasticity)
among marker genotypes using Bartlett’s test (Bartlett 1937). The
x° statistic (two degrees of freedom) is expected to become

X ﬁeteroscedasticity
= N{in(E[Var(q | x]))—p% In(Varlg | x=2))
~2p,(1 - p,)In(Varlg | x=1]) - (1 - p,)* In(Varlg | x=0])]

(M)

2

L-ps <& o Pa ¥
= ds — : ,
{( Pa i;l lpB‘) ( 17PA/'; P5,>},

when the sample size N is large (thus, the constant for the Bartlett’s
test statistic equals one); for the second equality, equations M3 and
M4 were substituted, and In(1 + x) was approximated as x—x?/2.In
the curly brackets of the final formula in equation MS5, the con-
tribution by causal alleles B; (linked to marker allele A) is subtracted
by the contribution of alleles ¢; (linked to allele a). Thus, the sta-
tistic for heteroscedasticity is maximized when all low-frequency
causal alleles are linked to the same marker allele, and diminishes
when they are linked evenly to both of the marker alleles.

Skewness

The third central moment of the QT distribution among the in-
dividuals having a specific marker genotype X is

w3lq | x=xo] = Zdlus[yllx Xo]+Z Fuslzi | x=x0],  (M6)

which decomposes into a sum of terms, each contributed by one
causal variant (see Supplemental equation S7 for derivation);
umal-|x=x0] represents the conditional third central moment. The
third central moment of the genotypes y; and z; conditional on
a marker genotype becomes

PB;( PB,)( 2P31> PB
N x=2l=2. BB (1 _FPB\(1 _“PB
Hslyi | x=21 Pa Pa Pa pa’

by x=y =2 (1) () ) P

Pa Pa Pa Pa
m3ly; [ x=0]=0,
m3lz | x=2]=0,
P ( P ) 2p,, P
Zi | x=1]= — T (1- ! 1-— == L
Hals | ] 1-pa 1-pa ( 1-pa 1-py

P ( P > 2p,, P
zj|x=0]= -2 (1 -2 - )= 2. —1—,
pals | x=0) L=pa 1=pa ( 1=pa L=pa

where the approximation is under p,,1—p, >> py,p.. By sub-
stituting the genotype moment into equation M6, we obtain

pslg | x=2]= Z d}pg,.
(1 3 _
uslg | x=1]= (PA i; dipBi) <1 o }Z € Pc,) (M7)
91x=0)= —1=5- 3 p
M = on
3 “1-p, 2 ;

The z statistic (standard normal distribution) for testing skewness
(Stuart et al. 1999) of QT among the individuals with genotype x,
becomes

#30q | X=Xo]

_ Nx:xu
Zy=xo = _ 132
Var[q | x=xo]

X=Xo 6

Niox

=0050q | x=x0,

where N,-,, is the number of the individuals, and the variance in
the denominator is approximated as one for this statistic. By
substituting equation M7, and converting N,-, into N multiplied
by the marker genotype frequency,

/2N {
Zy=2= ?Zd?PB,

N 1- N m
ZX_1—< pAZ J’B)‘( 3'1PAPA21€?PQ>7
j=
2N
-3 Zepc,

As the QT distributions at the two homozygote marker genotypes
should be skewed to opposite directions under synthetic associa-
tion, z, -, and z, _o would have opposite signs. We take their dif-
ference and obtain a x? statistic with one degree of freedom,

2 (24=2 *Zx=0)2

Xskewness = 2 (M8)
which we adopt as the test statistic for skewness. The test statistic is
expected to become

2 N(& s e 3 ’
Xskewness = 3 Z‘i d; Pp, + Zi &P | > (M9)
1= ]j=
reflecting the contribution by causal alleles B; and ;.

Statistical tests of synthetic association and type | error rate

We combine two types of statistics, heteroscedasticity and skew-
ness, to devise the combined test. Using Fisher’s method, the
P-values for testing heteroscedasticity and skewness, ppeteroscedasticity
and Pewness, Tespectively, are combined as a x? statistic (four degrees
of freedom),

2 -
Xcombined = — 2 ln(pheteroscedasticity * Pskewness ) . (Mlo)

The significance level was set to 0.05 for all tests.

Before testing, we applied rank-based inverse normal trans-
formation (Blom 1958) to the whole QT distribution. The trans-
formation avoids detecting spurious signals when the QT distri-
bution is skewed as a whole. The transformed QT value g; of the i-th
individual is

ri—c¢
=" (30 1)
where r; is the rank of the individual, N is the total number of in-

dividuals, ¢ = 3/8, and ® ! is the standard normal quantile. We
strongly recommend applying the transformation, although it can
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cause false positives when the marker association is extremely
strong, as explained below.

Type I error rate of the tests were assessed from simulated and
empirical data. Under the “null hypothesis” of indirect association,
we inspected the distribution of nominal P-value, and assessed the
test as accurate, conservative, or anticonservative, if the actual type
I error rate was equal, smaller, or larger than the nominal P-value,
respectively; an anticonservative test cannot be used. For a marker
showing association at a borderline level of genome-wide signifi-
cance (R?,,x = 0.00592), the heteroscedasticity test was accurate, but
the skewness test tended to be conservative, due to the inverse
normal transformation (Supplemental Fig. 4); this was not cali-
brated. As the tests for heteroscedasticity and skewness were not
correlated, they could be combined using Fisher’s method. When
the marker association was as large as R?,.« = 0.1, which is ex-
ceptional for GWA signals, the inverse normal transformation
caused spurious heteroscedasticity and skewness, thus the pro-
posed tests were not valid. For gene expression data (Stranger
et al. 2007), the heteroscedasticity test was accurate, and the skew-
ness test was slightly conservative (Supplemental Fig. 5; Supplemental
Table 2).

Models for simulation
If the strength of the marker SNP association RZ,,, and the fre-

mrk?
quency of variants (p,, pg,, p,,) are specified, we can calculate the
effect-size of the causal variants (de;) by solving Supplemental
equation S3, and determine the genetic model. We systematically
explore four representative models of synthetic association by
simulation. (Plots of d; according to variant frequency are shown in

Supplemental Fig. 6.)

Model 1

All causal alleles linked to marker allele A have identical effect-size,
and there are no causal alleles linked to allele a. By solving Sup-
plemental equation S3 under d1=---=d;and m =0,

di= ! . (M11)

1-R2, 2(1— ! 2 !
\/TM : % (Zi:lpB,) _ZZizlpB,

mrk

By substituting this to the test statistic of heteroscedasticity
(equation M5), and solving for Zﬁﬂ Ps.

R? P N 1-p
Z{z Py, = mrk A ( Ay
= 1- R%mk 2(1 - pA) szleteroscedasticity Pa

Thus, when R?,,x = 0.00592 and N = 5000, heteroscedasticity is
detectable at a power >0.8 under a significance level of 0.05 (which
requires a noncentrality parameter of x* > 9.64 for the x? distri-
bution with two degrees of freedom; “+2” in the parenthesis is
negligible) if

Y pp <0068, [ L4 (M12)

' 1-py
Heteroscedasticity is detectable if the cumulative frequency of
causal alleles (left term) is smaller than a certain function of the
frequency of the marker allele A (right term); the detectable range
with regard to Zﬁ:l P, is wider when p, is larger.

Model 2
Causal alleles are linked to the two marker alleles in a balanced way,
such that the effect-size is uniform, as di=---=d;=e;=---=¢;;, and

the cumulative frequencies equal between causal alleles B; (linked

to marker allele A) and causal alleles ¢; (linked to marker allele a), as
25:1 Ps, =Z;:l p,,- By solving Supplemental equation S3 under the
constraints,

1
1’R,2nrk 2 ! 2 4 ! 4
i \(ZicPs ) —4ia P,

mrk

d,'=€,'= (M13)

By substituting this (approximating the last term in the square-
root as zero) to the test statistic of skewness (equation M9), and
solving for ZLl Dy,

1

3 1

R? ! N ! 3

Yiibp = (Pa(1 = pa))t.
i=1Eh 1 _Rgnrk 6X§kewness A 4

Thus, when R?,,,« =0.00592 and N = 5000, skewness is detectable at
a power >0.8 under a significance level of 0.05 (which requires
a noncentrality parameter of y* > 7.85 for the x? distribution with
one degree of freedom) if

Y105, <0.069 (p,(1— p,))i.

Skewness is detectable if the cumulative frequency of causal alleles
B (left term) is smaller than a certain function of the frequency of
the marker allele A (right term); the detectable range with regard to
ZLI P, is widest when p, is around 0.5.

(M14)

Model 3

The effect-size of causal alleles isuniform, asd;=---=d;=¢;=---=¢y,

yet the cumulative frequency of the causal allelesl B; is twice the

;L}llmulative frequency of causal alleles c¢;, as ), ,pp = 22;21175,»
en,

1

1Ry Cop (v Vay!
\/RZ—k ’ Z/JA(lij) <Zi:1pB;) _3Zi:1p5,-

mrk

diZEj:

(M15)

Model 4

The cumulative frequencies are equal between causal alleles linked
to the two marker alleles, as 2:1 pBFZ;:lpq, yet the effect-size of
causal alleles B; is twice the effect-size of causal alleles ¢;, as
d]=~ . =d1=2€]=~ ce=2e. Then,

1

1Ry 2p)® () 2 syl
¢ Rfmkr '2pA(1pr) (Zi:lpB;) *221':1178/

(M16)

d; :2€j =

Power assessment by simulation

We assessed the power of the three tests under each of the four
models by simulation. In any of the models, we assumed that
effect-size equals among the causal alleles linked to the same
marker allele (i.e., di=---=d; and e;=---=¢,). In such a case, the
tests remain the same if instead there was one composite allele of
Bi’s and another composite of ¢;’s. Using this property, we actually
simulated the special case with one causal allele linked to each one
of the marker alleles; the simulation results apply to the general
case with multiple causal alleles.

Simulations were performed under the following para-
meter values; R%,,x = 0.00592, 0.0118; p4=0.05, 0.10, ..., 0.95;
2521p3[=0.0057 0.006, ..., 0.01, 0.02, ..., 0.05. Other parame-
ters—z;zl Pe d;, and e—were determined according to constraints.
We randomly generated 5000 (or 2500) individuals using simula-
tion and applied the tests. The power was assessed from 1000
simulation trials. We used the R software for computation.
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